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Foreword 



This book focuses on exactly treatable many-body problems. This class 
does not include most physical problems. We are therefore reminded “of 
the story of the man who, returning home late at night after an alcoholic 
evening, was scanning the ground for his key under a lamppost; he knew, 
to be sure, that he had dropped it somewhere else, but only under the 
lamppost was there enough light to conduct a proper search” <C71>. Yet 
we feel the interest for such models is nowadays sufficiently widespread 
- because of their beauty, their mathematical relevance and their multi- 
farious applicative potential - that no apologies need be made for our 
choice. In any case, whoever undertakes to read this book will know from 
its title what she is in for! 

Yet this title may require some explanations: a gloss of it (including 
its extended version, see inside front cover) follows. 

By “Classical” we mean nonquantal and nonrelativistic (although 
some consider the Ruijsenaars-Schneider models, which are indeed 
treated in this book, as relativistic versions of, previously known, nonre- 
lativistic models; see below): our presentation is mainly focussed on 
many-body systems of point particles whose time evolution is determined 
by Newtonian equations of motion {acceleration proportional to force). 
The fact that we treat problems not only in one, but also in two, and even 
in three (and occasionally in an arbitrary number oQ, dimensions, is of 
course somewhat of a novelty: indeed the treatment of two-dimensional, 
and especially three-dimensional, (rotation-invariant!) models, is based 
on recent (sometimes very recent) findings. By “amenable to exact treat- 
ments” we mean that, to investigate the behavior of the many-body mod- 
els identified and studied in this book, significant progress can be made 
by “exact” (i. e., not approximate) techniques. The extent to which one 
can thereby master the detailed behavior of these many-body systems 
varies from case to case: this is emphasized by the parenthetical part of 
our title, which perhaps requires some additional elaboration, to explain 
what we mean by our distinction - which is, to be sure, a heuristic one: 
quite useful, but not quite precise - among solvable, integrable and line- 
arizable models. 

Solvable models are characterized by the availability of a technique of 
solution which requires purely algebraic operations (such as inverting or 
diagonalizing finite matrices, or finding the zeros of known polynomials), 
and/or possibly solving known (generally linear, possibly nonautono- 



V 




mous) ODEs in terms of known special functions (say, of hypergeometric 
type), and/or perhaps the inversion of known functions (as in the standard 
solution by quadratures). 

Integrable models are those for which some approach (for instance, a 
“Lax-pair”, see below) is available, which yields an adequate supply of 
constants of motion. As a rule these models are also solvable, but gener- 
ally this requires more labor. In the Hamiltonian cases, these models are 
generally Liouville integrable. 

Thirdly, we refer to linearizable problems; their treatment generally 
requires, in addition to the operations mentioned above in the context of 
solvable models, the solution of linear, generally nonautonomous, ODEs, 
which, in spite of their being generally rather simple, might indeed give 
rise to quite complicated (chaotic?) motions. In the Hamiltonian cases 
these many-body models need not be integrable in the Liouville sense, 
although the linearity of the equations to be finally solved entails the pos- 
sibility to introduce constants of the motion via the superposition princi- 
ple, which guarantees that the general solution of a linear ODE can be 
represented as a linear combination with constant coefficients of an ap- 
propriate set of specific solutions. In any case a linearizable many-body 
problem is certainly much easier to treat than the generic (nonlinear!) 
many-body problem, inasmuch as its solution can be reduced to solving a 
linear first-order matrix ODE (indeed, in most cases, a single linear sec- 
ond-order scalar ODE - albeit a nonautonomous one — see below). 

Clearly these three categories of problems - solvable, integrable, 
linearizable - are ordered in terms of increasing difficulty, so that (as in- 
deed the title of this book indicates with its andlor’s), problems belonging 
to a lower category generally also belong to the following one(s). 

But let us reemphasize that the distinction among solvable, integrable 
and linearizable models is imprecise: the boundaries among these catego- 
ries are somewhat blurred, moreover we have been vague about what 
“solving” a problem really means: Finding the general solution? Solving 
the initial-vdue problem? For which class of initial data? And what about 
boundary conditions (which in some cases are essential to define the 
problem)? The final dots in the title underline the heuristic, and incom- 
plete, character of this distinction among solvable, integrable and lineari- 
zable models (for instance, we shall also introduce below the notion of 
partially solvable models, whose initial-value problem can be solved only 
for a restricted subclass of initial data). Yet this distinction is convenient 
to convey synthetically the status of the various many-body problems 
treated in this book. 

Two additional remarks. 

(i). The genesis of exactly treatable models comes seldom from the 
discovery of a technique to solve a given problem; generally the actual 
development is the other way round, a suitable technique is exploited to 
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discover all the models which can be treated (possibly solved) by it. 
Some disapprove of such an approach to research, in which, rather than 
trying to find the solution of a problem, one tries to find problems that fit 
a known (technique of) solution. Some, indeed, go as far as decrying “ba- 
sic research,” presumably because, in contrast to applied research, it does 
not solve specific problems: “Basic research is like shooting an arrow 
into the air and, where it lands, painting a target” (attributed to Homer 
Adkins (1984) <APS99>). This author, on the contrary, does not see 
anything wrong with this approach; it seems to me it is a normal way of 
making progress in science. For instance: occasionally an experimental 
device (say, a particle accelerator) is built for the specific purpose to dis- 
cover something (say, a new elementary particle); but more often an ex- 
perimental device is available (say, a particle accelerator), and the ex- 
perimental activity is concentrated on whatever that particular device al- 
lows experimenters to do. And nobody sees anything wrong in this. In- 
deed there is a quotation from Carl Jacobi (which I am lifting from a clas- 
sical treatise by Vladimir Arnold <A74>), that expresses this point of 
view in a context quite close to that of this book (although it refers spe- 
cifically to an approach -- separation of variables — we do not explicitly 
treat): “The main difficulty to integrate these differential equations is to 
find the appropriate change of variables. There is no rule to discover it. 
Hence we need to follow the inverse path, namely to introduce some con- 
venient change of variables and investigate to which problems it can be 
successfully applied.” And another quotation which expresses a point of 
view I sympathize with comes from Vladimir E. Zakharov: “A mathema- 
tician, using the dressing method to find a new integrable system, could 
be compared with a fisherman, plunging his net into the sea. He does not 
know what a fish he will pull out. He hopes to catch a goldfish, of course. 
But too often his catch is something that could not be used for any known 
to him purpose. He invents more and more sophisticated nets and equip- 
ments and plunges all that deeper and deeper. As a result he pulls on the 
shore after a hard work more and more strange creatures. He should not 
despair, nevertheless. The strange creatures may be interesting enough if 
you are not too pragmatic. And who knows how deep in the sea do gold- 
fishes live? ”. <Z90> 

(ii). Models amenable to exact treatments are, of course, special. Why 
focus on them, rather than look at general cases, which capture many 
more problems, including the more “physical” ones? But again, this is to 
a large extent the essence of normal science. Pythagora’ s theorem does 
not hold for all triangles, but only for rectangular ones. Should this be 
considered a shortcoming of this mathematical result, or instead its very 
essence? The answer is plain. 
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Finally, a few remarks on the presentation and the selection of the 
material. 

The presentation is meant to facilitate the self-education of a reader 
who wishes to enter this research area. For instance, special cases are of- 
ten presented in place or in advance of more general treatments, in order 
to introduce ideas and techniques in a simpler context. The division into a 
main text and a secondary part, separated by horizontal lines and distin- 
guished by a slight difference in the size of the fonts, should also be help- 
ful: in the secondary part we generally segregate remarks and arguments 
(often including proofs) which deviate from the main flow of the presen- 
tation (but the reader is well advised to read sequentially through these 
parts as well, which often contain material that is essential — or at least 
helpful " for the understanding of what follows; and this advise also ap- 
plies to all exercises, which should all be read, even when there is no in- 
tention/possibility to invest immediately time in their solution). Almost 
all mentions of related references, historical remarks, due credits, etc., are 
also relegated elsewhere, to special sections (“Notes”) located at the end 
of the chapters and of some appendices. Of course this book might also 
be used as background material for teaching a course (it actually emerged 
from such a context - indeed, it profited from such a test) . 

The selection of the material presented in this book is unashamedly 
skewed towards research topics to which the author has personally con- 
tributed, or which he finds particularly congenial (such as the Rui- 
j senaars-Schneider model). The enormous amount of research on the 
topics treated in this book and/or on closely related areas that emerged in 
the last quarter century would have anyway doomed to failure any effort 
at providing a “complete” coverage; likewise any attempt to present a 
“complete” bibliographic record of the contributions on the topics treated 
would have been impossible, indeed perhaps futile given the great ease 
nowadays to retrieve relevant references via computer-assisted searches. 
These are admittedly lame excuses for the shortcomings of this book, 
whose worth (be it somewhat positive or largely negative) will in any 
case be best assessed by those who will use it as a (personal or didactic) 
teaching tool; but I like to express here my apologies to all those col- 
leagues who contributed importantly to the development of this area of 
research and who will not find in this book any reference to their contri- 
bution. 

The organization of the book into a rather detailed net of telescoped 
sections is meant to help the reader, both the first time he navigates 
through the book as well as when she might wish to retrieve some notion. 
Moreover, the table of contents provides a synthetic overview of the ma- 
terial covered in this book which might help the perplexed browser in de- 
ciding whether he wishes to become an engaged, or even a diligent. 
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reader. Equations are numbered progressively within each section and 
appendix: equation (16) of Section 2.1.1 is referred to as (16) within that 
section, as (2.1. 1.-16) elsewhere; and likewise (C.-lOb) is equation (10b) 
of Appendix C (but within Appendix C it is referred to simply as (10b)). 

Let me end this Foreword on a personal note. My father, Guido Calo- 
gero, was a philosopher who wrote many books (without formulas!), and 
he also had a great interest for, and much scholarship in, philology and 
archaeology (especially texts from ancient Greece). Hence, he always 
paid a keen attention to the appearance of any text; and he much disliked 
misprints. I inherited this attitude, but not his keen eye to weed out imper- 
fections. Hence I must apologize for the many misprints and other defects 
this book certainly contains, and beg the reader to take the same benevo- 
lent attitude displayed by Hermann Weyl in his 1938 review <W38> of 
the second volume of the classic mathematical physics treatise by Richard 
Courant and David Hilbert <CH37>, when he wrote: “The author apolo- 
gizes that lack of time prevented him from fitting out this book with a full 
sized index of literature and such paraphernalia. The same reason may be 
responsible for quite a few misprints on which the reader will occasion- 
ally stumble. But perhaps even these minor faults deserve praise rather 
than blame. Although I know that a craftsman's pride should be in having 
his work as perfect and shipshape as possible, even in the most minute 
and inessential details, I sometimes wonder whether we do not lavish on 
the dressing-up of a book too much time that would better go into more 
important things.” 

Yet I will be most grateful to whoever will take the trouble to bring to 
my attention shortcomings of this book (including misprints!), via an e-mail 
message sent to (both) these addresses: francesco.cdogero@uniromal .it 
francesco.calogero@romal .infn.it . 



IX 




Preface 



This book, as well as its title, are long, perhaps too long; and it took quite 
a long time to complete this project, well over three years of intense hard 
work. Throughout this period I sought and got advise from several col- 
leagues and friends, and also from students to whom preliminary drafts 
were distributed and who helped me by spotting misprints and mistakes 
(letting them search for these turned indeed out to be a very efficient 
teaching technique!). For a special word of thanks I like to mention Mario 
Bruschi, Jean-Pierre Frangoise, David Gomez UUarte, Misha Olshanet- 
sky, Orlando Ragnisco, Simon Ruijsenaars. But it is of course understood 
that I am solely responsible for all shortcomings of this book. 

I also wish to thank: Alessandra Grussu and Matteo Sommacal for 
transforming my scribbled first draft into WORD files for me to work on; 
my Physics Department at the University of Rome I "La Sapienza" for 
supporting financially this typing job, and in particular the Administrator 
of my Department, Maria Vittoria Marchet, for organizing this arrange- 
ment, and the Director of my Department, Francesco Guerra, for encour- 
aging me to undertake this project; and the staff at Springer, in particular 
Mrs. Brigitte Reichel-Mayer respectively Prof. Wolf Beiglboeck, for their 
cooperative attitude on the technical respectively substantive aspects of 
the production of this book. 

This book is dedicated to the memory of Juergen Moser, whose semi- 
nal work was instrumental in opening up this field of research. Most re- 
grettably, I never managed to meet him: I only spoke by telephone with 
him one time, more than twenty years ago, from JFK airport in New 
York, while he was in his office at the Courant Institute; then, through the 
years, various last minutes glitches postponed more than once our getting 
together. Alas, now it is too late to remedy this mistake. 
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1 CLASSICAL (NONQUANTAL, 

NONRELATIVISTIC) MANY-BODY 
PROBLEMS 



In this introductory Chap. 1 we tersely review the basic notion of, and 
notation for, classical many-body problems in one-, two- and three- 
dimensional space, mainly by exhibiting the corresponding Newtonian 
equations of motion. We also tersely review the Hamiltonian formu- 
lation of such problems and we outline the notion of integrability 
associated with such Hamiltonian systems. 



1.1 Newton’s equation in one, two and three dimensions 

The fundamental (“Newton’s”) equations characterizing a classical (i.e., 
nonquantal and nonrelativistic) A^-body problem state that the 
acceleration of the n-Xh. particle equals a force acting on it which 
depends, in an assumedly known manner, on the positions and velocities 
of all particles: 



rM) = f„{rSt\rStyA • 0-^) 

Here and generally below indices such as n, m label the different particles 
(they take the values 1,...,A^, unless otherwise specified), r is the time and 
superimposed dots denote differentiation with respect to this 
(“independent”) variable, fit) identifies the position of the n-th. particle 
at time t; in the following we often omit to indicate explicitly the time 
dependence. Likewise, 7„(r„,F„;0 is the force acting on the n-th. particle; as 
a rule it depends on the positions and velocities of the N particles. The 
force depends on the time via the positions and velocities; as we have 
indicated, it may also depend explicitly on the time variable, although 
hereafter we will almost exclusively focus on the autonomous case, 
characterized by the absence of such an explicit time-dependence. (Note 
that here we include the mass in the definition of the force: strictly 
speaking is the force acting on the n-th particle divided by the mass of 
the «-th particle). 



1 




It is often notationally convenient to introduce an N -vector whose N 
components are labeled by an index, say n or m, that takes the N values 
; hereafter such N -vectors are denoted by underlined lower-case 
symbols (upper-case underlined symbols are reserved for matrices, see 
below). Hence equivalent versions of (la) read as follows: 

K (0 = fn !Z(0, E(0; t ] , (lb) 

Kt) = f&\L{t)’A. (Ic) 

When the Newtonian equations (1) are invariant under translations, 
namely under the transformations 

r„^r„=F„+Fo, (2) 

where is arbitrary (but constant, = 0) , they can conveniently be 

reformulated as follows: 

(3) 

So far we have not specified the dimensionality d of space. Let us 
now do so by considering separately the 3 cases (y =1,2,3) on which we 
will hereafter focus, to introduce an appropriate notation as well as the 
important notion of rotation invariance (when applicable, namely for 
y=2,3). 

In the one-dimensional case (S=l) we generally write, say, in 
place of r , so that Newton’s equations read, say, 

(4) 

(In the Hamiltonian cases, on which we will largely focus, we often use 
the “canonical coordinates” q^{t) in place of x„(0). In this one- 
dimensional case we generally consider motions taking place on an 
(infinite, straight) line; although the case of motions on a circle will also 
be occasionally considered, see below. 

In the two-dimensional case (y=2) the motion takes place in a plane, 
which we, for notational convenience, envisage to be embedded in 
ordinary (three-dimensional) space. Hence we introduce Cartesian and 
polar coordinates by setting 
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(5) 



r, ={x„y,fi)^{p,cose„p,sme,,0). 

We moreover introduce the unit vector k orthogonal to the plane, 

k^iOAll ( 6 ) 

and use the notation 

* aF, s cos(e, +y),p, Sin(6i, +y),oj = (-p, sine„p. cos0„O). 

(7) 

The (symmetrical) scalar product is then defined in the standard 
manner: 

X„X^ + ynym = PnPm COs(^„ “ > (8) 

while the (antisymmetrical) pseudoscalar product is defined as follows: 

k-KAr^=x^y^-x^y^^p„p^sm(0^-0J = -k-r^Ar„ . (9) 

Note that this latter quantity coincides, up to its sign, with twice the area 
of the plane triangle having as its 3 vertices the origin and the 2 vectors F 
and F . 

A rotation in the plane is defined as follows: 

(Pn C0S(^„ + Oo I Pn + ^0 )fi\ 

where is the angle of rotation. Clearly both the scalar and the 
pseudoscalar products are invariant under rotations, see (8) and (9); 
indeed, they are the only quantities having this property. Moreover, the 
scalar product (8) is invariant under the inversion transformations 

rr,-^r„={-x,,y„), (11a) 

rn^^n^{^n-yn\ 

while the pseudoscalar product (9) changes sign under such 
transformations. Since generally, in the following, we shall not consider 
the behavior under inversions, we will for simplicity often denote as 
scalars all quantities that are invariant under rotations, independently of 
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dimensional case, invariant under (plane) rotations (by an arbitrary, but 
time-independent, angle ) entails that they have the “covarianf ’ form 



+ +kAr^(pl2} , ( 12 ) 

m=l 

where the 4N^ rotation-invariant (scalar) quantities are functions of 

1 

the -N(N+l) scalar products fj • , of the scalar product fj -r^, of the 
1 • • 1 

-A/'(AT+l) scalar products fj • , of the -N{N-\) pseudoscalar products 

k-TjAT^, of the pseudoscalar products k-rj a r^, and of the -iV'(iV'-l) 

pseudoscalar products k-Pj a The quantities (p[2 may depend moreover 
on the time t (in the “nonautonomous” case), and on a number of scalar 
(“coupling”) constants. 

In the three-dimensional case (A =3) Cartesian and spherical 
coordinates are introduced in the standard manner: 

^ J = {Pn cos (P„ cos 6»„ , p„ cos (p„ sin 6 ^ , sin ) . (13) 

The (symmetrical) scalar product reads 

r„-rm = X„X^ + PnPm + ^ ( 14 ) 

the (antisymmetrical) vector product reads 

(y„ ~ -^mPn ) = A , (15) 



and the (completely antisymmetrical) triple pseudoscalar product reads 

X, z, 

Py-r.^Ar-^ = = r^ ■ r^ aP^ = aP^ 

^3 Ps ^3 

=-P^-P-^ aP^=-P^-P^aP^=-P^‘P^aP^. (16) 

This quantity, up to a sign, is 6 times the volume of the tetrahedron 
characterized by the 4 vertices (p,P^,P^,P^) . 

The scalar product (14) is invariant under the space inversion 
transformation which changes the sign of all vectors. 
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( 17 ) 



while the pseudoscalar product (16) changes sign under the space 
inversion (17). (Note that in the 3-dimensional case, in contrast to the 2- 
dimensional case, the transformation (17) - which is of course supposed 
to hold for all vectors — is not a rotation). In the following, for 
simplicity of language, we occasionally neglect the difference between 
scalars and pseudoscalars, namely we term scalar any quantity that is 
invariant under rotations, irrespective of its behavior under space 
inversion. Note that the only scalar quantities that can be manufactured 
using 3-vectors are the (quadratic) scalar product (14) and the (cubic) 
pseudoscalar triple product (16). 

The requirement that the Newtonian equations of motion (1) be, in the 
three-dimensional case, invariant under rotations (by an arbitrary, but 
time-independent, angle around an arbitrary, but time-independent, 
direction) entails that they have the “covariant” form 

F = { F + F } 

n / I V m r nm m r nm j 
m=\ 




OT^,ffI2=l 



(3) 



Ar„ 



+ r 

I r nm^m2 






(5) 



(18) 



where the scalar (i.e., rotation invariant) quantities = as 
well as the i7^(2A''-l) quantities = 3,4,5, are functions of the 

-A^(a/"+i) scalars F^. -F^, of the scalars r^-r^, of the -N{n+1) scalars 

F^. -4, of the ~n{N-1\N-2) pseudoscalars F^ -r^ aF^, of the -N^{N-1) 

pseudoscalars F^. -F^ a F^ , of the -l) pseudoscalars 7j • F^ a F^ , and of 

the -N(N-lpf-l) pseudoscalars F^-?^aF^; the quantities cp may 
6 

moreover depend on the time t (in the “nonautonomous” case), and on a 
number of scalar (“coupling”) constants. 



For instance, the classical problem of N gravitating (point, or spherical) bodies 
moving in 3-dimensional space corresponds to (18) with 

=0 (19a) 

T nm r nm^i r nm^m^ r nm^m^ ^ ' 

and 
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(19b) 



gY M,r~^+{\-6 )GM r~\ 

T nm nm / j I m V nmj m nm ^ 



C=\Mrt 



where is the mass of the n-th particle and G is the gravitational constant. Here, 
and often as well below, we use the short-hand notation 



r = r ~ r 

nm n m ^ 



(20a) 



entailing of course 



y ~ y , y — y y • f* 

‘ nm ' nm ‘ nm ' n ' ' m ^ ’ n ' m * 



(20b) 



1.2 Hamiltonian systems - Integrable systems 

In Sect. 1.2 we tersely review the basic notions of Hamiltonian dynamics. 
We restrict attention to the one-dimensional case, leaving as an 
elementary exercise for the diligent reader the reformulation of the 
following results in covariant form, in the two- and three-dimensional 
cases. 

A Hamiltonian system is characterized by a Hamiltonian function 
whose dependence on the N “canonical” coordinates and 

momenta p„ determines the time-evolution of these quantities according 
to the Hamiltonian equations of motion 

q„=dH{g,p)ldp„, (la) 

p^=-dH{g,p)ldq^. (lb) 

Let us repeat that, here and throughout, an underlined lower-case letter 
denotes an N -vector: thus q = q{t) is the N -vector of components 

q„ =^„(0j and so on. Note that, for simplicity, we assume that the 
Hamiltonian H{g_,p) does not depend explicitly on the time t. We also 

restrict attention only to this standard Hamiltonian formulation. 

The corresponding Lagrangian reads 

L(^,^ = -H{g,p)+Y^qmP„, ( 2 ) 
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where the quantities in the right hand side must be expressed in terms 
of q and q by solving (for p^) the (nondifferential) equations (la) 
(assuming this can be done, namely that the Jacobian \d^H/dpJp„\ does 

not vanish). It is then easily seen that the Hamiltonian equations (1) entail 
the Lagrangian evolution equation 

d[dL{g,q)/dq^]/dt = dL{i,q)/dq„. (3) 

The antisymmetrical Poisson bracket of 2 quantities p{g_,p) and 
G{g,p) that depend on the canonical coordinates and momenta is defined 
as follows: 



i^\\bqm^Pm bp^dq^ 



~[G,Fl 



(4) 



This definition, together with the Hamiltonian equations of motion 
(1), entail that the time evolution of any quantity F{g,p), that depends on 

the time t only via the canonical coordinates and momenta, evolves 
according to the equation 



f = [f,h]. 



(5) 



Proof: 



■ ^ 8F . ^dF . 

m^\ [bqm bp^ 



m^\\bqmbPm bp^dq^j 



( 6 ) 



Hence, any quantity c(g,p) that “Poisson-commutes” with the 
Hamiltonian, 



[c,ff]=o, 

is a constant of the motion, 



(V) 






(and, of course, viceversa: (7) implies (8), and (8) implies (7), see (5)). In 
particular, the Hamiltonian is itself a constant of the motion 
(“conservation of energy”): 

H = Q. (9) 

A transformation (namely, a change of variables), from the “old” 
canonical variables q^,p„ to “new” canonical variables qSg,p\ Pn(g^,p), 

is canonical if the Poisson brackets of the new variables with respect to 
the old ones satisfy the rules 

\Bn^Pm]=Snm^ ^ = 0 • ( 10 ) 



Remark 1.2-1. The identical transformation, q„=q„, p„- p„, is canonical. It is 
a special case of the canonical (“point”) transformations 

Pn = Pn kn I Pn = Pn /fe [Pn )l Sq„ ], (11) 

or 

= Qn /Wn (Pn )l^Pn \ Pn =Pn(Pn) • (12) 

Exercise 1.2-2. Verify that the transformations (11) and (12) are canonical. 



The main property of canonical transformations is to leave invariant 
Hamilton’s equations. Namely if a new Hamiltonian h{^,p) is defined by 
setting 

(13) 

and the transformation from the old variables q,p to the new variables 
7,£ is canonical, then to the Hamiltonian equations (1) satisfied by q„{f), 
P„{t) there correspond the following standard Hamiltonian equations 
satisfied by the new variables g„(?), p^{f)\ 

q„ = dp„ , (14a) 

Pn = dq„ . (14b) 
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Proof of (14a): from (5) 



m=l 



Sqm Sp„ 



SPm Sqm 



dH _^\ dH dq, ^ dH dp, 
SPm h[SqeSp^ Sp^dp^l’ 

SH _y\ SH dq^ dH 6p^ ] 
Sqm h\sqe Sq„^ dp^ dqj’ 




The proof of (14b) is analogous. 



(15) 

(16a) 

(16b) 

(17) 



Action-angle variables. If the Hamiltonian H is independent of one 
of the canonical coordinate, say q„ , 

dSldq,=0, ( 18 ) 

then the corresponding canonical momentum p„ is a constant of motion 
(see (14b)): 

?.= 0 . ( 19 ) 

If the Hamiltonian H = H(p) is independent of all canonical coordinates, 

then all canonical momenta are constants of the motion hence the 
quantities 

v„=SH(^ldp„ (20) 

are obviously constant as well, hence the canonical coordinate q„{t) 

evolve linearly (see (14a)): 

= ( 21 ) 

Such variables p„ , q„ are called “action-angle variables" (indeed, if the 

motion is confined, the "angle variables" q„(t) only vary on a finite range. 
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which by appropriate rescaling can be reduced to the interval, say, (0,2;?r), 
thereby fully justifying their characterization as "angles"). Clearly in 
terms of these variables the time evolution is trivially simple. Hence the 
identification of a canonical transformation from the original “physical” 
variables q{t), pit) to acriow-awgfe variables q{t), pit) provides a route to 

solve the Hamiltonian equations of motion (1). Whenever such a route to 
evince the time evolution of the Hamiltonian system is available, with the 
corresponding canonical transformation being global and univalent, the 
time evolution of the system cannot be too complicated (“chaotic”). Such 
Hamiltonian systems, whose time evolution does not exhibit chaotic 
features, are called integrable. They are exceptional (namely the chaotic 
behavior is in some sense generic for Hamiltonian systems with confined 
motions), yet they are of great importance from a mathematical/ 
theoretical, and also from an applicative, point of view. 

Integrable systems. Assume that a Hamiltonian system possesses N 
constants of the motion, C„{g,p), globally defined by N univalent 
independent functions: 

[C„if]=0, C.=0. (22) 

Assume moreover that these constants are “in involution”, namely that 
they Poisson-commute, 

[c.,cj = 0 . (23) 

Then the Hamiltonian system is called "Liouville integrable". 

Indeed, under such conditions, it is generally possible to identify the 
N quantities C„{g,p) as new canonical momenta (note that the validity 

of (23) is essential for this to be possible, see (10)), and then to identify 
corresponding canonical coordinates q„{g,p). Since the new canonical 
momenta are constants of the motion, one has thereby succeeded to 
reformulate the Hamiltonian problem in terms of action-angle variables. 



Remark 1.2-3. It is of course essential that the constants of motion in involution 
C^{g,p) depend nontrivially on the canonical variables q„,p„ (for instance, they 
cannot be numerical constants independent of these variables!) and moreover that 
different Cfs be functionally independent of each other. The fact that their number iV 
coincide with the number of degrees of freedom of the Hamiltonian system is also 
essential. 

While it can be proven that, if these conditions prevail, together with (22) and 
(23), then the assignment position p^ = cj^,p) to identify new (constant) canonical 
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momenta can indeed be supplemented by the introduction of appropriate canonical 
coordinates q„{g,p), the explicit implementation of this program cannot be generally 

carried out (the proof that quantities q„{^,p) do exist is not constmctive). 

Hence, after the integrability of a Hamiltonian system has been demonstrated by 
exhibiting N constants of the motion with all the required properties, the 

job to obtain an explicit expression of the action-angle variables - or, equivalently, to 
actually get the solution of the Hamiltonian equations of motion - remains as a 
nontrivial task. We generally call solvable the systems for which this additional step 
can be performed in explicit form, or at least reduced to purely algebraic operations 
(see the Foreword). 



A Hamiltonian system describing a (one-dimensional) many-body 
problem is called normal if the Hamiltonian function H{^,p) is separated 

into kinetic and potential energy parts as follows: 



H{g,p}=T{i)+r{g), 


(24a) 


^ m~\ 


(24b) 


Note the special form of the kinetic energy, T{p), as well as the 
independence of the potential energy V{q) from the canonical momenta. 
The corresponding Hamiltonian equations read 


iln^Pnh^n^ 


(25a) 


Pn ^-^V{q^)ldq„, 


(25b) 


entailing Newton’s equations of motion 




PnPn fn^m)’ 


(26a) 


fn{Pm) = -^v{g)ldq^. 


(26b) 



These Newtonian equations of motion (“mass times acceleration 
equal force”) can also be obtained directly, see (3), from the Lagrangian 
(see (2), (24) and (25a)) 
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Of special interest is the case with only one- and two-body 
interactions: 

4)=S t (28) 

m=l ^ n,m=\',m^n 



entailing 




The requirement that the Newtonian equations of motion be invariant 
under translations [q„ {t) q„ (r) = q„ (t) +q^,qo =0) implies the following 
restrictions on the one-body and two-body potentials: 

+K- (30a) 

= (30b) 



entailing 



^ m=\ 

Here and below of course [q) = d {q)ldq. 



Remark 1.2-4. The requirement that not only the Newtonian equations of motion 
(31), but the Hamiltonian itself, see (24) with (28), be invariant under translations 
entails the additional condition a„ =0, see (30a). 

Remark 1.2-5. The equations of motion (31) are as well invariant under the 
Galileian transformation 

= ’ Vq =0. (32) 



The two-body potential is generally even, in the following sense: 






(33a) 



entailing 

3 {q)ldq = -d (x)ldx\^^_^ . (33b) 
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This corresponds to the action-reaction principle; “the force exerted by 
the n-th particle on the w-th particle is equal (in modulus) and opposite 
(in direction) to that exerted by the m-th particle on the n-th particle” (see 
(26) and (33b)). In this case the Newtonian equations of motion (31) 
become 



f^n4n=^n~ S ^nm' {^1 n ~ ^ (34) 

m=l,m^n 

and the center-of-mass coordinate q(t) , 

= (35a) 

n=\ 

(35b) 

n=\ 

satisfies the simple evolution equation (see (34) and(33b)) 

Mq^A, ( 36 ) 

n=\ 

entailing 

q(f)=q{a)+t{a)tA{AlM)t\ (37) 



When the Hamiltonian is itself invariant under translations (namely, 
when a„ = 0 ; see (24) and (30)) the center-of-mass moves freely, f = 0 
(see (36)), and the total momentum P , 

P = tp.’ ( 38 ) 

n=\ 

is a constant of motion, 

P = Q. (39) 

Proof. Use (25a), = p^q^ , and sum (34) over n from 1 to N: the right hand 

side then vanishes due to the antisymmetry of the summand, see (33b). 
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Exercise 1.2-6. Verify that the (not normal!) Hamiltonian 



H{q,p)=Yj ^n(Pn) exp --r X 

( 1=1 m=l,m^n 



Km(-q) = Kn(q) , 



yields the Newtonian equations of motion 



1 ^ 

=~q. Z { ~^j[ L (P n ) <Pn, (Pm ) (Pn ) (P'm iPm )] } 



{^-(P''n{Pn)(PniPn)iyniPn)Y } ] } 






(41b) 



entailing of course (see (40b)) 

w„„(-g) = -w„„(^) . 



Exercise 1.2-7. Verify that the Hamiltonian 



H{q,0^Y. exp(^„ P„) exp -- W„^{q„-qJ , 

«=I m=l,m^n 



with (40b) and where the N constants are arbitrary, yields the 
Newtonian equations of motion 



'4n =- Z L^nmiPn~Pm) 

^ m=l.m^n 

with (41b). Hint: use (41a). 

Exercise 1.2-8. Verify that the Hamiltonian 



^(i’£) = Z cosh(^„ p7) exp -- Yu K^(q.-qJ 

n=l ^ m—l,m^n 
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with (40b) and where the N constants s„ are arbitrary, yields the 
Newtonian equations of motion 



1 ^ 

^ m=i. m*n 



with (41b) and 



=««(^) = exp 



1 1 

m=l,m^n 



(45a) 



(45b) 



Hint: use (41a). 

Exercise 1.2-9. Verify that the (one-body) Hamiltonian 

#(?,p) =2‘'^(//s)smh(jp)[F(?)]''" (46) 

with s an arbitrary constant, yields the same Newtonian equation of 
motion, 

q = -V\q), (47) 

as the (normal) Hamiltonian 

Hiq,p) = p^/2+V{q). (48) 

In conclusion, we have seen that the essential condition in order that a 
Hamiltonian system be integrable is that it possess N constants of 
motion. Hence all Hamiltonian systems (of the type considered herein) 
are integrable if iV = 1 (because the Hamiltonian H is itself a constant of 
the motion), and those for which the total momentum P is a constant of 
motion, see (39), are also all integrable for = 2. 

Finally let us note that, in the special case of equal particles, all 
masses are equal, //„=// (=1 for notational simplicity), and the potentials 
do not depend on the" particle indices, for instance in (28) 
= and KtKqn>qJ = ^%.>qJ - The diligentreader wiU note 
the simplified form that the various equations written above take in this 
special case, on which our attention will be mainly focussed. 
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I.N. Notes to Chapter 1 



The material surveyed in Chapter 1. is standard and can be retrieved from 
any textbook, see for instance <A74>, <AM78>, <G83>. The diligent 
reader will thereby realize that the presentation given in this Chapter 1 is 
sketchy and will be able to complement it with the many details, 
generalizations and proofs that have been omitted herein. 
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2 ONE-DIMENSIONAL SYSTEMS - 

MOTIONS ON THE LINE 
AND ON THE CIRCLE 



In Chap. 2 we discuss integrable many-body problems in one-dimen- 
sional space (on a straight line or on a circle). We begin by introducing 
the idea of a Lax pair, and we show how it can be used to identify inte- 
grable Hamiltonian systems and in some cases to solve them. Several in- 
stances of such integrable many-body problems are studied; their treat- 
ment involves the discussion of various fonctional equations. We then 
introduce another technique to identify solvable many-body problems, we 
demonstrate its effectiveness by exhibiting several examples, and we out- 
line the connections of this technique with the classical problem of La- 
grangian interpolation for functions of one variable. 



2.1 The Lax pair technique 

Let L{g,p^ and be two {n x at) - matrices, which depend in some 

conveniently assigned manner (see below) on the W canonical coordinates 
and on the W canonical momenta p^. 



Notation. We hereafter denote (A^xAT) - matrices by upper case underlined Latin 
letters, iV-vectors by lower case underlined Latin letters, and use the standard notation 
and rules for matrix-vector algebra. Hence, for instance, 



Ml 

II 


(la) 


N 


kd)j 

k=l 


(lb) 


iV 


(dBl,=Z 4A’ 

«=l 


(Ic) 
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(Id) 




Such a pair of matrices L(^, p) , M{^,p) is called a “Lax pair” when- 
ever it can be exploited according to the following (“Lax” [L68]) tech- 
nique. 

Let the two matrices L and M satisfy the (matrix) “Lax” evolution 
equation 



l = \UK] 



( 2 ) 



Notation. The commutator [A, 5] of the two square matrices A, B is defined in the 
standard manner: 

U,^^AB-BA = -[5, a], (3a) 



entailing 



^=1 

Beware: do not confuse the commutator of 2 (square) matrices with the Poisson 
bracket of 2 functions of the canonical variables (see (1.2-4)). 



The time-dependence of the matrices L{g,^ , (see for instance 

the left hand side of (2), where the superimposed dot denotes of course 
the time-derivative) obtains from their dependence on the canonical vari- 
ables qSt),p^(t). Hence, for any specific ansatz for the matrices , 
M(g, p), the Lax evolution equation (2) entails evolution equations for the 
canonical variables qS^),p„{^) — provided of course such an ansatz is 
compatible with the time evolution. This last condition is far from trivial, 
since the matrix evolution equation (2) corresponds a priori to N^ scalar 
evolution equations, for the 2N quantities q„p ^ ; hence for N >2 there 
are more equations than variables (“overdetermined” problem). In the 
following subsections we show that there exist nevertheless certain an- 
saetze for the Lax pakL{g,p) , M(g,p) which are compatible with the Lax 

time-evolution (2). But firstly, in the remaining part of Sect. 2.1, we de- 
rive an important consequenbe of the Lax evolution equation (2), namely 
the existence of N constants of the motion. 
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To this end let us assume the matrix L to be diagonalizable, and de- 
note by its N eigenvalues and by its right- and left- 

eigenvectors: 

[i-A«]v<*>=0, (4a) 

K‘"’[L-i*>]=0. (4b) 

Let us also assume, for convenience (see below), that these eigenvectors 
are orthonormal, 

= (5a) 



Here and throughout the symbol denotes the Kronecker delta, =1 if 
n = m, S^^=0 if n^m. 

The fact that = 0 if ^ is a consequence of (4). (Proof, multiply 

(4a) from the left by u^'”^ , (4b) from the right by and subtract). Note that, in 
writing (5a), we are implicitly assuming that the eigenvalues of L are all differ- 
ent, if n ^ m . This will generally be the case in the following. But of 

course one can define the eigenvectors and u^’"^ so that (5a) hold even if the ma- 
trix L is degenerate, namely if some of its eigenvalues coincide. 

f/i) fw) 

The fact that ^) = 1 corresponds to the (standard, convenient) choice of 

normalization for the eigenvectors, which are a priori defined, by (4), up to an arbi- 
trary (nonvanishing) multiplicative (scalar) constant. 

The “orthonormality relation” (5a) entails the following “completeness relation": 

(5b) 

m=\ 

(Proof call the left-land-side of (5b) multiply it by , sum over j from 1 to N, 

and use (5a) to get ^ » which clearly entails = 5j^ ). 

y=i 

Note that we are not assuming the matrix L to be symmetrical (in which case the 
eigenvectors and would coincide) nor Hermitian (in which case and 
would be complex-conjugate of each other), but merely that it be diagonalizable. 
However in most of the following applications all the eigenvalues of L shall be 

real ~ as it would automatically be the case if L were Hermitian. 
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It is easy to prove that, as a consequence of the Lax equation (2), the 
eigenvalues are time-independent, 



iW=o. 


(6) 


Proof. From (4) and (5) we infer 


II 


(7) 


Hence 


)+(«<“>, )’ 


(8a) 




(8b) 


!<•> =[#) -#>] 


(8c) 




(8d) 



(To go from (8a) to (8b) we used (2) and (4); to go from (8b) to (8c), we used (4); and 
to go from (8c) to (8d), we used (5a)). 



We have therefore seen that, whenever the evolution of the canonical 
coordinates q,n{t),p„{t) is of Lax type, see (2), one gets as a bonus iV" con- 
stants of the motion, in the guise of the N eigenvalues of the Lax ma- 
trix which are of course functions of the canonical variables 

qm’Pm ' 

A way is thereby open to invent/discover integrable Hamiltonian 
systems. This can be done (see below) by choosing appropriate ansaetze 
for the Lax pair (as functions of the canonical variables), which are com- 
patible with the Lax time evolution (2), and are moreover identifiable 
with 2 i Hamiltonian evolution of the canonical variables q„{t\p„i^), indeed 

one that is interpretable as describing an iV-body problem. 

This part of the program requires imagination and luck (the main 
components of original research). One must then check that the N con- 
stants of motion obtained in this manner are nontrivial (namely that the 
Lax pair is not a “fake” one, see Sect. 2. 1.9.1), that they are functionally 
independent of each other, and that they Poisson-commute (see (1.2-23)). 
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It is sometimes convenient to focus attention, rather than on the N ei- 
genvalues of the Lax matrix L{g,p), on some other equivalent set of AT 

constants of the motion. Two such sets which are often used are the traces 
r„ of the (first) AT powers of the Lax matrix p), 

r,^trace[r]=|; « = 1 iV, (9) 

m=l 

or the symmetric invariants of the matrix L, 



n=l 



( 10 ) 



The trace of a matrix is of course defined as the sum of its diagonal elements, and 
the expression (10) of course vanishes whenever Z coincides with one of the i\T zeros 
of the polynomial of degree N appearing in the right hand side of (10), namely with an 
eigenvalue of L. 

Exercise 1.2-1: prove (9). Hint: use (4), (5b) and (5a). 



It is indeed well known that the sets, [z^"'^\n^\...,N }, {T^\n = \,...,N] 
and [j = are in bi-univocal correspondence (namely, each one 
of these sets determines uniquely the other two), and of course the prop- 
erties to be constant (time-independent), to depend nontrivially on the ca- 
nonical variables q^,p„, to be functionally independent among them- 
selves, and to Poisson-commute, if valid for (all) the elements of any one 
of these three sets, are also automatically valid for the elements of the 
other two sets. 



The transitivity of these properties is too obvious to require a proof, except per- 
haps for the last one. Hence let us prove that, if g{z^'”^) are functions of iV 

quantities ^"\q„,p,„) which Poisson-commute among themselves, 

[#,#^ = 0 . ( 11 ) 

then F and G also Poisson-commute among themselves, 

[f,C?] = 0. (12) 



Indeed (see (1.2-4)) 
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^ [^(Im ^Pm ^Pm 
^ dF 5G 

" w..ieA<"'> si-) I’e^'^ ^ Sq, 



= X 



aF aG 



■[i'”'U^'”^^] . 



( 13 ) 



Hence (11) entails (12). 

Exercise 2.1-2. Prove directly from the definition 
T„ = trace[ L” ] (14) 

(namely, without using the equality in (9)) that, if L satisfies the Lax equation (2), 
f„=0. (15) 

Hint: use the identity 

trace [4F1= trace . (16) 



Let us end Sect. 2.1 by emphasizing that different Lax pairs may cor- 
respond to the same equations of motion: we will see instances of this 
phenomenon in the following. It is moreover clear that, if L and M con- 
stitute a Lax pair, namely they Satisfy the Lax evolution equation (2), then 
the new pair L,M , 

L=ULir'+cl , (17) 

M=lL{K+f(.t)L)u:' -uir' +g(t)i , (18) 

also satisfies the Lax evolution equation. Here G is an arbitrary (inverti- 
ble) matrix, c is an arbitrary constant, and f(f),g(t) are two arbitrary 
functions. 

Exercise 2.1-3. Verifyl 
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2.1.1 A convenient representation. The functional equation (*) 

We now make a convenient ansatz for a Lax pair , M{^, p), and we 

then ascertain under which conditions it is compatible with the Lax (ma- 
trix) evolution equation (2.1-2). The main one of these conditions is the 
functional equation (*) (see (16) below). When these conditions are satis- 
fied the resulting dynamical system can be identified with a Hamiltonian 
system of normal type (see (1.2-25)), describing a one-dimensional 
many-body problem whose Newtonian equations of motion feature (ve- 
locity-independent) forces whose functional form is determined by the 
solution of the functional equation (*). 

Our starting ansatz for the Lax pair: 



Km =Pn = 


(la) 


Km =(^{qn-qm) 


(lb) 






Km = Y Pi^n-qt) 

l=\Mn 


(2a) 


^nm=r{qn-qm) 


(2b) 



where a{q),p{q) and y{q) are 3 functions to be determined, see below. 

Let us now insert this ansatz in the Lax evolution equation (2.1-2), 
namely into 

N 

^nm= Yu (3a) 

i=lMn 

\ 

U 

km = - Km )^nm + Km i^mm ~^nn)^ Z [Ki ~ 

(3b) 

The diagonal terms (m = k) then yield 

Pn = -9l) rkl -qn)-a{qi-qn) r^n ( 4 ) 



while the off-diagonal (m ^ «) terms yield 

-qm) [qn -K\={Pn ~ Pm) v{qn ~qm) 



23 




+ Ctkn-<Im) 



Y.Pkm-(h)- 

=l,frnj l=\,l^n 

+ Z (5) 

l=V,i^m,n 

This latter equation is clearly satisfied if the following equations hold: 

Pn =kn^ (^) 

r{q)=cc'{q), (7) 

P{p)=p{-^1 (8) 

-Pi)- Pi^n -Pi)] 

+ G^{Pn - Pi )r(Pi -Pn,)- (^{Pi - Pm )r{Pn ~Pi) = 0 . (9) 

The insertion of (7) into (4) yields 

Pn=- T, APn-Pm) ( 10 ) 

with 

v{q) = a{q)a{-q). (11) 

It is now clear that (6) and (10) are precisely the Hamiltonian equa- 
tions of motion produced by a Hamiltonian of normal type (see (1.2-25)) 
with pair interactions, 

H=\±pI^ ±V%,-qX ( 12 ) 

with 

V^^\q) = v{q) (13) 

given by (11). Note that this definition, see (11), entails that V^^\q) is 
even, 

V^^\-q)^V^^\q), (14) 
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a fact of which we already took advantage in writing the right hand side 
of (12). Let us also recall that this fact entails the validity of the action- 
reaction principle (see Sect. 1.2). 

The corresponding equations of motion take of course the Newtonian 
form 

'4n=~Y. (15) 

m=\,m^n 

characteristic of the one-dimensional iV-body problem describing N iden- 
tical particles (whose mass, without loss of generality, is set to unity) 
which interact pairwise via the (even) potential energy v[q) entailing the 
interparticle force f{q)=-V[q), where q is of course the interparticle dis- 
tance. 

There remains to take account of (8) and (9). The main condition is 
encoded in the latter equation, which using (8) and via the positions 
^ = y = can be reformulated as the functional 

equation (*): 

(*) [ a{x) a'(y) - a(y) afx) ] / a{x +y) = p{x) ~P{y), (16) 

(complemented, for our purposes, with the condition that p{x) be even, 
^(-x) = >^(x), see(8)). 

Solutions of this functional equation are discussed in the following 
sections. They correspond to the Hamiltonian many-body problem (12), 
via (13) with (11). Such a many-body problem is then generally inte- 
grable, since the N eigenvalues of the Lax matrix, see (1), provide N con- 
stants of motion, which generally turn out to be functionally independent 
and in involution. 



Let us recall that equivalent sets of N constants of motion, which are sometimes 
more convenient to handle, are provided by the N traces see (2.1-9), or by the N 

symmetric invariants see (2.1-10). It is rather obvious that these sets generally 
satisfy the additional conditions (required to guarantee integrability) to depend non- 
trivially on the canonical variables q^,p„ and to be functionally independent: for in- 
stance the trace is clearly a polynomial of degree n in the canonical momenta , 

see (1) and (2.1-9). It is less trivial to show that these constants of the motion Poisson- 
commute among themselves (they of course all Poisson-commute with the Hamilto- 
nian (12), since they are constants of the motion; see (1.2-5,7,8)). In specific cases, 
see below, this can be easily proven. General proofs based on the functional equation 
(*), see (16), are also available. The diligent reader may try to construct such a proof, 
or look it up in the Uterature (see Sect. 2.N below for references). 
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Note that the ansatz (1) entails 



n=l 

T^=2H, (18) 

where P is clearly the total momentum and H is of course the Hamilto- 
nian (12). Hence the constancy in time of the first 2 traces, and T 2 , cor- 
responds to the conservation of the (total) momentum P and the (total) 
energy H. 



The formula (17) follows immediately from (1) via (2.1-9), and (18) also obtains 
easily from (1) using (2.1-9), (12), (13) and (11). 

It is also easily seen that the Poisson-commutativity of ah the traces , see (2.1- 
9), with the total momentum P, see (17), is an immediate consequence of the transla- 
tion-invariant character of these quantities (indeed, the Lax matrix itself, see (1), is 
invariant under the translation q„ ~^q„+qo, with q^ an arbitrary constant). 



2.1.2 A simple solution of the functional equation (*) 

The functional equation (*) (see (2.1.1-16)) admits the solution 



a{x)-b!x, 


(1) 


y^(x) = bfx^ , 


(2) 


where 6 is an arbitrary constant. 





Proof. 

[a{x)a'{y) - a{y)a'{x)] I a {x + y) = -b{xyY- {x - y\x +y) = 

= -b(xyY^ {x^-y^)= b{x^ - ) = P{x) - p(y ) . (3) 



It is convenient to set 



b--ig. 



(4) 
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so that the Hamiltonian (2.1.1-12) become 

E (5) 

■“ n-l n,m-\\m<n 

and the corresponding Newtonian equations of motion (2.1.1-15) read 

E (6) 

m=l,m^n 



These equations describe the motion on the line of N equal particles of 
unit mass interacting pairwise via a two-body repulsive force inversely 
proportional to the cube of the interparticle distance. 

We postpone to the following sections an investigation of this 
Hamiltonian system, that has played a seminal role in the study of inte- 
grable dynamical systems over the last quarter century. Here we report 
the expressions of the corresponding Lax pair: 

Pn. = ^nmPn + (l ~ ^ g fe. " V . 0) 

=s„jg ( 8 ) 

l=\,l^n 



2.1.3 N particles on the line, interacting pairwise via repulsive 
forces inversely proportional to the cube of their mutual 
distance 

In this Section, which is conveniently subdivided into 3 subsections, we 
investigate the many-body problem described in the title, which, as dem- 
onstrated in the preceding Sect. 2.1.2, is an integrable Hamiltonian sys- 
tem (see (2. 1.2-5)) whose time evolution (see (2. 1.2-6)) coincides, via the 
ansatz (2.1.2-7), with the Lax (matrix) evolution equation (2.1-2). 



2.13.1 Qualitative behavior 

In Sect. 2.1.3.1 we discuss the qualitative behavior of the system on the 
line characterized by the Hamiltonian (2. 1.2-5) and by the Newtonian 
equations of motion (2. 1.2-6). 

The force acting among every pair of particles is repulsive, singular at 
zero separation and vanishing as the separation diverges (see (2.1.2-6)). 
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Hence this A^-body system cannot be bound nor contain any bound sub- 
system (due to the repulsive nature of the forces): asymptotically, i.e. in 
the remote past and future, the particles necessarily separate from each 
other and eventually move freely, 

(In W = + (l^n^ + o(l) HS ? ±CO . (1) 

Moreover, the ordering of the particles on the line cannot change 
throughout the motion, due to the singular (and repulsive) character of the 
forces at zero separation. It is therefore convenient to label the particles 
according to their ordering on the Une, say from left to right: 

n = \X..,N-l, (2) 

Note that, via (1), this entails 

« = l,2,...,iV-l, (3a) 

n=^\X..,N-\, (3b) 

corresponding to the intuitive picture that sees in the remote past the par- 
ticles coming in from far away and in the remote future the particles 
moving out far away from each other. Of course the center-of-mass, 

«=i 

moves uniformly, 

q{t) = q{^)+Pt, (4b) 

where P is the total momentum, 

p=jL /’.(')=! (4c) 

f7=I n=l 

which is of course a constant of the motion (see (2.1.1-17)). 

Exercise 2.13.1-1. Verify! 

The classical scattering problem has the following formulation: given 
the quantities , which characterize the behavior of the system in 
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the remote past, find the quantities which characterize its behav- 

ior in the remote future (see (1)). In this formulation the quantities 
can be arbitrarily assigned, except for the restriction (3a); they 
determine the subsequent evolution of the system for aU time, and in par- 
ticular the values of the quantities p^f^ and q^f^ that characterize the be- 
havior of the system in the remote future, see (1) (of course the quantities 
p^^^ shall automatically satisfy the inequalities (3b)). 



Note that the “scattering problem", as formulated above, is different from the 
“initial-value problem", where the quantities ^„(0) and /?„(o) are assigned (arbitrar- 
ily, except for the restriction (2)) and the subsequent (or previous) evolution of the 
system is then computed, including the parameters q^^^ and p^^^ characterizing the 
behavior of the system in the remote future and past, see (1). Of course in the “initial- 
value” case, as a consequence of the initial data ^„(o) satisfying the restriction (2), 
the asymptotic momenta p^f^ and p^^^ turn out to satisfy the inequalities (3a) and 
(3b). 



For the particular system under consideration the outcome of the 
scattering process is exceedingly simple, being specified by the following 
simple rules: 

(5) 

q^^'^ =q^di-n‘ ( 6 ) 

The rule (5), which is clearly compatible with the simultaneous valid- 
ity of (3a) and (3b), is a simple consequence of the Lax pair formulation. 



Proof. In the remote past and future the Lax matrix (2.1.2-7) becomes diagonal, 
since the off-diagonal terms vanish asymptotically proportionally to \t\ ' , see (1): 

U) 

Hence at r = +oo the set of the N eigenvalues (which are time-independent!) co- 
incides with the set {/7^'*‘^;n = l,...,A^} of eigenvalues of the (diagonal!) matrix 
L(+oo), and likewise at t = -oo = l,.,.,7y} coincides with {p^"^;n = l,...,iV‘}. 

This entails that the two sets ^'*'^;« = l,...,iV} and [p^~^;n=l,...,N] coincide; via 
the ordering rules (3a) and (3b) this immediately entails (5), namely p['^^ = p ^^ , 
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Pi'^ - Pn\ so on (note the difference among the two cases with N odd and N 
even: only in the former case the central particle re-acquires in the remote future the 
same momentum it had in the remote past). 

Let us also note that the argument given above entails the Poisson-commutativity 
of the N constants of the motion 3 uelded by the Lax pair approach: since these con- 
stants of the motion are time-independent, they can be evaluated at the asymptotic 
times, when the Lax matrix becomes diagonal, see (7), hence its eigenvalues coincide 
with the canonical momenta, which of course Poisson-commute among themselves. 



A proof of the rule (6) is given below (see Sect. 2.132). 



2.1.3.2 The technique of solution 

of Olshanetsky and Perelomov (OP) 

In Sect. 2.1.3.2 we show how the explicit solution of the initial-value 
problem for the one-dimensional many-body system characterized by the 
Newtonian equations of motion (2. 1.2-6), 

'4n = V 2 kn-^mT\ W 

can be reduced to the purely algebraic task of finding the eigenvalues of a 
(time-dependent) (iVxA/^) -matrix explicitly given in terms of the initial 
data ^„(0) and ;?„(o) = g„(o). 

Let us introduce the diagonal [n xiv) -matrix g(/), 



g(0 = diag [q„ {t)\n = 1 ,..., n] , = (2) 

as well as the matrix Q{t) obtained from Q{t) via a similarity transforma- 
tion, 

Q{thu{t)g[t)\uit)Y. (3) 

The properties required of the matrix u{t) will be specified below; 
although in the end we shall, remarkably, find out that this matrix plays 
no explicit role in determining the solution. 

It is clear from the definitions (2) and (3) that the canonical coordi- 
nates q^{t) are the N eigenvalues of the matrix Q{t), which is, by con- 
struction, diagonalizable, see (3). The strategy of solution that we now 
pursue is to obtain an evolution equation for Q{t) , to solve it (yes, it turns 
out that this equation will be explicitly solvable!) and to thereby obtain an 
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explicit expression for §(?) : the computation of the canonical coordinates 
namely of the solutions of the Newtonian equations of motion (1), 
is then reduced to evaluating the N eigenvalues of the known matrix 

eW- 

Let us now introduce a matrix M(r) related to u{t), see (3), as fol- 



lows: 

M = U~'U. (4) 

Then, from (3), 

Q-ULir' (5) 

with 

L=Q-[&M], ( 6 ) 

and from (5) 

Q=U.{L-\l,m]}u-'. (7) 



Proof of (5) witli (6), and of (7). Indeed, quite generally, if 
A = UBir\ (8) 

then 

A^u\b-\B,M\}U-' (9) 

with M related to IJ_ by (4), This can be verified as follows: from (8) 
i = U.BIT' + u_Bir^ - UBir' , (lOa) 

A = u\^+T^lLB-BU:"^ir\ (10b) 



The last equation, via (4), reproduces (9). And clearly the rule (9), applied to (3) re- 
spectively to (5),. yields (5) with (6) respectively (7). 
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We now make, consistently with (6), for L and M the choices (2.1.2- 
7,8), namely 



4m = 4m 4 + (l - 4m ) ^ S fen " ^m 


(11) 


^„m =4m^«n -(l-4m)fen -?m)"'4m- 


(12) 



The dihgent reader will check that (11) and (12) coincide with (2.1,2-7,8). Of 
course to get (11) from (2.1.2-7) we also used (2.1.1-6). As for (12), we wrote it in the 
most convenient manner to check that (11) and (12) are consistent with (6). To this 
end the explicit expression of the diagonal part of M is irrelevant: since Q is diago- 
nal, see (2), the diagonal part of M commutes with Q hence does not contribute to 
the right hand side of (6). Moreover, since Q is diagonal, the commutator in the right 

hand side of (6) has no diagonal component. The consistency of the diagonal part of 
(6) with (2) and (11) is therefore clear. As for die off-diagond part of (6), it reads (see 
( 2 )) 



= ~{qn (13) 

SO that its consistency with (12) is obvious. 



We now use the fact that L and M satisfy the Lax evolution equation 
(2.1-2), to infer from (7) that Q{t) satisfies the (amazingly simple) evolu- 
tion equation 

fi = 0 . (14) 

The general (matrix) solution of this equation reads 

e(t)=e(o)+e(o) t. (is) 

To get explicit expressions of q(o) and 2(0) we now make the con- 
venient assumption 

^(0) = 1. (16) 



The matrix U(t ) , which characterizes the similarity transformation (3), is defined 
by (4), namely by the evolution equation 

= ( 17 ) 
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which can be supplemented by an arbitrary initial condition assigning ^(0) (with the 
only restriction that this matrix be invertible, namely that det[ ^(0) ] 0). Different 
choices for ^(0) would yield different matrices Q{t) , all of them however having the 
same eigenvalues, namely yielding the same canonical coordinates qjf) . The choice 
(16) is the most convenient one to get explicit results. 

Let us re-emphasize that, to obtain our final result, namely the quantities 
we need not evaluate the matrix Uif) by integrating (17), nor indeed do we need to 
evaluate the matrix M_{t) . 



From (16) and (3) we get 



Q(0) = 2(0) =diag[?.(0> n = 1,..., jV], 



(18) 



and likewise from (16) and (5) we get 



m=m, 



(19) 



where (see (11)) 




i„(o)=.y..?.(o)+(i-5.)i?k(o)-?,(o)]-'. 


(20) 


Hence, from (15), we get 




fi(0 = fi(0)+T(0)r, 


(21a) 


namely (see (20)) 




Qnm (0 = [q„ (0) q„ (0) t]+(l- 5„„ ) i g [q„ (0) - q^ (0)]"' t , 


(21b) 



a completely explicit expression of the matrix Q{t) in terms of the initial 
data, g„(0) and ^„(0) , of the many-body problem (1). 

In conclusion, as promised, the solution of the initial-value problem 
for (1) has now being reduced to the purely algebraic task of finding the 
N eigenvalues q„{t) of the (A^xiv) -matrix (21). 



Let us now outline how to recover the results (2.1.3.1-5,6). It is clear from (21a) 
and (2.1.3. 1-1) that, in the asymptotic r -> ±oo limits, the N quantities , as well 
as the N quantities are the N eigenvalues of the (same!) matrix L(0). Besides 
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providing the connection among the asymptotic momenta and the data ^„(0) 
and ;?„(0) of the initial-value problem (which define the matrix X(0), see (20)), this 
fact entails the coincidence of the two sets = l,...,iV} and = 

and this together with (2,13,l-3a,b) entails (2.1.3.1-5). (This proof is of course 
closely analogous to that given in the preceding Sect. 2.1.3.1 (after (2.13.1-6)). 

Let us then indicate with and the right- and left-eigenvectors of the 
matrix L(0) corresponding to the eigenvalues , 

(22a) 

= (22b) 



orthonormalized so that 



fe*),v(’<"))=^„. (23) 

(Beware: we use here an abbreviated notation. Do not be misled to think that, say, 
is the eigenvector of L(t) as t-^co). 

It is then clear from standard (first-order) perturbation theory (for the evaluation 
of the eigenvalues of a matrix) that, in the asymptotic limit (i ^ ±oo) , (2.1.3.1-1) and 
(21a) entail 

^(±)=jj,(4i)^g(0)v(-K±)). (24) 



In all these equations, of course, whenever a double sign is featured one should sys- 
tematically take either the upper or the lower choice. But from (2.1.3.1-5) (which was 
proven in Sect. 2.1.3.1 and has again been proven just above), and from (22), we infer 






(25a) 






(25b) 



and, via (24), this entails (2.1.3.1-6). 



Let us compute (from (21)) the solution in the N = 2 case: 



^i(0) + ^i(0)^-^u(0 

-i^bi(0)-^2(0)r^ 



ig-fei(0)-g2(0)] 

^2(b) + 42(0)^-?u(0 



(26a) 
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[?u (Of - W {g, (0) + q, (0) + [q, (0) + g, (0)] 4 

+[g,(0)+g,(0) 4[g2(0)+g2(0) =o, (26b) 

g(0“|[g,W+g2(0], g(0»g2W-g,(0, (27a) 

gi(')=g(0-^g(f), g2(0^g(0+|g(0, (27b) 

g© = g(0)+g(0)f, (28) 

g(0 = {g(0)+2r ?(0) g(0)+/"t4(0)f +4^44(0)^)}^. (29) 

A comparison with (2.1.3.1-1) entails 



pY =pY =|[[g,(0)+g2(0)]±{[g,(O)-?,(o)]^ +4?4gi(0)-g2(0)]‘^}^l, (30) 
g“ =g” =}( [g,(0)+g2(0)] 

+[g,(0)-g2(0)][g,(0)-?,(0)]f?,(0)-?,(0)]^ + V[gi(0)-g2(0)]’'r' )• (31) 
Exercise 2.1.3. 2-1. Verify! 



Let us recall that, in the two-body case {n = 2), the fact that 

Pt^ = is a general result (valid for a large class of two-body problems), being a 
consequence of momentum and energy conservation, 

pY + pY = pY+Pi\ (32) 

[pf*’]' +[pi"T = t!’’]" + (33) 

Indeed the latter equation (energy conservation) holds in this form for any two-body 
problem (with velocity-independent forces) in which the particles separate asymptoti- 
cally and the forces vanish at large separation, with the quantities defined by 
(2. 1.3. 1-1), or equivalently by the identification = p„(±<x >) . 
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This solution, see (27b) with (28) and (29), could have been easily 
obtained by solving directly the equations of motion (1) via the position 
(27), corresponding to the separation of the motions of the center-of-mass 
coordinate q{t) and of the relative coordinate q{t). But already for iV^ = 3 a 
direct solution of (1) is difficult, and for N>3> only the technique de- 
scribed above solves the problem (in the sense of reducing it to a purely 
algebraic task). 

The results we have just obtained for the N = 2 case entail an impor- 
tant observation: the outcome of the scattering process in the general case 
(namely, for arbitrary iV), as given by the simple rules (2.1.3.1-5,6), is the 
same that would be produced if the scattering were the results of a se- 
quence of two-body encounters. This phenomenon is often referred to as 
the property of “factorization”. 



Exercise 2.1.3 .2-2. Investigate the relevance of this remark by drawing schemati- 
cally, for instance for iV = 3 and iV = 4, the trajectories of the particles as functions 
of time (say, in the {q,t) plane,), for a few cases characterized by the same asymptotic 
parameters but by different values of the coupling constant , including the limiting 
case of almost vanishing g^ (when the particles move freely except when they col- 
lide). 



The property of factorization has a deeper significance and import 
than is for the moment apparent. Let us in any case emphasize that it only 
applies to the integrable model (1); indeed the remarkable properties 
(2.1.3.1-5,6) of the scattering process do not hold, for iV^ > 2, if the equa- 
tions of motion (1) were generalized by allowing different coupling con- 
stants, so as to read 

2 Slmkn . ( 34 ) 

m=l,m^n 

with generic values of the (positive) coupling constants gl^ . 



Exercise 2.1.3. 2-3. Prove this statement, for iV = 3 . Hint: see <KL72>. 



Note that, provided g]^ = , the equations of motion (34) obtain 

from the Hamiltonian 

pi^ j: eiar.-r.v ■ ( 35 ) 

^ n=\ m—\tm<n 
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2.1.3.3 Motion in the presence of an additional harmonic 

interaction. Extension of the OP technique of solution 

In Sect. 2.1.3.3 we modify the model considered in the preceding Sect. 
2.1.3.2, by adding to the Newtonian equations of motion (2.1.3.2-1) or 
(2. 1.2-6) a harmonic interaction, so that they read 

E (1) 



These equations of motion are of course obtained from the Hamilto- 
nian 



Z (2) 

n=l n,m=l;m<n 

Of course both the equations of motion (1) and the Hamiltonian (2) re- 
duce to those of Sect. 2.1.2 and 2.1.3.2 (see (2.1.2-6) or (2.1.3.2-1), and 
(2.1.2-5)) if the “circular frequency” a? vanishes. 



The Hamiltonian (2) (in contrast to the Hamiltonian (2. 1.2-5)), as well as the 
equations of motion (1) (in contrast to (2.1.3.2-1), (2.1.2-6)), are not invariant under 
translations (q^ ”®)- i^ however well-known, that the non- 

translation-invariant model (1), (2) is closely related to the translation-invariant 
model characterized by a harmonic interaction that, rather than acting as an external 
potential (pulling every particle towards the origin, see (1)), acts between every pair 
of particles. Such a model is characterized by the equations of motion 

(^n-x„)+2g'- El (3) 

m=\ m=l,m^n 



which obtain from the Hamiltonian 

^ + E (^n -K r (^) 

^ n=l n,m=l;m<n 



where x„ are of course now the canonical coordinates and p„ the corresponding ca- 
nonical momenta. As can be easily verified, the connection between these two mod- 
els, (1), (2) respectively (3), (4), is given by the relations 





(5) 




(6) 
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(7) 



X - 



AT-'X 



^ 1=1 



Note that the equations of motion (3) entail that the center-of-mass x(t) of the trans- 



lation-invariant model (3, 4) moves freely, 

X = 0 , (8) 

while (6) and (7) entail that the center-of-mass q(t), 

= (9) 

n=l 

of the non-translation-invariant model (1, 2) is fixed at the origin, 
q(0=0. (10) 

This is of course compatible with the equations of motion (1), which clearly yield 
q+(D^q=0, (11) 

entailing 

^(O = ^(0)cos((«^)-i-4(0)o“^sin(£y^). (12) 



We focus hereafter on the non-translation-invariant model characterized by the 
equations of motion (1) and the Hamiltonian (2); the above formulas indicate how to 
translate any result valid for this model, into a corresponding result for the transla- 
tion-invariant mod&l characterized by (3) and (4). 



We now proceed exactly as in the preceding Sect. 2. 1,3. 2, see 
(2.1.3 .2-2, 3, 4, 5, 6, 7) as well as (2.1.3.2-11,12) or equivalently (2. 1.2-7, 8). 
The only novelty is that, while previously the ansatz (2.1.2-7,8) corre- 
sponded via the equations of motion (2. 1.3.2- 1) to the Lax evolution 
equation (2. 1.-2), now the equations of motion (1) yield instead the modi- 
fied Lax equation 

l-\l,m (13) 

of course with Q defined by (2.1.3.2-2). 

Exercise 2.13.3-1. Verify! 

Hence now (2.1.3.2-7) gives, instead of (2.1.3.2-14), the evolution 
equation 
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(14) 



Q+o)^Q = 0, 



the general solution of which can again be exhibited explicitly: 

Q{t) = Q(0) cos(a> t) + Q(0) co~^ sm(< 2 > t) . (15) 

Of course (14), (15) reduce to (2.1.3-14,15) for 6? = 0 . 

Now we can again proceed in close analogy to the treatment of the 
preceding Sect. 2.1.3.2, see (2.1.3.2-16,19,20), getting (in place of 
(2.1.3.2-21)) 

Q(t) = Q(0) cos(<y t) + L(0) co sin(<» t) , (16a) 

namely 

Qnm (0 = ^„m Un (0) COS(fi> t) + q„ (0) 6?"^ sill(fO t) ] 

+ (l - ^nm ) i S hn (0) ~ (0)]"‘ 6?"' siii(fi; t ) , (16b) 

which is again a completely explicit expression of the matrix g(0 in 
terms of the initial data, q„{Q) and 4„(0), of the many-body problem (1). 
And of course, as implied by the above treatment, the solution q^{t) of 
the initial-value problem for the system (1) is now given by the N eigen- 
values of this matrix Q{t) . 

For 6> = 0 this matrix reduces to (2.1.3.2-21) and the results of the 
previous Section (2. 1.3. 2) are recovered. But there is a qualitative differ- 
ence among the two cases. If =0 the motion is not confined, and the 
phenomenological behavior of the system is characterized by the scatter- 
ing process described in the preceding Sect. 2.I.3.2. In the case (with 
(d^Q) considered in Sect. 2. 1.3. 3, the motion is instead confined to some 
neighborhood of the origin, due to the elastic force pulling back each 
particle towards the origin (see the first term in the right hand side of the 
Newtonian equations of motion (1)). In fact it turns out that, in this case 
with 0 , the motion is completely periodic, with period 



(17) 



(18) 



T = l7rlo), 

for any arbitrary set of initial data: 
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This is implied by (16), which shows that the matrix Q{t) is periodic with period 
r, see (17): Qit-^T) = Q{t) . Hence the setS(t) = {^„(0;l,—»^} of the N eigenval- 
ues of Q(f) is periodic, S(t + T) = S(t) . This by itself does not imply that each eigen- 
value is periodic with period T: if the eigenvalues could be reshuffled through the 
motion, the periodicity of the (unordered) set S(t) with period T would only imply 

that each eigenvalue is periodic with period (at most) T =T-N\, since there are (at 
most) A^! way to reshuffle N objects. But in the case under consideration the singu- 
lar character at zero separation of the repulsive pair force (see the sum in the right 
hand side of (1)) excludes any such reshuffling (see (2.1.3.1-2)); this entails the perio- 
dicity with period T of each canonical coordinate, see (18). 



The completely periodic character, see (18), of all solutions of (1) is a 
characteristic property of the integrable model (1). It would not obtain if, 
for instance, (1) were replaced by the more general equations of motion 

2 gL {q„ - q„ , (19) 



with a generic choice of the (positive: to avoid any singularity possibly 
caused by forces which are infinitely attractive at zero separation) cou- 
pling constants =gl„', note that this symmetry condition is not essen- 
tial for the validity of the previous statement, but it is implied by the re- 
quirement that (19) follow from the Hamiltonian 

n=l n,m-l;m<n 

The property of periodicity (18) is therefore the counterpart, for the 
model treated in Sect. 2.1.3.3, of the factorization property (2.1.3.1-5) of 
the model treated in the preceding Sect. 2.I.3.2. 

There is indeed a connection among the model treated in the preced- 
ing Sect. 2.1.3.2, see (2.1.3.2-1), and that treated in this Section, see (1); 
this also entails a connection among the factorization property (2.1.3.1-5) 
and the periodicity property (18). 

To demonstrate these connections let us first of all note the following 
remarkable fact: if q„(t) satisfies (2.1.3.2-34), 



m=l,m^n 



( 21 ) 
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then 

q„{t)=cos{cot) q^(r), 

T = co~^tsn.(o)t), 

satisfies (19), namely 

iV 

m=l,m^n 



(22a) 

(22b) 



(23) 



Exercise 2.1.3.3-2. Verify! 

Remark 2.1.3.3-3. Since both models, see (21) and (23), are invariant under a 
shift of the time variable (? = ^4-?^), it is clear that the above treatment would 

apply equally if (22a) and (22b) were replaced by the more general formulas 

q„ it) = cos[o it - )] q„ (r) , (24a) 

T = T^+co~^ \zn\a)it-tf^)\, (24b) 



with Tq and arbitrary constants. This would merely replace with a more compli- 
cated formula the simple relation among the “initial” values of q^{t) and q„{t) im- 
plied by (22), 



?„( 0 ) = ^„( 0 ). 



(25) 



Note that we have established a connection between the (more gen- 
eral, nonintegrable) models with different coupling constants; it holds of 
course a fortiori for the integrable models characterized by the restriction 
gL=gMsee(2.1.3.2-l)and(l)). 

From (22) it might appear that q^{t) is generally periodic in t with pe- 
riod r, see (17); indeed the prefactor cos(fi?0 in the right hand side of 
(22a) certainly possesses this property, and the new variable t is clearly, 
see (22b), itself a periodic function of t (in fact, with period r/2). This 
suggests that all solutions of (23) (or, equivalently, of (19)) are periodic 
in t with period T. But this conclusion is wrong: it only holds in the inte- 
grable case (1), as we now explain. 



Exercise 2.1.3.3-4. Fmd the solution to this riddle on your own, before reading 
the explanation given below. 
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The point is, that the change of (dependent and independent) variables 
from q^{t) to see (22), is not global. When the variable t in (22b) 
spans the interval, say, from -r/4 to r/4 (see (17); or, say, from r/4 to 
3r/4, etc.), the variable t spans the entire interval from -a? to +oo (see 
(22b)). Accordingly, the quantity ^„(r), see the right hand side of (22a), 
spans its entire trajectory, which is not confined, so that, as r^±po, 
q^(j) diverges (to the right or to the left, as the case may be). But when 
r ± 00 , namely when t ±TjA (mod (r/2)), the prefactor cos(6>?) , see 
(22a), vanishes; hence, in these limits, q^it ) , see (22a), remains finite. In- 
deed it is easily seen, from (17), (22) and (2.1.3.1-1), that 






«^+r/4+r/2+mod(r)^^ ^ 



(26a) 

(26b) 



Proof: 



lim 

t^±T/4+sT/2+mod(T) 



Bn (0. = lim cos(o f) tan(< 2 ? t) 



t-¥±T / A+sT /2+mod(r) 



= = 0 , 1 . 



( 27 ) 



Hence the behavior of the canonical coordinates q^{t) of the confined 
system (23) over the interval from t = -r/4 to ^ = r/4 (see (26a) and (17)) 
corresponds to the entire trajectory of the canonical coordinates of 
the unconfined system (21) from r = -oo to r = ±oo , with the values of the 
canonical coordinates q^{t) at the beginning and at the end of the time 
interval from -r/4 to r/4 related to the asymptotic momenta of the tra- 
jectories of the unconfined model, see (1.1.3.1-1), by the rule 



?.(±r/4) = +ffl-'p'*>. (28a) 

In the spirit of evincing, via the transformation (22), the solutions 
q„(f) of the confined model from the solutions q^{v) of the unconfined 
model, one would assign the "initial” values ^„(~T/4), obtain via (28a) 
the corresponding values let the unconfined model run its entire 
history, from r = -oo(with the asymptotic momenta in the remote 
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past, see (2.13.1-1)) to r = +oo, determine thereby the asymptotic mo- 
menta in the remote future (see (2.1.3.1-17)), and thus obtain, again 
via (28a), the values at the end of the interval (as well, of course, 

as the values 7„(0 for-r/4 <t< TjA via (22)). 

One would then repeat the process in the subsequent interval, from 
T/4<t<3Tf4, Starting from the “initial” values q^(Tl4) just obtained and 
determining the “final” values q„(3Tl4) via a completely analogous pro- 
cedure, except for the fact that, in this interval, (28a) should be replaced, 
see (26b), by the relation 

?,(±r/4+r/2)=+ffl-'pW. (28b) 



And so on. 

In the nonintegrable (unconfined) case with different coupling con- 
stants see (21), there is (for > 2) no general rule to connect the as- 
ymptotic momenta in the remote future to the asymptotic mo- 
menta in the remote past (see (3.1.3.1-1)). Hence there is no justifica- 
tion to expect, for the corresponding confined model, see (23), any gen- 
eral rule connecting the values of the canonical coordinates q„(t) at the 
end of one of the time intervals considered above to those at the begin- 
ning of that time interval. In particular, therefore, there is no justification 
to expect the motions of this system to be periodic, in spite of what might 
have been naively inferred from (22). 

The situation is different in the integrable case see 

(2.1.3.1-1)), where we have the simple rule (2.1.3.2-5) connecting the as- 
ymptotic momenta in the remote past and future, see (2.1.3. 1-1). Via 
(28a) this entails 

um (29a) 
aad likewise, via (28b), 

?.(3r/4)=-e^,,_,(r/4). (29b) 

But these two formulas yield 

?.(-r/4+r)=?.(-r/4), (30) 

which in fact corresponds to the property of periodicity (18). 
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This is a consequence of the above treatment and of the invariance of both mod- 
els, (21) and (23), under shifts of the respective time variables (see the Remark 
21.33-3). 

However to complete the above analysis and thereby make more cogent the con- 
clusion that (18) is implied, via the transformation (22), by (2.1.3.1-5), one should 
prove that, in addition to (30), there also holds the relation 

?.(-r/4+r)=|,(-r/4). (3i) 

This is left as an exercise for the diligent reader. 

We also leave, as another exercise for the diligent reader, to clarify the consis- 
tency of the above treatment with the validity of the inequalities (2,1.3.1-2,3), and in 
particular the role played, in this connection, by the (sign) difference among (28a) and 
(28b). 



In contrast to the system without harmonic potential considered in the 
two preceding Sects. 2.1.3. 1 and 2.1.3.2, which only features repulsive 
forces, the system with an additional harmonic potential considered here, 
see (1) and (2), possesses an equilibrium configuration. Indeed it is clear, 
see (1), that an initial configuration characterized by the initial data 



= 4 «( 0 )= 0 , 



(32) 



yields the static solution 






(33) 



if the N quantities satisfy the N relations 

V E (34) 



This set of N algebraic relations for the N quantities r^ defines the equilibrium 

configuration in which the (attractive and repulsive) forces acting on every particle 
are exactly balanced (see the right hand side of (1)). Physical intuition suggests that 
this set of algebraic equations admit one, and only one, real solution, up to the ambi- 
guity entailed by the possibihty to reshuffle the particles among themselves (there are 
of course N! different permutations). This ambiguity can be lifted by sticking to some 
ordering convention, say (see (2.1.3.1-2)) 

r„ <r„^„ n = l,...,JV-l. (35) 
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The correctness of this physical intuition will be proven later: indeed we will see be- 
low (and report in Appendix C) that the N quantities characterized by the N al- 
gebraic relations 

(36) 

m=l,m^n 



coincide with the N zeros of the Hermite polynomial of order N , 

H^(zj = 0. (37) 

It is on the other hand obvious, see (33) and (35), that up to a rescaling the quantities 
coincide with these quantities z„ , namely 

r„={glG)Tz„. (38) 



The fact that the equilibrium configuration of the many-body problem 
considered herein, see (1) and (2), coincide essentially with the N zeros 
of the Hermite polynomial of order N is remarkable (see comments in 
Sect. 2.N). We now show that an additional remarkable property of the 
zeros of Hermite polynomials can be evinced from the study of our many- 
body problem. 

Let us indeed look at the behavior of the system (1) in the neighbor- 
hood of the equilibrium configuration (33) with (34), by applying the 
standard theory of the small oscillations of a dynamical system in the 
neighborhood of a (stable) equilibrium configuration. Hence we set 

<l,(t) = r,+s(g/a>)'>^m, ( 39 ) 

where 5 is a “small parameter”. Insertion of this “small oscillations” an- 
satz in (1) yields, by expanding in s and using the equilibrium condition 
(34), and the definition (38), the linear evolution equations 

4..f.=0 (40) 

m=l 



with 



=S„„ 

iwt ntn 



1 + 6 (z„-ZeT 









(41) 
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Proof. From (1) and (38) 

s[gl(oTL +s(glG)y^^J[+lg^ 2 \n -r^+S [glO)Ti^n - 4 )] ' . 

OT=1,77Z5*W 

(42a) 

s{glG)T‘L =-G)^[ r„ +s(gl(oy^^„ ] 

+ 2^' 2] (r„ -rj-^ [l + ^fe/®rfe -C)/fc -^.)] '• (42b) 

m=\,m^n 

Expanding to first order in s and using (34) we get 

l^a,%+6g^ f ('•.-Cr(#.-fJ = 0, (43) 

and, via (38), this yields (40) with (41). 



The {NxN )-matrix A is defined, see (41), in terms of the N zeros z„ 
of the Hermite polynomial see (37). Let a„ indicate its N eigen- 

values. It is then well known that (40) entails that, in the neighborhood of 
the equilibrium configuration, the system oscillates with the N circular 
frequencies 

(44) 

namely 

L (0 = Z cos(®. 0 + Km sin(®. O] • (45) 

m=I 



But we known that the general solution of (1) is completely periodic 
with period T = Ik jw, see (17) and (18). This must be a fortiori true of 
the solution characterizing the behavior of the system in the neighbor- 
hood of its equilibrium configuration. But this is compatible with (44) iff 
all the eigenvalues of the matrix A, see (41) and (37), are the square of 
a (nonvanishing) integer. Indeed (see Appendix C) 



a„=n^, n = l,2,...,N . 



(46) 



Another remarkable property of the zeros of Hermite polynomials is 
evidenced by the following 
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Exercise 2.133-5. Prove that the (A^x Ar)-matrix 

oos{(p)z„ +i{l-S„3}M(p){z^ -zj-^ , (47) 

where the numbers are the N zeros of the Hermite polynomial of or- 
der N , see (37), has, for all values of the "angle" (p , the (same) zeros 
as its eigenvalues (the result is of course trivial if g) = 0). Hint: insert the 
equilibrium configuration (32) in (16), recall the key properties of the ei- 
genvalues of this matrix, (16), and use (33) with (38) (for another, "less 
physical" hence "more mathematical" proof, see Sect. 2.4.5.5). 



2.1.4 General solution of the functional equation (*). 

Integrable many-body model with elliptic interactions 

Let us return to the functional equation (*) (see (2.1.1-16)), 

[ a(x) a’(y) - a(y) a'(x) ] / a(x + >>) = -Piy):> ( 1 ) 

with the additional constraint (see (2. 1.1-8)) 

P{-x) = P(x). (2) 



Let us recall that from the solution a(x) of (1) with (2) one obtains the 
(even) potential (see (2.1.1-11)) 

v(x) = a(x) a(-x) , (3) 

and that the corresponding Hamiltonian many-body problem, see (2.1.1- 
12,13,15), is then generally integrable. In Sect. 2.1.4 we obtain the most 
general expression of v(x) compatible with (1), (2) and (3). 

Clearly the functional equation (1) is invariant under the transforma- 
tions 

P(x) P(x) = ab piax) + (4) 

a(x) a(x) = b exp(cx) a{ax) , (5) 

with a,b,c and arbitrary constants. The (only) effect of this transfor- 
mation on the potential v(x) , see (3), is to multiply it by the constant b^ 
and to rescale its argument. 
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v(x) -4- v(x) - v(ax) . 


(6) 


Exercise 2.1 A~l. Verify all these assertions. 




The functional equation (1) admits the solutions 




a(x) = cn (x, k) / sn (x, k) , 


(7a) 


a(x) = dn (x, k) / sn (x, k) , 


(7b) 


in both cases with 




y^(x) = -a(x)a(-x ) . 


(8) 


In (7) A: is an arbitrary constant, 0<^<1. Note that here and throughout 
Sect. 2.1.4 we use the notation of Appendix A. 



Proof. From (7a) and (A-6a), 

a'(x) = -d (x)/ s'^ (x) . (9) 

Here and below we use the short-hand notation (see (A-1)) 

c(x) = cn (x, k\ s (x) = sn (x, k), d{x)=drL (x, k) . (10) 

Hence, from (7a) and (9) 

a(x) a'(y) - a(y) a'{x) = -[s(x) ^(j;)]"^ [c(x) s{x)d{y) - c(y) s(y) d(x)] . (11) 

From (7a) and (A-10b,c), 

a(x +y)= D{x, y)l[s{x) c{y) d (j) + ^(y) c(x) d{x)] , (12) 

D{x, y) = c(x) c(y) - s(x) d(x) s(y) d 0) . (13) 



Hence, from (11) and (12), 

[a (x) a\y)-a (y) a'{x)]l a(x + y) 

= -[y(x) 5(y)]“^ [c(x) s(x) d{y) - c(y) s(y) d(x)] • 

• [s{x)c{y)d{y) + s(j)c{x)d{x)]l D{x,y) . (14) 

But 

[c(x) 5(x) d{y) - c(y) ^(j) if(x)][s(x) c(y) d(y) + ^(j) c(x) c/(x)] = 
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= c{x)c{y)[ s^{x)d^{y)-s^{y)d^{x) ]+5(x)i/(x)^(j;)fif(>')[ c^{x)-c^(y) ] 

= c(x)c(:);)[ 5^(x)-j^(3;) ]+^(x)£jT(x)5’(;;)i/(j;)[ -^^(x)+^^(j) ] 

= [ (x) - s\y) ] D(x, y) . (15) 

In the second step we used (A-3). 

Insertion of (15) into (14) yields 

[a(x) a\y) - a{y) a'{x)] / a(x + y) = [s(x)] - [s(y)] . (16) 

The fact that the right hand side of this equation separates into the difference of a 
function of x minus the same function of y is the crucial property guaranteeing that 
a(x) satisfy the functional equation (1), of course now with 

^(x) = [5(x)]"\ (17) 

It is easy to verify, via (A-8) and (A-3), that this expression corresponds to (8) with 
(7a), up to an irrelevant additive constant. 

The analogous proof that (7b) with (8) satisfy (1) is left as an exercise for the 
diligent reader. 



Up to an irrelevant additive constant, (7a) and (7b) both yield, via (3) 
and (A-53) with (A-49), the same expression for the potential v(x) : 

v(x) = Ap(axja), o') (18) 

with 

A = -a^, a = {e^-e^y^^ (19) 

(for the definition of e, and e^, see (A-19,21) ). 



Remark 2.1A-2. The two semiperiods o,o' of the Weierstrass function 
p(ax| G),a') in (18) can be chosen arbitrarily, but to get a real potential one should 

make the standard choice, o = real and o' = imaginary. The other 2 constants, A and 
a , in (18) can eventually also be chosen arbitrarily, see (6). But the freedom to chose 
arbitrarily all 3 constants a,o,o' is apparent, since only the ratio of these constants 
plays a role (see the remark after (A-35)). Hence the freedom of choice in (18) is in 
fact restricted to the choice of only 2 constants, in addition to A , i.e. altogether 3 con- 
stants. 
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We now show that the solution we obtained for the potential v(x), see 
(18), is the most general one that is compatible, via (3), with the func- 
tional equation (1) with (2). The method of proof also suggests the route 
that was originally used <C75> to discover the solutions (7), which were 
given above “out of the blue”. 

We set 



y--x-\-£ (20) 

in (1), and consider the limit of vanishing s . Consistency requires that in 
this limit 



a{s) = c_^fs+CQ +c^£+o{s ) ; • (21a) 

we moreover hereafter set 

c_i =1, Co =0, (21b) 

since these two conditions can be enforced by taking advantage of (5). 



Exercise 2.L4-3. Verify, via (A-9), that the solutions (7) are consistent with (21). 



We now insert (20) and (21) in (1) and, using (2), we equate the first 
3 terms that obtain by expanding (1) (or rather, more conveniently, the 
equation that obtains multiplying (1) by a{x+y)) around £ = 0: 



y9'(x) = a(x) a'(-x) - a(-x) a'(x) , 


(22a) 


J3"(x) = 2 \a'(x) a'(-x) - a"(x) a(-x)] , 


(22b) 


^"'(x) + 6ci fi'(x) = 3 [a"(x) a'(-x) - a'”(x) a(-x)] . 


(22c) 


Exercise 2. 1.4-4. Verify! 





The first of these equations can be immediately integrated and, up to 
an irrelevant additive constant (see (4)), it yields (8). 

Insertion of (8) into (22b) yields 



a"(x) a{— x) = a{x)a\—x) 



(23) 
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and from this equation and (21) one concludes that a{x) must be odd, 
a{-x)--a{x) , (24) 

so that (23) becomes an identity. 

Let a(x) = a^(x) + a^(x), with cc^(.x) even and cc^ix) odd, 

a^(-x) = a^ipc), a^(-x) = -ag(x). Then the odd part of (23) reads 

ae(x)ag(x) = ag(x)a"(x), and this equation is consistent with (21) only if 
ag(x) = 0 . Note that the conclusion that a(x) is odd holds up to the transformation 
(5), which breaks this property, but has been now frozen by the requirement that the 
constant Cq vanish, see (21). 



Using (24) we see that (8) yields 

P{x) = a^{x) (25) 

while (3) and (8) of course entail 

v(x) = -y?(x). (26) 

It is now easy to show that v(x) must satisfy the second order nonlin- 
ear ODE 

2v"(x) v(x) - 3 [v'(x)]^ - 24 Cj [v(x)]^ = 0. (27) 



To get this ODE we note first of all that (22c) can be integrated once to yield 

P\x) + 6c,p{x) + ^a\x) a(rx) = 0. (28) 

Here we set to zero the integration constant, since it amounts merely to the addition of 
an (irrelevant) arbitrary constant to /?(x) (see (4)). 

We now note that, via (3) and (24) (or, equivalently, (25) and (26)), 



[a(x)]^ =-v(x) , 


(29a) 


entailing 




2 a'(x) a(x) = -v'{x) , 


(29b) 


2 a"(x) a(x) + 2 [a'(x)] ^ = -v"(x) , 


(29c) 
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hence, via (29b), 



a\x) a(x) = - {2 v\x) - [v'(x)] ^ / v(x)}/ 4 , (29d) 

namely, via (24), 

a"{x) a{-x) = ^v"(x) - [v'(x)] ^/v(x)}/4 . (29e) 

Inserting this expression in (28) and using (26) we get (27). 

If v(x) is a special solution of (27), then 

v(x) = ^v(x-Xq) (30) 

is clearly also a solution, and, since it depends on 2 arbitrary constants (A 
and Xq), it is the general solution of the second-order ODE (27). On the 
other hand it is easy to verify, using (A.-23a) and (A.-24), that 

v(x) = p(crx;g 2 ,g 3 ) + y, (31a) 

=2cJy, g2 =l2r\ ^3 =8;'^ (31b) 

is such a solution. 



The last 2 of the 3 equations (31b) entail a relation among and g ^ . This has 

emerged from some of the special choices we have made, see (21b) and the remark 
after (28). But this fact does not contradict our conclusions, see below. 



The ODE (27) is a consequence of (1), (2) and (3); hence any function 
v(x) consistent with (1), (2) and (3) must satisfy (27) (although the con- 
verse statement need not, a priori, hold). Hence, from (31) and (30) we 
can conclude that, up to an (irrelevant) additive constant, the potential 
(18) (with A, a, CO and co' arbitrary constants; see, how&yet, Remark 2.1.4- 
2) is the most general one consistent with (1), (2) and (3). 



Note that, to reach this conclusion, one must exclude that Xq , see (30), take any 
other value than Xq = 0 . But this condition is indeed implied, see (30), (31) and (A- 
13), by the requirement that v(x) be even, see (3) (or, equivalently, see (2) and (26)). 
Note that to the uniqueness, as described above, of the potential v(x) yielded by the 
functional equation (1) with (2) via (3), there does not correspond an analogous 
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uniqueness of the function a{x) yielded by (1) with (2), as indeed demonstrated by 
the existence of the 2 different solutions (7a) and (7b), as well as by the invariance 
property (5). 



In conclusion we see that the most general Hamiltonian many-body 
problem consistent with the ansatz (2.1.1-1,2) for the Lax pair reads as 
follows: 

S ^'] \ (32) 

^ «=I n,m=l;m<n 

where p(z|m,m') is the (doubly-periodic) Weierstrass elliptic function. 
This Hamiltonian depends on 4 arbitrary real constants, say > 0 and a, 
b, c, with (D=b and n;' = ic (however, of the 3 constants a,b,c, only 2 
really play a role, see (A-34a); hence the Hamiltonian (32) depends ef- 
fectively only on 3 real constants). The corresponding Newtonian equa- 
tions of motion read 

• ( 33 ) 

m=l,m^n 

For special (“degenerate”) values of the semiperiods o,®' one gets, 
from this N -body model with elliptic forces, the more special (but per- 
haps “physically” more interesting - to the extent any one-dimensional 
model can be “physical”!) models with inverse-cube forces treated in 
Sect. 2.1.3 (this corresponds to £u = oo, o' = joo, see (A-37)), as well as 
those with hyperbolic, or trigonometric, forces treated in the following 
two Sects. 2.1.5 and 2.1.6 (this corresponds to 6? = oo, or to 

(o -7rl(la ) , 0 )' = ico, see (A-36b)). 



2.1.5 N particles on the line interacting pairwise via a repulsive 

hyperbolic force. Technique of solution OP 

Another simple solution of the functional equation (*), see (2.1.1-16), 
reads 



a(x) = i gal sinh(ax) , 

P(x) = iga smh^ (ax ) , 

where a and g are 2 arbitrary (real) constants. 



(la) 

(lb) 




Proof: 



[a{x) a '{y) - a(y) a'{x)]/ a{x + y) = 

= -i g cP [sinh (ax) sinh {ayf[ - 

• [smIi(ax)cosh(qj;)-sinh.(q);)cosli(ax)] [sinIi(ax)cosIi(4g;)+ smh(oy)cosli(ax)] 
= -i g [sink (ax)sinh (ay)] [sinh^ (ox)cosh^ (t:g;)-smh^ (<^)cosh^ (ox)] 

= -i g [sinh (ax)sinh {oyf[ [sinh^ (ox) - sinh ^ (ay)] 

= -igcP [sinh^ (ig;)- sinh^ (ox)] 



= p{x)- piy). (Ic) 

The diligent reader will also check how this solution can be obtained from the 
general solution given in the preceding Sect. 2.1.4. Hint: use (2.1.4 -5)), (2.1.4 -7b)) 
and (A-llb) with u = ax (as well as (2.1.4 — 4), (2.1.4 —17)), and again (A-llb) wiA 
u-ax. 

The diligent reader will also verify that another simple solution of the functional 
equation (*), see (2.1.1-16), reads 



a{x) = iga cotanh (ax ) , (2) 

with the same expression (lb) for p (x) (recall that p (x) is always defined up to an 
arbitrary additive constant). Hereafter we focus on the choice (la), which has the ad- 
vantage to yield a function a(x) that vanishes as x— >+oo, a feature that simplifies 
some of the arguments made below. The Hamiltonian yielded by this choice, see be- 
low, is of course the same (up to an irrelevant additive constant) as that which obtains 
from the choice (2), as the diligent reader will easily verify. 



The corresponding Hamiltonian, see (2. 1.1. -12), reads 

n=l n,m=\;m<n 

yielding the Hamiltonian equations of motion 

4n=Pn’ (4a) 
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(4b) 



J,k=\\k<j 

and the Newtonian equations of motion 

E cosh[a(^„-^„)]{smh[a(^„-g„)]}"\ (5) 

Hence this model describes the motion of N equal particles that interact 
pairwise via a repulsive force which is singular at zero separation 
(thereby preventing the particles from crossing over, so that their ordering 
on the line remains unchanged throughout the motion) and which van- 
ishes exponentially at large separation (“short range force”, such as, say, 
the strong interaction acting among nucleons). 

Except for this last feature (“short range”), these characteristics of the 
interaction are analogous to those of the simple model discussed in Sect. 
2. 1.3.1, to which the present model indeed reduces for a = 0. Hence all 
the conclusions of Sect. 2.1.3. 1, with the sole exception of the rule 
(2. 1.3. 1-6) (which is replaced by a different formula, see (44) below), re- 
main valid. 



The diligent reader will check this fact, using, if need be, the expression of the 
Lax matrix given immediately below. 



The Lax pair for this model reads 

Lnn,=SnmPn+^-Snm)iSalSV[^a{q„-qJ\ , ( 6 ) 

E {shih[a(g„ - 

l^Ul^n 

cosh[a(^„ -?.)]{sinh[a(^„ • 0) 

Note that the off-diagonal terms of these matrices, M and L, are related as 
follows: 



=-«cotanh[a(^„-^^)]L„„, n^m . (8) 

We now reduce the solution of the equations of motion for the iV-body 
problem under consideration, see (3), (4) and (5), to a purely algebraic 
task, via the OP technique. Our starting point are the following two ma- 
trix evolution equations: 
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L=[L,m], (9) 

E = [E,M\+a{E,L], (10) 

where is the diagonal matrix having exp[2a^„(?)] as (diagonal) ele- 
ments, 

^(0 = diag{ exp[2a^„(0] } . (11) 

In (10) and always below the notation [A,^] denotes the anticommutator of the 
two matrices A and ^ 

[A,b} = AB+M- ( 12 ) 

The matrix equation (9) is of course the Lax evolution equation, which we know 
to be equivalent to the Hamiltonian evolution equations (4) entailed by (3), namely to 
the Newtonian equations of motion (5). 

The diagonal part of the matrix evolution equation (10) is an immediate conse- 
quence of the definition (11), and of (4a) (note that the first term in the right hand side 
of (10) does not contribute to the diagonal part). As for the nondiagonal part of (10), it 
follows from (11) and (8), as the diligent reader will readily verify. 



Let us now introduce the similarity transformation 

Z = ULU-\ (13a) 

M = UMU:\ (13b) 

E = UEU-\ (13c) 

where the (invertible) matrix u{t) is characterized by the evolution equa- 
tion 

U = UM, (14a) 

entailing of course 

ir'u=M, (14b) 

uu ~' =M, (14c) 

with the convenient initial condition 

C^(o) = l. (15) 



56 



The evolution equation (14a), together with the initial condition (15), define 
uniquely the matriK U{t ) , in terms of the matrix M(?) . In the following, however, we 
shall not need to ascertain the explicit time evolution of neither M(i) nor Ui^f) . 

Note that the simple initial condition (15) entails, via (13a) and (13c), that, at the 
“initial” time t = 0, 



m=L{Q), (16) 

^(0) = ^(0). (17) 



The definitions (13c) and (11) entail that the quantities exp[2a^„(0] 
coincide with the N eigenvalues of the matrix S(t) . Hence our strategy 
will be to obtain an evolution equation for E(t ) , to solve this evolution 
equation, and to thereby obtain an explicit expression for this matrix. The 
computation of the canonical coordinates q^(t) is thereby reduced, up to 

taking logarithms (see (11)), to the purely algebraic task of evaluating the 
eigenvalues of the (explicitly known) matrix S(t) . 

Let us therefore time-differentiate (13a) and (13c). We get 



7=0, 


(18a) 


E = a{E,Z}. 


(19) 



The first of these 2 equations, (18), follows immediately fiom (13a) via the Lax 
matrix equation (9) and (14): 

=U{\l,m]+\M,L]}U~^ =0. (18b) 

The second equation, (19), is likewise entailed by (13c) via (10), (14) and (13a,c). 

But (18a), together with (16), entails 

Z(0=i(0), (20) 

and this equation allows to integrate (19), yielding, via (17), the following 
explicit expression for E(t ) : 

E(f) = exp[aT(0) t] S(0) exp [a 7(0) . (21) 
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Of course the matrices 1(0) and ^(0) are given, in terms of the initial data 
9m (0) 5 Pm (0) = 9m (0) 5 by the explicit formulas (6) and (11). 

We have thereby achieved our goal, to reduce the solution of the N- 
body problem, see (3), (4) and (5), to the purely algebraic task of com- 
puting the eigenvalues of this matrix, which then yield the coordinates 
9 „{t) via (11). 



The fact that there is a one-to-one correspondence between the eigenvalues of the 
matrix E{t ) , see (21), and the canonical coordinates , is implied by the fact that 
the ordering of the quantities q„(t) on the line, corresponding to the rank ordering of 
the eigenvalues of E(t) (N positive integers), does not change throughout the motion. 



Note moreover that, using the well-known identities 

det[exp(^] exp^ trace(^) J , (22) 

det[^ B ] = det[^ ] det[5 ], (23) 

valid for diagonalizable matrices, one obtains from (21), using (6), the relation 
q{t) = q{Q)-¥Pt, (24) 

where q{t) is the center of mass of the system, 

= (25) 

n=l 



and 



P = i>(0) = iV-|;p.(0) (26) 

H=I 

is the total momentum. Note that (24) is consistent with the fact that the center of 
mass moves freely, 

f = 0, (27) 

an equation of motion which is an obvious consequence, using (25), of the equations 
of motion (5), 
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For N -2, the solution can be written in explicit form (also by inte- 



grating the equations of motion (5), see below). It reads: 

^i (0 = ^( 0 -?( 0/2 , ^ 2(0 = ^(0 + ^(0/2 , q^{t)>q^it) , (28a) 

^(0 = bi(0 + ^ 2 ( 0 ]/ 2 , q{t) = q^{t)-q,{t)>Q , (28b) 

q{t) = Pt + q{^), (29) 

^ = [PiW+/^2(0]/2 = [giW+^2W]/2 , (30) 

^(?) = a~‘log[ fecosh[2a(;7? + c)]+{^^cosh^[2a(;j/+c)]-l}'^^ ], (31) 

6=[l+^^aV/f, (32) 

with P, q{0), c and p arbitrary constants (;? > o). 



Proof. Of course (29) with (30) is an obvious consequence of the free motion, 
q(t) = 0 , of the center of mass coordinate q(t) , while (30) corresponds to the conser- 



vation of momentum. On the other hand from (3) and (4a) one gets 
H = {[g,(0r +fe2(0F}/2 + g" a Vsinh" {a[q^(t)-q,it)]}, (33) 

hence, via (28) and (30), 

q^ = p^ - a^j sinh^ (2 a q) (34) 

with 

p^=H-P\ (35) 

The differential equation (35) is easily integrated (hint: introduce the new dependent 
variable u — cosh (2 a g), then set u = 5cosh(v) with b given by (32)), to yield 

q(t) = a~^ arccosh { b cosh[2 a (pt + c)]} , (36) 

which coincides with (31) since 

arccosh (u) = log[ u + (u^ - 1)'^^ ] . (32) 



Exercise 2.1.5-1. Reobtain this result by computing the eigenvalues of (21). 
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Let us now look at the behavior as t^±oo, setting (see (2.1.3.1-1), as 
well as (2.1.3.1-2,3)): 

(38a) 
(38b) 

(39a) 
(40a) 
(39b) 
(40b) 

(41) 

(42) 

(43) 

Note that, as expected, (41) reproduces the rule (2.1.3. 1-5), while (42) 
with (43), as indicated above, differs from (2.1.3. 1-6) (but it reproduces 
it, as indeed it should, for a = 0 , since clearly (43) entails A(p;g,o) = 0). 

For N>2, the rule (2. 1.3. 1-5) continues of course to hold, while 
(2.1.3.1-6) is replaced by the remarkably neat formula 

(44) 

which reflects the factorized character of the scattering process: its out- 
come is the same as if it consisted of a sequence of isolated two-body en- 
counters, each of which causes (due to energy and momentum conserva- 
tion) an exchange of momenta, see (41), leading to (2.1.3.1-5), as weU as 
a coordinate shift, see (42) with (43), which sum up to yield (44). 



^1,2 (0 = p[i t + q[l + o(l) as t ^ -CO , 

^ 1 , 2(0 = ^^ +o(l) as t^+co. 

It is then clear that these results, (28)-(32), yield 
p[~^ =P+P, Pi^ =P-p, 

q\~^ = ^(0) + c - (2 a)"‘ log 6, q^'^ = ^(0) - c + (2 a)"‘ log5 , 
P\^=P-P, Pi'*=P + P, 

ql*'^ = ^( 0 ) - c - (2 a)“* log^, ^ = ^( 0 ) + c + (2 a)~^ logb , 

implying 

Pi - Pi i Pi - Pi 5 

with the following definition of the “shift” ^(p',g,a): 
A(p;g,a)=sign(p)(2a)"‘ log(l+g^ a • 
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Exercise 2.1.5-2. Draw a qualitative picture of the motion (in the {q,t) plane) for 
N = Hint: see Exercise 2. 1.3. 2-2, but keep in mind the difference among 
(2.13.1-6) and (44). 

Exercise 2.1.5-3. Prove (44). Hint: see Sect. 2.N. 



2.1.6 N particles on the circle interacting pairwise 
via a trigonometric force 

In the preceding Sect. 2.1.5 we discussed and essentially solved the 
problem characterized by the Hamiltonian (2. 1.5-3) and by the equations 
of motion (2.1.5-4,5). In this section we consider the model that obtains 
from that one via the formal replacement of the (real) constant a with the 
imaginary constant ia. The Hamiltonian, and the corresponding equa- 



tions of motion, for this model read 

S {sin[a(?,-?fc)]}'", (1) 

" n=l n,m=l;m<n 

4n=Pn, pa) 

Z {sm[a(^y-?^)]}“' (2b) 

j,k=l;k<j 

Z cos[a(^„-Ol{sin[a(^„-^,)]}"'. (3) 

m=\,m^n 



Likewise, the solution of the initial-value problem is given by the 
following prescription: the eigenvalues 7„(r) of the matrix defined in 
terms of the initial data ^„(o), 4(0) = p„(o) by the formulas 



^(r) = exp[/aT(0)^] ^(0) exp[iaL{0) t\, (4) 

T„,(0) = ^„^4„(0) + (l+<y„„)i^a /sin{ab„(0)-^„(0)]}, (5) 

(0) = ^rnn 6Xp[2 i O q„ (0)] , (6) 

yield the canonical coordinates q„(t) via the relation 
7j„(t) = Gxp[2iaq„(t)]. (7) 
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These results are clearly implied by those of the preceding Sect. 2.1.5. The fact 
that the canonical coordinates q^(t) obtained in this manner are real and satisfy, 

throughout their motion, ordering constrains such as (2.1.3.1-2) is not immediately 
apparent from (7), but it is of course implied by (3). 



Clearly in this model the particle coordinates q„{t) are defined 
mod(;r/a), see (1), (2) and (3). This suggest introducing new rescaled 
variables 



e,(t) = 2 aq,(t), ( 8 ) 

SO that the equations of motion read 

f cos[(0.-d.)/2]{sin[(d,-d.)/2]r (9) 



with 



G = lga\ (10) 

The new variables 6„{t) are then defined mod(2;r) and therefore can be 
interpreted as “angles”, detailing the angular positions of the particles, 
which are then interpretable as moving on a circle rather than on an 
straight line. This interpretation justifies the title of Sect. 2.1.6. 

Exercise 2.1. 6-1. For clear reasons of symmetry, the system (9) ad- 
mits the equilibrium configxiration 

6„ = l7rnlN , (11a) 

as well as the (more general) rotating configuration 

0„ =vt-k-27unl N (lib) 

with V an arbitrary constant. Verify the validity of the corresponding 
trigonometric identities (see the right hand side of (9)): 

N 

'Yj cos[;r(«-m)/iV]{sin[;^:(n-/w)/i\r]}“^ =0, n=l,2,...,i\^;iV = 2,3,... . (12) 
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2.1.7 Various tricks: changes of variables, particles of different 
types, duplications, infinite duplications (from rational 
to hyperbolic, trigonometric, elliptic forces), reductions 
(model with forces only among “nearest neighbors”) 

In Sect. 2.1.7 we illustrate various tricks, by displaying how they work in 
specific instances. 

Changes of dependent and independent variables. Consider the equa- 
tions of motion 



= ] • ( 1 ) 

Here and below the primes denote differentiations with respect to the 
variable r , while we continue to indicate with superimposed dots differ- 
entiations with respect to the time t (see below), and of course the nota- 
tion £(r) denotes the N -vector of components qfv) . 

Let us now introduce the following change of dependent and inde- 
pendent variables: 

q(T) = (p {t) x{t), T = T{t), (2) 

where we keep for the moment open the option to assign the two func- 
tions (p{t) and 

The transformation (2) entails that (1) become the following equa- 
tions for x„ (0 : 

X„ +\l{(pl(p)-(jlt)]x„ +[{(pl(p)-{pl(p){flT)]x„ fn[(P^’ (3) 



Proof. Time-differentiations of (2) yields 



q'n'i^ = ^x„+(px„. 


(4) 


fn^''+fn^ = ^X„+2q)X„+g}X„. 


(5) 


From (5), using (4), we get 




9x„+^(p-(p(flf) ]x„+[^-(Z>(f/f)]x„ =qlf^. 


(6) 


and, via (1) and (2), this yields (3). 
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Let us pursue the analysis by considering two options, corresponding 
respectively to the requirements that the second, or the third, term in the 
left hand side of (3) vanish. 

Let us start from the first one of these two possibilities, by setting 



T(t)=[(p(t)Y 


(7a) 


entailing 






(7b) 


so that (3) become 




^„+[(^/<2?)-2(<3/^)]x„ =[<p(t)Y f„[g)x ] , 


(8a) 


or equivalently, via the convenient position 




II 


( 9 ) 


W) x„ = W(t)] f„\x/y/]. 


(8b) 



Proof: time-differentiation of the logarithm of (9) yields 



^1 (p=-\j/l\l/ , 


(10a) 






{(pl(p)-{pl(pY =-{y/ly/) + {}iflii/f 


(10b) 


entailing, via (10a), 




(Jpl(p)-lispl(pf =-{fjfly/). 


(10c) 



If moreover the forces f„(q ) , see (1), satisfy the scaling property 






( 11 ) 



then (8b) read 



x„-(w/w)Xn = 



( 12 ) 
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Hence, if the equations of motion (1) are solvable with a force satisfying 
the rescaling property (11), the more general equations of motion (12), 
with a function y/it) which we are still free to choose, is also solvable, via 
the transformation (2) with (7) and (9). 

Note that the forces appearing in the right hand side of the equations 
of motion (2.1.3.3-21) do satisfy the scaling property (11). Hence the 
equations of motion 

^„(0+z(0^„(0=2 Y, (13) 

m=l,m^n 

with an essentially arbitrary choice of the function 

= (14a) 

entailing of course 

= (14b) 

are no more difficult to solve than (2.1.3.3-21) (except for the need to 
solve the linear ODE (14b) for if/{t ) ); and in particular, if , they 

are solvable, see Sect. 2.I.3.2. 



The special choice 

y/ (t) = cos \(D {t - tQ )] (15) 

yields (see (14a)) 

Z(t) = o}^ (16) 

and, via (7a) and (9) 

r(0 = Tq + tan [cu{t - )] • (12) 

The results of Sect. 2.1.3.3, see (2.1.3.3-21)-(2.1.3.3-24), are thereby reproduced, with 
Another interesting choice is 

yr{t) = (l + bt)/a, yr(t)-b/a, y/{t)-0, (18) 

entailing (see (9) and (7a)) 
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(p{t)=^al{\. + bi) \ T{t) = T^ -a^ l\b{i^-bt)\ 



(19) 



Note that (18), together with (13) and (14), implies that the equations of motion 
(2.1.3.3-21) are invariant under the transformation (2) with (19) (as the diligent reader 
will verify by direct computation). 

More generally, (8b) together with (18) entail that the equations of motion 

X, (0 = (Mty fXax{t)l(l+bt)\ (20) 

are transformable into (1) (via (2) with (19)). Hence the many body-problems char- 
acterized by the (nonautonomous) Newtonian equations of motion 

=2^" a' (1+^0"' E cosh[a(x„-x^)/(l-h50]{sinh[a(x„-;c,)/(l-F6?)]}"^ 

m=\,m^n 

( 21 ) 

or, more generally, 

K = g"- Q. + bty^ 2 P'[a(^„ -x„)/(l+^0] (22) 

m=l,m^n 

are amenable to exact treatment ((21) is transformed into (2. 1.5-5) via (2) with (9), 
(18) and (19); likewise (22) is transformed into (2.1.4-33) ). 



Let us now return to (3) to explore the second option, corresponding 
to the position 

T{t) = c(p(t), (23) 

whose insertion in (3) clearly yields 

x„ Xr]^{(pl(p)-{(pl^)\ X„ = !(p) /„[^x]. (24) 

If we moreover assume the forces /„ to satisfy the scaling law (11), 
then (24) read 

X„ ^]^{g)l(p)-{(pl ^)] =C^{^! (p^f /„|x], (25a) 

or equivalently, via (9) (see (10a) and (10c)) 

x^-{yjrly/)x„={c\j/Y /„|x]. (25b) 
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We may therefore conclude that, for a largely arbitrary choice of the 
function y/{t) , the equations of motion (see (2. 1.2-5)) 

Yj (26) 

are solvable. In particular the choice 

\j/{t)-b exp {-a t) (27) 

with a,b arbitrary constants, yields 

x„ =a^x„+[Gexp(-a?)l^ J](x„-xj"^ , G = abcg. (28) 



The diligent reader will enjoy exploring the behavior of the solutions of (28), us- 
ing the results of Sect. 2.1.3; as well as other options resulting from the possibility to 
transform (1) into (3). 



Particles of dijf event types. To illustrate this trick, let us return to the 
iV-body model of Sect. 2.1.5, characterized by the Hamiltonian (see 
(2.1.5-3)) 

Z {sinh[a(^„-0]r. (29) 

" /i=l ■“ n,m=l;m^n 

which, let us recall, describes N particles on the line interacting pairwise 
via a short-range repulsive force singular at zero separation. 

We now set 



N = N,+N^, 


(30a) 


(0 = ? ® (t), Pn (0 = P? n = l,...,^^! , 


(30b) 


= (0 + i^T2a), P„+AT,(0 = pf (0, 


(30c) 


Thereby (29) becomes 
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^ n=l ^ n=l 



i i i (sia) 



2 ^ 

^ n,m=\.'m^n ^ n,m=\\m^n 

with 

K(?)=^^ a^/sinb\aq), 

Vdi^l) = /cosh^(a^ ) . 



«=1 m=\ 



(31b) 

(31c) 



Clearly this Hamiltonian describes N = N^+N^^ particles on the line, of 
them of one type and of another, aU having the same (unit) mass, and 
interacting pairwise via the repulsive singular potential V^q) (see (31b)) 
acting among equal particles, and via the attractive nonsingular potential 
^rf(^) (see (31c)) acting among different particles. This system is of 
course integrable indeed solvable: its Lax matrices, as well as the reduc- 
tion of its solution to a purely algebraic task, can be immediately ob- 
tained, via the position (30), from the results of Sect. 2.1.5 for the 
Hamiltonian (29). 



Exercise 2.1.7-1, (i) Draw a graph of the potentials V^q) and V^{q), see (31b) 
and (31c); (ii) write the Hamiltonian and Newtonian equations of motion entailed by 
(31); (Hi) verify that they (obviously!) coincide with the equations of motion that ob- 
tain from (2.1.5-4, 5) via (30); (iv) ponder on the extent to which the results of Sect. 
2.1.5 continue to hold. Hint: the main phenomenological changes are that different 
particles can now go through each other, and that bound states can now exist (see be- 
low). 



Two different particles may now form a bound state, with negative 
total energy (aside from the kinetic energy associated to the free motion 
of the center-of-mass). The phenomenology associated to the iV-body 
model (31) includes therefore scattering processes involving bound 
“molecules” in addition to single particles. The diligent reader wiU, for 
instance, show that in a scattering process characterized (say, in the center 
of mass frame of reference) by particle 1, say, of the first kind coming, in 
the remote past, say, from the left, while a bound state composed of a 
couple of particles of different kinds (say, particle 2 of the first kind and 
particle 3 of the second kind) comes from the right, the phenomenon of 
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partner swapping generally occurs: namely, in the remote future, particle 

2 returns alone to the right, while a bound pair formed by particles 1 and 

3 escapes to the left. 

There is a special configuration of this many body problem with 

N,=K^=N (32a) 

which is worth a special mention. It corresponds to the assignment 

??(0 = #(0 = ?„(0. Pn\i) = pf\f) = Pn(fl « = 1 (32b) 

which clearly describes N “molecules”, each composed of 2 particles of 
different types bound together maximally. Clearly such a configuration is 
compatible with the time evolution entailed by the Hamiltonian H; 
namely, if the conditions (32b) hold initially, say at ^ = 0 , for all values of 
they remain always valid. It is then sxifficient to consider the 
time evolution of the N quantities p„(t). 

Hence one has thereby manufactured a (new?) many-body problem, 
whose Hamiltonian is given by the following formula: 

t (33a) 

n=l n,m=l;m<n 



with 

W(.q) = r,(q) + rA9)- (33b) 



The skeptical reader will verify that the Hamiltonian (33) produces indeed the 
same equations of motion that (31a) yields for, say, q^\t) (or, equivalently, for 

^i^kO) whenever the configuration (32) prevails. 



One might believe to have thereby discovered a new integrable many- 
body problem. But it is easy to verify that (33b) with (31b,c) entail 



W(q) = g"" Q-af /sinh"(2a^) . 



(33c) 






Proof: 



a^{[sinli(a^)]~^ -[cosh(aqf)]~^| 

= g^ [sinh(a ^)cosh {a q)Y^ [cosh^ ( ^ ^) ~ sinh^ {a q] 

= g^ {laf [smh(2a^)]"^ . 

Hence one has in this manner re-obtained the original system (29), 
except for the replacement of the constant a with 2a. 

There is, however, an amusing twist. Consider the [(2i\0x(2iV)]-Lax matrices 
for the (2iV)-body problem (29) with (30) and (32); and replace in it a with a/2. This 
yields a new Lax pair, composed of (2N x 2 iV) -matrices, for the original system (29)! 
Moreover, this procedure can be repeated again and again, getting thereby, always for 
the system (29), new Lax pairs composed of square matrices of size AN,SN,16N 
and so on. But of course these new Lax matrices will only yield N independent con- 
stants of the motion, as the dUigent reader will verify. 

Duplication. For a first illustration of this idea, let us consider the N - 
body problem characterized by the following Hamiltonian of normal type 
with one-and two-body interactions: 

2 -«.)> (35a) 

fi=l n=l Z „ 

K<‘>(-§) = r™(§'), F«'(-?) = F“>(?). (35b) 

The corresponding Newtonian equations of motion read 

I. =/“(?.)+ 2/®©.-?.) ■ n = l,...,N, (36a) 

m=l,m^n 

with 

f"\q)=-dV»\q)ldq, /®® = -dK™(?)/d? , (36b) 

entailing, via (35b), 
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/®(-?) = -/®(?). (36c) 

Consider now the following special (symmetrical) configuration of 
this N -body system: 

N = 2N+M, (37a) 

q„{t)=qnQ\ Pn(f) = Pnit\ n=\,...,N, (37b) 

qn^Nit)=-qM Pn^Nii)=-Pnitl n=l,...,N, (37c) 

?.+2i^(0 = 0. ^„+2iv(0 = 0, n = l,...,M . (37d) 



It is easily seen that this configuration is compatible with the equations of motion 
(36a) with (36c): if it holds at any one time, say at ^ = , it holds for all time. It is 

also clear that, without loss of generality, at any one time t = we can supplement 
the ansatz (37) with the prescription, say, 

^<qM<qi{t^)<-<qNih) ^ 

although the persistence of this rule during the time evolution depends then on the 
nature of the forces: a sufficient condition is that the two-body force be infimtely re- 
pulsive at zero separation, so as to prevent the particles from crossing over each other. 



We can now fix our attention only on the behavior of the first N parti- 
cles, namely on the canonical coordinates q^if) and momenta see 
(37b); the behavior of the other N particles, see (37c), duplicates faith- 
fully that of the first N\ and the last M particles simply sit at the origin. 
Clearly the equations of motion for the coordinates q„{t) now read 

q. =/"’(?,)+m/™( 9.)+/® (2?.)+ [/® fe -«.)+/"’(?. +«.)] .(39) 

n=\,m^n 

and it is easily seen that they are obtainable from the Hamiltonian 

2 „=1 n=l ^ 

z ('‘O) 

n,m—\',m^n 
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These equations of motion, (39), follow from (36a) (with n = l,...,N) via (37); 
their applicability is implied by the compatibility of the ansatz (37) with (36a,c), a 
fact which is rather obvious (a graphical representation may be helpful in this respect; 
the diligent reader may wish to go through a formal analytic proof). 

The Hamiltonian (40) is obtained, again via (37), from (35a). It is wise, when 
making such derivations, to actually check the consistency of the equations of motion 
(in our case, (39)) with the Hamiltonian (in our case, (40)), to make sure that the two 
are indeed consistent (trouble might originate from “double-counting” when deriving 
the new Hamiltonian). Note that, in deriving the H amil tonian, there may be a constant 
term, that can of course be neglected: for instance, in our case, the term 
(M-i) arising from the part of the last sum in the right hand side of (35a) 

with the indices n and m in the range from IN to 21V+M). Ifthe two-body po- 
tential {q) is singular at ^ = 0 , this term is actually infinite; but this fact can be 
safely ignored, as the diligent reader will verify by checking the consistency of (39) 
with (40). 



It is also clear that, if the problem we started from, see (35) and (36), 
was solvable and/or integrable, these same properties hold for the prob- 
lem (39) and (40). Hence from the integrable and solvable models treated 
in the preceding Sections one can obtain new models by using this kind 
of “duplication”. 



If = 0 , the model (35, 36) is translation-invariant; but this invariance prop- 
erty is no more featured by the new model (39, 40). 

Exercise 2.1. 7-2. The diligent reader will write out explicitly the models that ob- 
tain via this trick from those discussed in preceding Sections, and will analyze quali- 
tatively their behavior. 



Other duplications are possible, which however entail some excur- 
sions into the complex plane. The basic idea is again to identify a special 
configuration that is preserved throughout the motion. Let us illustrate 
this kind of trick by exhibiting one specific example. 

We take as starting point the simple model of Sect. 2.1.3.3, charac- 
terized by the Hamiltonian (see (2.1.3.3-2)) 

H=\f,(pl+<»Ul)+g" (41) 

■" ra=l n,m=\,m<n 

and correspondingly by the equations of motion (see (2.1.3.3-1)) 
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( 42 ) 



m=l,m^n 



Let us now set 



N = N^+2N^ , 


(43a) 


?«(0=-^„(0 . « = , 


(43b) 


(In^N, (0 = (0 + i y„ (0 , « = Iv, ^"2 5 


(43c) 


^n^N,^Nfi)=Xn(t)-iyn(i) > n = l,...,N^ . 


(43d) 


Note that we are assuming here the quantities x„, y„, 2 
is easy to see that this is compatible with (42), provided 


r„ to be real; it 
and 0)^ are 



also real (indeed, we hereafter assume that they are nonnegative). 

It is now a matter of trivial algebra to obtain from (42), via (43), the 
following equations: 

AT, 

+4g^ ^ (z„ -x^) [(z„ -x^)^ -3:vi][(z„ -x„,)^ +y^] ^ , n = \,...,N^ , (44a) 

m=\ 



x„ +6)^X„ =2^^ 2 (x„ -Z„)[(x„ -z„)^ -3y"][(x„ -z„)^ +j;;] ' 

m=l 

2 (x„-x„){[(x„-x,„)^-3(3;„-:);„,)^][(x„-x^)V(y„-y^)^] ^ 

m=\,m^n 

+ [(^«-^mf-3(j„+y«y][(x„-x^)^+(y„+j2^)^] ^|,« = l,„.,i\r2 , (44b) 

yn+G)^ yn=\s'^ ynH^n-^mf-yn][(Xn-^mf-^yl] ^ 

^ m=l 

-2g^ X {( 3 ^« -}^m)[(j^«- 3 ^m)^- 3 (x„-x„)^][(x„-x,„)^ +(:);„ ^ 
m=\,nv^n 

+ (>'« +>'ffz)[t« ^ymf -^m ) ][(^n ^m) ^hn'^ym)\ k - 1,-, 
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Clearly these equations can be interpreted as the Newtonian equations 
of motion of an iV-body problem (see (43a)) composed of particles of 
one kind (coordinates z„(t) , of a second kind (coordinates 

x^(t) = and (again) N 2 of a third kind (coordinates 

= all having the same (unit) mass and moving on the 

(straight) line. The forces acting among these particles can be read from 
(44). They include forces of one-body type (see the first term in the right 
hand side of (44c); in addition of course to the "elastic" force, see the 
second term in the left hand sides of (44a, b,c)), of two-body type (see the 
first sum in the right hand side of (44a)), of three-body type (see the sec- 
ond sum in the right hand side of (44a) and the first sum in the right hand 
sides of (44b) and (44c)), and of four-body type (see the second sum in 
the right hand side of (44b) and (44c)). 

Note the lack of translation invariance (even in the = 0 case). 

The solutions of these equations of motion, (44), can be obtained 
from the solutions of (42); hence the phenomenology discussed in Sects. 
2.1.3.1, 2.1.3.2 and 2.1.3.3 is, to a large extent, iso featured by this 
model, as well as the possibility to reduce the solution of the initial-value 
problem to the purely algebraic task of computing the eigenvalues of a 
matrix explicitly known in terms of the initial data and the time. In par- 
ticular, for 0 )^ >0 the model features a completely periodic behavior, and 
for = 0 the scattering process gives rise to no new momenta (the set of 
those characterizing the behavior in the remote future coincides with the 
set of those characterizing the behavior in the remote past). 



There is, however, a nontrivial difference with respect to the models of Sects, 
2.1.3.1, 2.1.3.2 and 2.1.3.3: while (as in the previous models) the particles of the 
first kind cannot overtake each other (see the first term in the right hand side of (44a)), 
now (in contrast to the previous models) no analogous restriction applies to the mo- 
tion of the IN - 2 ^ particles of the second and third kind (except for the fact that the 
particles of the third kind cannot cross the origin, see the first term in the right hand 
side of (44c)). The diligent reader will investigate the qualitative modifications, rela- 
tive to the treatments of Sects, 2.1.3.1, 2.1.3.2 and 2.1.3.3, caused by these differ- 
ences. 

Exercise 2.1.7-3. Understand the origin of these differences, in terms of motions 
in the complex plane. 



As the diligent reader will readily verify, the Newtonian equations of 
motion (44) are yielded by the Hamiltonian 
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( 45 ) 



(,vl+<i>^yl+\g^yt) 

^ w=l n=\ n=\ ^ 



+ 



\s'" Z (^n-^^r'+Z £ -yl]l[i^n-^mf ^yl!f] 



n,m=l;m^n 



«=1 m=l 



+ Z {hn -Xmf -iyn ~ [(^« +(3^« 

n,w=l;/n^K 

+ [(jf« -iyn +(3^« * 

Here of course is the canonical momentum conjugated to the canoni- 
cal coordinate z„ , and likewise for relative to x„ , and tj„ relative to y„ . 



This Hamiltonian, (45), is obtained from (41) via the assignments positions (43), 
supplemented by analogous assignments positions for the momenta: 

N = N,+2N^ , (46a) 

pM=Cn(t) , n = l,...,N,, (46b) 

Pn^uM) = ^n (0-«7„(0, n = \,...,N^ , (46c) 

Pn^N,.NM)=^„{t)-ir]„{t), « = 1 . (46d) 

Note however the sign difference of the imaginary term in the right hand side, among 
(46c) and (41c), and likewise among (46d) and (41d) (although it should be noted that 
this choice is motivated by philosophical reasons, see Sect. 4.1, but it is really of no 
consequence here: clearly the opposite sign choice yields the same result!). 

Also note the negative sign in front of the third sum in the right hand side of (45). 
The diligent reader is advised to reflect on the significance, in terms of motions in 
the complex plane, of the ansatz (43). There clearly are various other ansaetze which 
are also compatible with the evolution (42), and the diligent reader is also advised to 
explore them, before looking at the literature where additional instances are given 
<CF92>. 



Infinite duplications. To introduce this trick we start from the simple 
integrable system of Sect. 2.1.3, whose Hamiltonian function and equa- 
tions of motion we write here as follows: 

> (47) 
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(48a) 



K^J 

h^^s^'Z^qj-qK^ * (48b) 

K^J 

We now assume that there are in fact an infinite number of particles, 
arranged (in the complex plane) according to the following configuration: 
N particles are located on the real axis, at the N positions q^t) ; to each 
of them there correspond in addition an infinity of other particles, located 
equispaced on a vertical straight line (in the complex plane), at the posi- 
tions 



qj(f) = q„{t) + in:sla, ^ = +l,±2, + 3,... , (49a) 

where a is a real constant (independent of the index n). It is clear that such 
a configuration is compatible with the equations of motion (48): indeed, 
the symmetry of this configuration, and the antisymmetrical character of 
the pair force (see the right hand side of (48b)) entail that the vertical com- 
ponent of the forces acting on each particle cancels out, while the horizon- 
tal components are exactly the same for all the particles located on each 
vertical line. This of course entails that, throughout the motion character- 
ized by the configuration (49a), all the particles sitting equispaced on a 
vertical line move horizontally with the same velocity or, equivalently, 
have the same momentum: namely (49a) is complemented by 



pAt)=qAt)=q^{f), 



(49b) 



which is clearly compatible (indeed implied) by (49a). 

The evolution of this configuration is completely characterized by the 
motion on the N particles on the real line, namely by the time-evolution 
of the N coordinates q„{t), see (49a). The corresponding equations of 
motion read 

qn=-g^aAd/dqJ {smk[a(q„-qj]Y\ (50a) 

q„=2g^A Z, cosh[a(g„-^„)]{smh[a(^„-^„)]}~\ (50b) 

m=lym^n 

which are clearly obtainable from theW-body Hamiltonian 

= Z {smh[a(?.-«j]}-\ (51) 
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Proof: The equations of motion (50) obtain from (48) (and likewise the Hamilto- 
nian (51) from (47)) via the identity 

+00 

^{q + iTts! a)~^ = a^ {aq). (52) 

5=00 

(This well-known identity is implied by the following statements: both sides of (52) 
are meromorphic functions of q, both are periodic in q with period iTtla, both have, 
as their only singularities, double poles, with the same strength, at the same locations, 
q = iTus! a, s - 0,±1,±2,..,, and both remain finite (or vanish) as ^ oo in any di- 
rection in the complex plane away from the poles). This identity holds of course for 
arbitrary (complex) values of both q and a. 



We have thereby obtained the (integrable) many-body model of Sect. 
2.1.5, featuring hyperbolic uiteractions, from the (integrable) model of 
Sect. 2.1.3, featuring rational interactions. 



Exercise 2.1. 7-4. (i) Reflect on the significance of these findings, in terms of the 
motion in the complex plane of the infinite number of particles of the model (48) cor- 
responding to the configuration (49), a motion which is, as we just saw, equivalent to 
(50). (ii) Ditto, but replacing a with ia, so that (50) gets replaced by (2.1.6-3). (in) 
Ditto, but for the model with particles of 2 different kinds, see (31). (iv) Ditto, but for 
the phenomenon discussed in coimection with the assignment (32) (indeed, what is 
the interpretation of (34) with (32) and (31) in terms of symmetrical configurations of 
infini te points in the complex plane, and what is the relation of (34) to (52) ?). (v) Try 
and derive via (49) the Lax pair for the system with hyperbolic interactions, see 
(2.1.5-6,7), from the Lax pair for the system with rational interactions, see (2.1.2-6,7). 



It is easily seen that, in an analogous manner, but adding to every 
particle on the real axis, characterized by the coordinate q„(t), a double 
infinity of particles, according to the rule 

qj(t) = q„(t)+so)/(2a)+s'o}' /(2a); s = ±l,±2,...; s' = ±l,±l,... , (53) 

it is possible to pass from the integrable Hamiltonian many-body problem 
characterized by the rational two-body potential g^q"^, see (2.1.2-4), to 
the integrable Hamiltonian many-body problem characterized by the “el- 
liptic” potential g^p(aq\ o},(o'), see (2.1.4-32). Here the key formula is 

(A-12). Note that a and o)' are 2 a priori arbitrary constants, but a natu- 
ral prescription is that a? be real and a?' be imaginary. 
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The dihgent reader will go through the appropriate derivation, proceeding in 
close analogy to the previous treatment. In fact this can be done, as indicated above 
(see (53)), starting from the rational case and adding to each particle a double infinity 
of replicas; or one can start from the hyperbolic or trigonometric cases of Sect. 2.1.5 
or 2.1.6 and add appropriately a single infinity of replicas to either of those cases, 
getting thereby again the “elliptic” model of Sect. 2.1.4 

The diligent reader is also advised to repeat the series of Exercise 2.1. 7-4, to the 
extent they are applicable, in the doubly-periodic elliptic context. It is also of interest 
to ask oneself why the process of infinite duplication cannot be pursued any further. 
(Hint there are simply periodic ~ i.e., hyperbolic or trigonometric - and doubly peri- 
odic - i.e., elliptic - functions of a complex variable; there do not exist triple periodic 
functions). 



Before closing the topic of infinite duplications we report one amns- 
ing observation, which we discuss for simplicity in the context of the first 
model discussed above, see after (47). Indeed let us return to the argu- 
ment presented after (49a). Clearly it entails that the configuration (49a) 
would be compatible with the equations of motion (48) even if the quan- 
tity Tula, which characterizes the interparticle separation of the equis- 
paced particles on each vertical line, varies linearly in time rather than 
being constant (both behaviors are indeed compatible with the lack, or 
rather the balancing off, of forces in the vertical direction). This suggests 
replacing a with alQ.^-bt) (where a and b are now 2 real constants). This 
entails replacing, say, (50b) with 

=2g^ Q.+bty'^ ^ cosh[a(x„ -x„)/(l + & 0 l(sinh[< 2 (x„ + 

m=i.,m^n 

(54) 

The argument we just made suggests that these equations of motion, 
in spite of their nonautonomous character, should be amenable to exact 
treatments. But this is a forgone finding: see (21)! 

We end this tricky section by reporting a technique based on an ap- 
propriate limiting process, whereby from the model of Sect. 2,1.5 one 
obtains a new many-body problem featuring only ‘"nearest neighbor” in- 
teractions. 

Let us start from the equations of motion (2. 1.5-5), 



q„=2gW 2 cosh[a(§'„ -5'^)]{smh[a(^„ -?„)]}"' ; 






(55) 
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Proof. As X -><x) , for n> m 
2g^a^ cosh[a(g„ -qj]f sinh^ [a{q„ -g^)] 

= cexp(2aA){exp[aA(?z-m) + a(g„ -g^)]+0(exp[-aA(K-???)]) } 

/ {exp[^7 X(n-m) + a (g„ - )] + 0(exp[- aX{n-m)\) f 

= cexp{2a X\l-{n -m )] } exp[- 2 a (g„ - g^)]{l + 0{ exp[- 2aX{n-m)])}. (58) 

Hence, for m < n - 1 , the limit vanishes, while for m = n - 1 , in the X-^<x> limit one 
gets 

Ig'^a^ cosh[a(g„ -g„)]/sinh^[a(g„ -g,„)]= cexp[2a(g„_i -gj] . (59a) 

Likewise, for m>n + \ one gets a vanishing limit, while for m = n + \ in the 
A 00 limit one gets 

2gV cosh[a(g„ -g^)]/sinh^[a(g„ -g,„)] = -cexp[2a(g„^i -gj] . (59b) 



It is easily seen that these equations of motion obtain from the 
Hamiltonian 

exp[2fl(g„-g„_i)]. (60) 

^ n=l n=2 
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The N -body problem on the line defined by this Hamiltonian, hence by 
the Newtonian equations of motion (59), is characterized by an interac- 
tion acting only among "nearest neighbors"; namely, the «-th particle in- 
teracts only with the particles identified by the labels n-l and n+l (in- 
dependently, of course, from where these particles actually happen to be 
through the time evolution, be it far away, or close to each other). Note 
moreover that the two-body potential, V^^\q) = -(c^ /2d) expilaq), see 
(60), is not even, V^'^\-q) , and that it vanishes at one end 

( (- 00 ) = 0 ) but diverges at the other, namely if g -> + 00 . 

The way this model has been obtained suggests that it should also be 
amenable to exact treatment: integrable, indeed solvable. This is indeed 
the case, but we do not elaborate on this aspect here, except as material 
for exercises, see below. 



Exercise 2.1.7-5. (i) Derive from the model characterized be (57) and (60) an 
analogous model containing N different “coupling” constants. Hint, replace q^(t) 
with ^„(r) + log(c„). (ii) Find a Lax pair for this model. Hint: apply (56) to (2.1.5- 

6,7). (Hi) Perform a qualitative analysis of the “scattering” behavior of this model, (iv) 
Find a Lax pair for the model characterized by the validity of the equations of motion 
(57a) for n = 1,...,JV (i.e., also for n = l and n = N), with the “periodicity” prescrip- 
tion q^it) = q^jit), q^+i(t) = q^(t) . (v) Find techniques whereby the solution of these 
models is reduced to a purely algebraic task. Solution: see, for instance, <P90>. 



2.1.8 Another convenient representation for the Lax pair. 

The functional equation (**) 

In this Section we introduce another convenient representation for a Lax 



pair. It reads: 

L„m=^n m = n , (la) 

Km = (K ^mf'^ Ct{<ln-^m) M^n , (lb) 

= Z '^m^n, (2a) 

^nm = ^ ^ . (2b) 
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Let us pause to analyze the similarities and differences of these expressions, (1) 
and (2), with respect to (2.1. 1-1) and (2.1. 1-2). 

The two matrices L and M are written in terms of q^{t) and q^{t) , rather than 

q„{f) and p^{f) (but note that (la) coincides with (2.1.1-la) via (2.1.1-6)). Hence we 

shall require, see below, that the Lax equation, see (2.1-2), with (1) and (2), corre- 
spond to equations of motion of Newtonian, rather than H amil tonian, type. (We will 
eventually also find a Hamiltonian formulation, see below). 

Let us also note that, from (1) and (2), via the positions 



q„{t)^t + sq„{t), 


(3a) 


a{q) = sa{q!s), P {q) = P {q ! s), y{q)=r{qls). 


(3b) 


one obtains 




X =1+5^ , 


(4a) 


M = M , 


(4b) 


with 




km =?« if = n 


(5a) 


km =[ 0- + sq„)(X + sqj cc{q^-qj if mi^n , 


(5b) 


^ N . ^ 

^nm= E + if ^ = ^ > 


(6a) 


^nm=[ 0-^SqP)(}. + SqJ riqn-'Pm) if ^ « • 


(6b) 



But (4) clearly entails that, if L and M satisfy the Lax equation L = [^m], L and 

M obey the same Lax equation, L = [lm]- Oii the other hand it is also clear that, up 
to trivial notational changes, for £' = 0 (5) respectively (6) coincide, via (2. 1.1-6), 
with (2.1.1-1) respectively (2.1.1-2). This indicates that the results of this section 
contain, as a special (limiting) case, the results of Sect. 2.1.1. 

Exercise 2.1.8-1. Verify! 



Let us now insert this ansatz, see (1) and (2), in the Lax equation, 
which is to this end conveniently written in the form (2.1. 1-3). 

From the diagonal terms (see (2.1.1-3a)) we now get the Newtonian 
equations of motion 
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( 7 ) 



'4n= s . 

m=l,m^n 



with 

w(x) = a (x) (-x) - a (-x) / (x) , (8) 

entailing that w(q) is odd, 

w (-x) = - w (x) . (9) 

Note that the “forces” appearing in the right hand side of (7) have two- 
body character and are translation-invariant; they do however depend (in 
contrast to the previous case) on the velocities (quadratically), hence (7) 
is not invariant under the Galilei transformation q„ (t) -> q„ (t) = q„ (t) + Vq r . 

Next, we look at the off-diagonal terms of the Lax equation, see 
(2.1.1-3b), again of course with the ansatz (1) and (2). We get: 



7? 

II 

S 


(10) 


]r(x)=a'(x)-a(x) Tj(x), 


(11) 


1 

7j (x) = ^ (x) + — W (x) , 


(12) 



of course with w(q) , see (12), defined by (8). 



Proof. From (2.1.1-3b) 



Here, of course, m^n. Now, using (1) and (2), we get 



1 r^. 



-qJ/cciSn -qj](4n -D 
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+ E -?m)] -O • (15) 

l-l;l^n,m 

We now use (7) and re-write this equation as follows (by talcing out of the sums all 
terms proportional to q„ or ): 






-q„)+a'i<!„ -qjicciqn -qJ-riq,, -q„)i(^iqn -qm)-^iqm 



+qm -^Hq„ -qj-cc'iqn ~qm)i<qn -qm)+r(.q„ -qjfcc(qn -qm)+fi(.qn ~qm) 



+ E qi{[^iqn-qi)^^iqm-qi)\i'^^Piqn-qi)-Piqm-qi) 

/=1, */;*«, m 

~[(^{qn-qi)riqi-qm)-riMn-qi)(^iqi-qm)]i(^i.qn-qm) }=o- (i 6 ) 



Equating to zero the factors that multiply q^ and q^ (and setting, for notational 
convenience, q„-q„=x), and using (9) and the definition (12), one gets 

a'{x) - y(x) -q(x) a (x) + [/3(x)-/3 (-x)] a (x) = 0 , (17a) 

a'{x) - y(x) - 77 (x) a (x) = 0 , (17b) 

which clearly yield ( 10 ) and ( 11 ). 

Finally, one equates to zero the factor multiplying in the sum in the left hand 
side of (16). Setting, for notational convenience, q„-qi =x, qi~q„=y (entailing 
= X + 3 ; ), and using (9), (10) and (12), one gets 

a{x) y(y)-y(x) aiy) = [q{x)-q{y)]a{x-\-y) , (18) 

which, via (11), yields (13). 



Clearly the main constraint is provided by (13), namely by the func- 
tional equation (**): 

(* *) [a (x) a' (:);) -a{y) a' (x )] ! [a {x+y)~ a (x) a ( 3 ;)] = r]{x)-rj (y) . (19) 

This is essentially a functional equation for the function a(x), corre- 
sponding to the requirement that the combination appearing in the left 
hand side of (19) separate additively into two terms, one depending only 
on X and the other only on y . The fact that these two terms are the dif- 
ference of a function of x only, 77 (x), minus the same function of y only. 
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T]{y) (see the right hand side of (19)) is then automatically implied by the 
antisymmetry of the left hand side of (19). Once a function a(x) having 
this property is found, it determines the function tj(x) up to an (irrelevant, 
see below) additive constant via (19). Then a(x) and 77 (x) yield r(x) via 
(11), and rj(x) yields J3(x) and w(x) via (12) with (9) and (10), which 
clearly entail 

P W = \n W + 1 (-x)]/ 2 = even part of tj (x) , (20) 

w(x) = 77 (x) - 77 (-x) - odd part of 2 77 (x) . (21) 

Note that, if the function a{x) has a finite value «(0) at x = 0 (as we 
shall indeed find, see below), by setting y = -x in (19) and using (21) we 

get 

w(x) = v' (x) /[v (x) - a ( 0 )] = {dldx) log[v(x) - a ( 0 )] , ( 22 ) 

with 

v(x) = a (x) a (-x) = v (-x) . (23) 

Let us end this section by noting the explicit form of the first 2 traces, 
and (see (2.1-19)), of the Lax matrix (1), which are of course two 
constants of motion for the system whose time evolution is determined by 
the Newtonian equations (7): 

(24) 

W=1 

T 2 (O]" + E (0 (0 (t) - (O] , (25a) 

fi=l n,m=l;m^n 

n i; ?.(f) Ut) { } - (25b) 



The fact that 7^ is a constant of motion is also an imm ediate consequence of (7) 
and of the odd character of w, see (9). 

As for (see (25), which has been obtained from (1) via (23)), the fact that (7) 
entail its time-independence is less obvious (although it is of course guaranteed by our 
treatment). 
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2.1.9 A simple solution of the functional equation (**) 



In Sect. 2.1.9 we introduce a simple solution of the functional equation 
(**), see (2.1.8-19): 

[a(x) a'{y) - a{y) a'{x)] I [a{x+y)~ a{x) a{y) ] = 7j{x) - r]{y) . (1) 

We then introduce and discuss (but in the separate Sect. 2.1.9.1) the no- 
tion of “fake” Lax pairs. 

A simple solution of the functional equation (**), see (1), reads 



a(x) = (l + ax)/(l + 6x), (2) 

with a and b two arbitrary constants. The corresponding expression for 
rj{x) reads 

//(x) =l/[x (1+^x) ]. (3) 

Proof. 

aXx) = (a-b)/(l+bxy , (4) 

a(x) a'(y) - a(y) a'(x) = (a - 6) [ (1 + ^x) (1 + by)\^ [(1 + ax) (1 + ^x) - (1 + ^9;) (1 + by)\ 
= {a-b) [(1 + bx) (1 + by)Y (x - y) [(a + 6) + ab (x + y) ], ( 5 ) 



a(x + y)~ a(x) a{y) = [l + a(x + y)] / [l + 6(x + y)] - (1 + ox) (1 + ay) / [(1 -f bx) (1 + by)] 
= { [1 + ^(x + y)](l + bx) (1 + 6y)}"‘ • 

• {(1 + bx) (1 + 6y)[l+ a(x + y)] - (1 + ox) (1 + ay) [l + (x + y)] } 

= { [1 + b(x + y)](l + bx) (1 + by)Y^ {b-a)xy\a-\-b + ab(x + y)], (6) 

[a(x) a'(y) - a{y) a'{x)]l [a{x + y) - a{x) a(y)] = 

- [xy(l + bx) (1 + by)Y {(x - y) [l + 6 (x + y) ] } 

= -[Ay(l + bx) (1 + 6y)]"' { X (1 + Z>x) - y (1 + by)] 

= [x (1 + bx)]~^ - [y (1 + by)]~^ . (7) 
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The corresponding expressions of /?(x) , and w(x) read: 



1 

II 


(8) 


rix) = -l/[x(l-bx)], 


(9) 


w(x) = 2/[x(l-b'x")]. 


(10) 



Exercise 2. 1.9-1. Verify that these expressions follow, respectively, from (2.L8- 
20) with (3), from (2. 1.8-1 1) with (2), (3) and (4), and from (2.1.8-21) with (3). 

Remark 2.1. 9 -2. These expressions, (8), (9) and (10), of P{x), y{x) and w(x), as 
well as the expression (3) of t]{x) , are independent of the quantity a, which does in- 
stead appear in a{x) , see (2). One may therefore set <3 = 0, with the advantage of 
getting, at least for h 0 , a function a(x) , see (2), that has the convenient feature to 
vanish as x ^ co . On the other hand if both a and b vanish, « = i = 0 , the Lax ma- 
trix becomes exceedingly simple, since then 

a(x) = 1 . (11) 

The peculiarities of this case are discussed in the following Sect. 2.I.9.I. Note that 
with this assignment, (11), of a(x), the relation (2.1.8-13) is identically satisfied, im- 
plying no condition on r/(x) . 



2.1.9.1 Fake Lax pairs 

In this Section we focus on the very special case of the Lax pair of type 
(2.1.8-1,2) with a(x) = 1 , which we write as follows: 

-?.) , ( 2 ) 

2 

where however we assume now that w(q) is an arbitrary function, except 
for the restriction to be odd, 



w(-x) = -w(x) . (3) 

Indeed it is easy to verify that the corresponding Lax equation. 
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L = \UKl (4) 

is satisfied if the quantities q^{t) evolve according to the Newtonian 
equations of motion (see (2.1.8-7)) 

N 

(5) 

m=l,m^n 



The ansatz (1), (2) is obtained by setting 

a{x) = 1 (6) 

in (2.1.8-1,2). Indeed, as noted at the end of the preceding Sect. 2.1.9, when (6) holds, 
(2.1.8-13) is identically satisfied, entailing no restriction on tj(x) . The conditions that 
must still be implemented are (2.1.8-9,10,11,12), which yield (from (2.1.8-11) and 
( 6 )) 

r(x)=-?i(x) , (7) 

as well as 

r}{x)=-fi{x)+^w{x) (8) 

or, more precisely, (2.1.8-20,21). To get (2) we have, for simphcity, made the addi- 
tional choice 

m=o. ' ( 9 ) 



Let us reemphasize that we now have no restriction on the function 
w(q) , Other than (3). Does this imply that (5) is integrable for any arbi- 
trary (odd) choice of the function w(q) ? 

Not so. The Lax pair (1), (2) is a. fake Lax pair. Indeed it is clear that 
(1) yields, for the traces T„, see (2.1-9), of the Lax matrix (1), the simple 
identity 

T^-(T,y , p=l,2X.. . (10) 

Hence the time-independence of the traces of the Lax matrix L, see (1), 
yields in this case only one conserved quantity, the trace T^, see (2.1.8- 
24), whose constancy in time is indeed an obvious consequence of (5) 
with (3). 
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Many other instances of fake Lax pairs can be manufactured. For instance, let 
p„{q) be N arbitrarily given functions of the N coordinates q^if), and let these N 

coordinates evolve according to theiV “equations of motion” 

Introduce then the following Lax pair; 

E ~ + 0-~ ^ ni^n ~ ’ (12) 

l=l,htn 

Mnm =-^nm E (^n Pni<f} * (13) 

Here q indicates of course the N -vector of components q^ . 

Statement (i): the evolution (11) corresponds to the Lax equation (4). Statement 
(ii): this Lax pair is a fake one. There indeed holds the following Statement (Hi): the 
ma trix L, see (12), has as eigenvalues the numbers 1, 2, ...,N for any arbitrary choice 
of the N quantities q^ . Hence the constancy in time of the eigenvalues of L provides 
no information on the time evolution (11) of the coordinates qjf) , which is actually 
largely arbitrary, given the assumed arbitrariness of the functions p„{q ) . 

The diligent reader will ponder, and perhaps try to prove, these statements, whose 
vahdity will be shown later (see Sect. 2.4.5. 1). 



Let us end Sect. 2.1.9.1 by reporting a result that generalizes that 
mentioned at its beginning. The Lax equation (4) with L given by (1) and 
M defined as follows, 

where w„„(g) is an arbitrary (iVxi\0 -matrix-valued function only subject 
to the “oddness” restriction 






(15) 



corresponds to the Newtonian equations of motion 

N 

in = E (^6) 

m=\ym^n 
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Moreover, these equations of motion obtain from the following Hamilto- 
nian (not of normal type): 

^(l’P) = 'ZK(.sp„;q) , (17a) 

K =1 



where 5 is an arbitrary (nonvanishing) constant and 



^„(p;g)=expi 



P-\ 

^ /=l,fen 



«'.. w =[ ]/2 • 

Note that this formula, (17c), implies (15). 



(17b) 

(17c) 



Proof. It is easily seen that (16) corresponds, via (15), to the diagonal terms of the 
Lax equation (4). As for the off-diagonal terms of (4), they yield (see (2.1.8-15), (1) 
and (14)) 



and it is easily seen that (16) and (15) entail that this equation is indeed satisfied. 

The Hamiltonian equations, see (1.2-1), corresponding to (17a) read 

^n=^K(sp„;^fdPn , (19a) 

p„=-J^dh^(spi;^ldqn . (19b) 

;=i 



From (19a), using (17b), we get 
4n =^exp 






^Sh„{sp„\^ . 

Logarithmic ? -differentiation of (20a) yields 
1 ^ 

'4nl^n =sp„ -- -4l) KMn -qd • 



(20a) 

(20b) 



( 21 ) 
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One the other hand logarithmic differentiation with respect to of hj , see (17b), 
yields 

[dhi(spi;^fdq„ ]/hiispi;q) 







hence, using (20b), 



( 22 ) 



=(.q,iM-^A i; -?,)}■ (23) 

2 e=i,i’:^n 2 

Insertion of this into (19b) yields 

Pn E {PnKi^n-^i)-<jiKi<li-0} ’ (24^) 

and insertion of this into (21) yields 

iJq. t i,[K(-q. -9,)-K(d, -«,)] . ( 25 ) 

which coincides, via (17c), with (16). 



2.1.10 N particles on the line, interacting pairwise via forces 
equal to twice the product of their velocities divided 
by their mutual distance 

In Sect. 2.1.10, and in the following Sects. 2.1.10.1,2, we discuss the N~ 
body problem characterized by the Newtonian equations of motion 



These equations of motion contain no (“coupling”) constant. They are invariant 
under (“space”) translations {q„ {f) q„ if) = q^ {t) + 5 they are not invariant 

under Galilei transformations (^ „ (0 q„ (0 = q„ (0 + Vg r) ; they are autonomous. 
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hence invariant under translation of the time variable (^„(0 + i 

and they are moreover invariant under rescaling of both the independent (“time”) 
variable and the dependent (“space”) variables = aq^(bt)) , with a 

and b two arbitrary constants). These latter two invariance properties underline the 
remarkable nature of these equations of motion. 

This model, (1), is discussed in some detail in Sect. 2.1.10 and the following 
Sects. 2.1.10.1,2; but, for a much richer understanding of its dynamics one must pass 
from the real to the complex: see Chap. 4, and in particular Sect. 4.2.4. 



The equations of motion (1) correspond to (2. 1.8-7) with 

w(x) = 2/x. 



( 2 ) 



Hence the evolution (1) is of Lax type, 7 = [l,m], the matrices L and M 
being given by the representation (2. 1.8-1, 2) with 



a(x) = l+ax 
^(x) = 0 , 



y{x) = -\lx 



(3) 

(4) 

(5) 



Exercise 2.1.10-1. Verify that these expressions, (2), (3), (4) respectively (5), cor- 
respond to (2.1.9-10), (2.1.9-2), (2.1.9-8) respectively (2.1.9-9), with 6 = 0. 



Hence the explicit expressions of the matrices L and M read (see 

( 2 . 1 . 8 - 1 , 2 ) ) 



=-( 1 - 0 ( 4 .?.)''^ • ( 7 ) 

We have seen in the previous Sect. 2.1.9.1 that, for a = 0 , this is a 
fake Lax pair: the time-independence of the traces of the powers of the 
Lax matrix (6) with a = 0 (which coincides with (2.1.9.1-1)) yields only 
one constant of motion, see (2.1.9.1-10). This is as well (or perhaps as 
badly ?) the case for the Lax matrix (6) with a^O, except that in this case 
one gets 3 constants of the motion rather than only one, namely 

c,=t^Aq.y, P =0,1,2. ( 8 ) 

n=l 



91 





It is indeed clear from (6) that the traces T^, see (2.1.9), can all be ex- 
pressed in terms of Cq,Ci and c^, see (8). 



Proof, from (2.1-9) and (6) 

'^n ~ I) [l"^^C^7n2 

...[l + )] [l + a(q^^ - q „^ )] (9a) 



hence, see (8), 

T„=F„{c^,c,,cf) , (9b) 

where F„ is a fimction of its 3 arguments whose computation is left as an (irrelevant) 
exercise for the very diligent reader. 



One might therefore doubt that the system (1) is integrable. But in the 
following Sect. 2.1.10.1 we show that this system is actually solvable, via 
an (appropriate) application of the OP technique. 

2.1.10.1 Technique of solution OP 

To apply this technique we return, for simplicity, to the Lax pair (2.1.10- 
6) with a = 0, which can be written as follows: 

( 1 ) 

( 2 ) 

Note the close similarity of the last equation to (2.1.3.2-12), or, 
equivalently, to (2. 1.5-8) with a = 0. This immediately suggests that we 
introduce, as in Sect. 2.1.3.2, the matrix 

Q(t) = diag[^„ (O], (t) = q„ (t) , (3) 

and we take as starting point for the application of the OP technique, in 
addition to the Lax evolution equation 

L-feM], (4) 
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the matrix evolution equation 

Q=[QM]+L, (5) 

which is clearly entailed by (2) and (1). 

Proof. The diagonal terms of (5) yield the identities q„=q„, and the off-diagonal 
terms yield the equations 

0^(q„-qJM„^+L„^, m^n, (5a) 

which are obviously satisfied, see (2). 

We now proceed in close analogy to the previous treatments, see Sect. 
2.1.3.2 and 2.1.5, introducing the similarity transformation 

L=ULir' , (6a) 

K=HKir' , (6b) 

Q = UOr' > 

with the invertible matrix f/(0 defined by the evolution equation 
U = UM , (7a) 

which entails of course 

ir'U = M , (7b) 

mr'^K , (7c) 

and by the convenient initial condition 

C/(0) = 1 . (8) 

We thereby obtain 

4=0 , (9) 

2=4 , ( 10 ) 
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entailing (see (8) and (6) ) 




Z(0=r(0) = L(0) , 


(11) 




(12) 



Hence we conclude, see (6c), that the initial-value problem for 
(2.1.10-1) is solved by the following recipe: the coordinates q^{t) coin- 
cide with the eigenvalues of the matrix Q{t) , whose explicit expression 



reads 






(13a) 


[ fi(0 L =s„qM+[q,mA0)Y^t. 


(13b) 



2.1.10.2 Behavior of the solutions: mention of future developments 

The eigenvalues of the matrix Q{t) coincide with the N roots of the poly- 
nomial of degree AT in g defined by the formula 

detfel-gWl^^'+Sc.CO/-”. (1) 

m~\ 

Here g(0 is defined by (2.1.10.1-13), and this formula, (1), defines theiV" 
coefficients c^{t). 

Hence we can write 

n[?-?.(o]=9''+sc.(o?"- . (2) 

n=l m=l 

As it is well known, the mapping between the set [q„{ty,n = 1 ,...,^ } and the 
set = } is one-to-one (it is the mapping between the AT zeros 

and the N coefficients of a monic polynomial): of course the set 
{q„{ty,n = l,.,.,N} is not ordered (namely, the A/”! sets obtained by permut- 
ing the zeros q„{t) among themselves must not be considered as different 
sets), while the set [c^{ty,m^\,...,N } is of course ordered. 

The fact that the matrix Q{t) is linear in t, see (2.1.10.1-13), clearly 

entails that the left hand side of (1) is a polynomial in t, of degree at most 
N; hence the coefficients c^(t), see (1), are also polynomials in t, of de- 
gree at most N. But in fact the special nature of the matrix Q(t) , which is 
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the sum of a time-independent diagonal matrix and of a dyadic matrix 
linear in see (2.1.10.1-13), entails that the left hand side of (1), hence 



all the quantities c^{t), are linear in t, so that 

C;„(0 = 0. (3) 



Proof. Let us rewrite (2.1.10.1-13b) as follows: 

e(0 = diag[?.(0)]+rr(0)v®®v® , (4a) 

[ m L =^-?.(0) + ^ ^(0)v®v® , (4b) 

with 

V(0) = f^q,{0), (5) 

n=l 

vf ={[?.(0)]/K(0)}''^ , (6) 

SO that the vector is normalized, 

(v^^v®)=l. (7) 

Let us now introduce N -\ other vectors, j -2,...,N , which, together with 
form an orthonormal set, so that 

(8a) 

y=i 

as well as 

I v<”>v'">=<5,, . (8b) 

n=\ 

Note that all these vectors are time-independent. 

Now define the (time-independent) matrix V_ whose matrix elements are given by 
the following prescription: 

feL=v«. (9a) 

Then clearly (8) entails 

(9b) 
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Let now 



Q(0=KQ(0r' • 



Clearly 



det 




= det 



( 10 ) 



( 11 ) 



But (4a), (8a) and (9b) imply that only the first diagonal element of the matrix Q(t) 
depends (Unearly) on t, while all the other elements are ? -independent: 








( 12 ) 



Exercise 2.1.10.2-1. Verify! 



Hence the determinant of Q{t) , and as well the determinant of Q{t) , see (11), is 

linear in ? : the determinant of a matrix is a sum of terms, each of which is a product 
(of elements of the matrix) which contains only one element belonging to the first line 
(or to the first column). 

This proof requires that the initial conditions entad V(0)^0, see (5); if instead 
F(0) = 0 , the above treatment has to be modified. Since in any case we will return to 
this topic below, see Sect. 2.3.4,2, we leave this adjustment as an exercise for the dili- 
gent reader. 



The result (3) is remarkable, and it leads to the following neat solu- 
tion of the initial-value problem for the equations of motion (2.1.10-1): 
the N roots of the following equation in q , 



t ?.(0)/[?-?.(0)]=r' , (13) 

n=l 

yield the ¥ coordinates q„(t) . Note the neat way in which the initial data, 
q„(0) and q„(0) , are encoded in this formula. 

Exercise 2.1.10.2-2. Prove this statement, and analyze its implica- 
tions, namely the motions entailed by (2.1.10-1). Solution: see Sect. 
2.3.4.2. 
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2.1.10.3 Can a fake Lax pair be used to solve a nontrivial 
many-body problem? 

The development reported in Sect. 2.1.10.1 demonstrates that the ques- 
tion posed by the title of the present Sect. 2.1.10.3 must be answered 
positively. It is therefore justified to wonder how much further such an 
approach can be pushed. 

In particular we saw in Sect. 2.1.9.1 that the Newtonian equations of 



motion (2.1.9.1-16), 

iV 

4n= Z (1) 

m=\,m^n 

correspond to the Lax evolution equation 

i = (2) 

with L and M given by (2.1.9. 1-1) and (2.1.9.1-14), 

^ ( 3 ) 

Mnn, = QmT (^« ~ ^m) , (4) 

under the sole “oddness” condition (2.1.9.1-15), 

w„„W = -w„„(^) • (5) 



On the other hand we have learned, from repeated applications of the 
OP technique (see Sects. 2.1.3.2, 2.1.3.3, 2.1.5 and 2.1.10.1), that key to 
the applicability of this technique of solution is the availability of a sec- 
ond matrix evolution equation, in addition to the Lax equation (2). Hence 
we propose now to explore whether, by assuming the existence of such a 
second equation, we can discover some new solvable model. To this end 
we introduce the matrix 

G = diag[g(^j] , (6) 

with g(q) a function yet to be determined, and we require that it satisfy 
the evolution equation 

G-^\G,M]+a{G,L}+b\G,L]+cG + dL + ^ , (7) 
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with a,b,c,d,h five arbitrary (scalar) constants. The justification for this 
ansatz for the right hand side of this equation is that it entails the possi- 
bility to perform all subsequent steps in the OP technique. 

The compatibility of (7) with (6), (3), (4) and (5) yields the following 
constraints: 

b -c = h = 0 , (8) 

g(x) = C exp(2 ax) - d /(2 a) , (9) 

w„^(x) = 2acotanh(ax) , (10) 

with C another arbitrary constant. Note however that neither C, nor d, 
enter in the expression (10) of w^(x), which is moreover independent of 
the indices n and m. 

Proof. Insertion of (3), (4) and (6) in the diagonal part of (7) yields 
g'i^n ='^agiq^)q„+c g{q„ ) + dg„+h (11) 

implying 

c = /z = 0 (12) 

and 

g'(x) = 2ag{x) + d (13) 

which yields (9). 

likewise, and using (12), the off-diagonal part of (7) yields 
[giqn)-g(^m)] ^nm(3n “ [g{q „ ) + g(q ^ )] + 2b [g(q „ ) - g(q j]+ 2d (14) 

which, via (9), yields 

w^m (^) - 2a cotanh (ox) + 2b . (15) 

Finally the requirement (5) entails 

6 = 0. (16) 

This concludes the proof. The diligent reader will check that, if one had started from 
the more general ansatz for G that obtains by replacing in (6) g{qf) with g„(qj. 
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the more general result obtained would have merely corresponded to that entailed by 
the trivial freedom to shift every coordinate {t) by an arbitrary (different) constant, 

-> = 0 . 



We therefore conclude that the Newtonian equations of motion 

N 

= 2a q„ q^ cotanh [a(q„ - q „ )] (17) 

m=l,m^n 

are solvable. Note that, for a = 0 , they reduce to (2.1.10-1). We will see in 
the following Sect. 2.1.11 that this model, (17), is also contained in the 
class of many-body problems whose integrability is entailed by a Lax pair 
of type (2.1.8-1,2), leading to the functional equation (**), see (2.1.8-19). 

Exercise 2.1.10.3-1. Obtain, via the OP technique, the formulas that 
provide the solution of the initial-value problem for (17). Solution: see 
Sects. 2.1.12.4 and 2.S.4.2. 

Exercise 2.1.10.3-2. Obtain for the solvable many-body problem (17) 
a result in some way analogous to that yielded, for (2.1.10-1), by 
(2.1.10.2-2,3). Solution: see Sect. 2.3.4.2. 



2.1.11 General solution of the functional equation (**) 

The functional equation (**), see (2.1.8-19), reads 

[a(x) aXy) - a(y) a'ix)]l [a{x +y)~ a(x) a(y)] = t](x) - ?j(y) . (1) 

In Sect. 2.1.11 we discuss its general solution. 

Let us recall that the Newtonian equations of motion (2.1.8-7), 

AT 

m=l,m^n 

are associated with the functional equation (1), via the relation 

w(x) = v'(x) /[v(x) -\\ = {dldx) log [v(x) - 1] (3) 

where 



v(x) = a(x)o:(-x) . 



( 4 ) 




This formula, (3) with (4), coincides with (2.1.8-22,23) via the relation 



a(0)=l, (5) 

which is easily seen to follow from (1) (see below). Note that (3) with (5) 
entail that w(x) is singular at x = 0 (see below). We also recall that w(x) 
coincides with the odd part of 2 t]{x) , see (2. 1.8-21), 



w(x) = T]{x) - ri{-x) = -w(-x) . (6) 

Let us emphasize that the simultaneous validity of (3) with (4) and (5), 
and of (6), is nontrivial. 



The functional equation (1), or rather the equation (2.1,8-13), admits the trivial 
solution 

a(x) = exp(px) (7) 

with arbitrary rj(x ) . The corresponding Lax matrix, up to the similarity transforma- 
tion from L to L (see (2.1-17)), 



L=RLR 


(8) 


with 




^ = diag[exp(p^j]. 


(9) 



coincides with the case considered in Sect. 2.1.9.1, see (2.1.9.1-1). In the following 
we ignore this anomalous (and trivial) case. 





It is also invariant under the (somewhat less trivial) transformation 
a{x) a{x) = 1 / a(x) , (1 1^) 

Tj{x) -^rj{x) = T]{x) - a'(x) / a{x) , (11b) 

which entails (via (3) and (4)) 

w(x) -> w(x) = w(x) / v(x) = w(x) l\a{x) a{-x)\ . (1 Ic) 

Of course these two transformations, (10) and (11), can also be combined, 
i.e. performed sequentially. 

The next step is to derive from (1), or rather from (2.1.8-13), an ex- 
pression of T]{x) in terms of a{x) and its derivatives, as well as a differ- 
ential equation for a(x) . To this end we firstly parametrize the behavior 
of a(s) and Tj(s) as ^^0, by setting 



a(£)=aQ+ayS+—a2S^+—ajS^+0(s‘^) , 
2 6 



( 12 ) 






(13) 



(The validity of this parameterization is implied by the consistency of the 
following developments). Then, by setting y = £ in (1), or rather iu 
(2.1.8-13), we get 



CCq —1, 

V-x =1. 

T]{x) = 77o +^[cc"{x) - 2 a'{x) + a{x)]l[a'{x) - a{x)] , 

and 

2 [a'(x) - a(x)] a'”(x) - 3 [a\x) -2a^ a'(x)] a\x) 

+ a\a'(x)Y +&a(x)a'(^)-i-c[a(x)]^ =0 , 
with 

« = 6(277i-a2) , 
b = 4(a2-6a^j]^) , 



(14) 

(15) 

(16) 



(17a) 

(17b) 

(17c) 
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c = 3«2 -4«j ofj +I2af Tj^ . 

Note that (14) corresponds to (5), that is thereby proven. 



(17d) 



Proof. From (2.1.8-13) with j = £■ we get, in the s->Q limit, via (12) and (13), 
a{x) [«! 4 - a^s 4 - £^\-[aQ+a^s+ s ^ ] a'{x) 

-l^a(x) + saXx)+^s^ a"(x)+^s^ a'"(x) -a(x) aQ +a^s+^a 2 S^ |- 

•to -7-1 -7o -7i £\+0{£^) . (18) 

This yields, to order s^,p= -1,0, 1,2, the following relations: 

(l-ao)7_i=0, (19a) 

[a, a(x) - a'ix)] (1 -7]_,) = (l-ao) a{x) [? 7 (x) (19b) 

a(x) -«i a'{x)=^[a 2 a(x)-a\x)] tj__^ -[ a^ a{x)-a'{x)\ \t]{x)-t]q\ , (19c) 

a(x) - «2 <^'(^)] 

1 1 

= -[«3 a(x) -a'"(x)] 7-1 ~-[« 2 ~^"(^)]to) -7o]+ [«i «(x) -cr'(x)] , (19d) 

o 2 

and using these equations one gets (16) from (19c). Finally, using (14), (15) and 
(19c), with a little (trivial) labor, one gets (17). 

The 7 coefficients aQ,a^,a 2 ,a 2 ,r]_.^,rj^,ri^ in (12) and (13) were a priori 
arbitrary. Now 2 of these, ao and t 7 _i , have been fixed to unity, see (14) 
and (15), and another one, , is clearly irrelevant (see (10b)). There re- 
main 4, so far undetermined, coefficients, which correspond to the 4 coef- 
ficients, a^,a,b,c, appearing in (17a). 



The consistency of (17) with (12) and (14) is obviously implied by the way (17) 
has been derived, yet the diligent reader might wish to verify it directly. 





The ODE (17a) is a consequence of the functional equation (1) with 
(5); hence any solution a(x) of (1) must satisfy (17a) (note that the con- 
verse need not be true, there is no a priori guarantee that a solution of 
(17a) also satisfy (1)). But the most general solution of the third order 
ODE (17a) can contain at most 6 arbitrary constants: indeed 6 = 4+3-1, 
4 being the number of a priori arbitrary constants that appear in (17a), 3 
being the order of this ODE, and 1 being the number of constraints the 
solution a{x) is required to satisfy (see (5)); of course the 6 parameters 
characterizing a solution of (17a) and (5) determine the values of the 4 
constants a^,a,b,c, appearing in (17a), in addition to, say, the values of 
a'(0) and a^O) (a(0) = 1, see (5)). Hence the most general solution of the 
functional equation (1) can contain at most 6 arbitrary parameters. 

We now exhibit such a solution of (1), containing 6 arbitrary pa- 
rameters. It reads 

cT{/i\(D,co')cT{^+v\a),a}’) 

a(x) = exp (px) r ; , ( zU j 

< t ( v | (o,o)')a{hc + }j.\ a,m') 

where a is the “sigma” Weierstrass function, see Appendix A. 



The 6 arbitrary parameters in this expression, (20), of a(x) are p,p,v,X,(o,(D ' . 

It is plain that (20) entails a(0) = 1, see (5). 

The diligent reader, using the appropriate formulas from Appendix A, will readily 
verify that this expression of a(x) is invariant under the transformations (10a) and 
(11a), whose only effect is to cause a redefinition of (some of) the 6 parameters in 
( 20 ). 

The verification that a(x), see (20), satisfies the ODE (17a) is a cumbersome 
task, that can be left as an exercise for the diligent reader. This result is of course im- 
plied by the property of (20) to satisfy (1), which is proved below. 



To prove that the expression (20) of «(x) , with no (nontrivial) restric- 
tion on the 6 parameters p,p,v,X,a),co' , satisfies (1) (yielding in the proc- 
ess an appropriate expression for t](x)), is a cumbersome task, that can 
however be eased thanks to the following two remarks. 

In the first place, by taking advantage of the invariance property (10a) 
one can simplify (20) to read 



cr(v) <t(x + p) 



( 21 ) 
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Here and below, as it is also often done in Appendix A, we omit to indi- 
cate explicitly the dependence on the 2 "semiperiods" co and a' . 

The expression of t]{x) that corresponds to (21) is, up to an irrelevant 
additive constant, 

i]{x) = !^{x)-C{x+fi) , (22) 

where ^ is the “zeta” Weierstrass function, see Appendix A. 



The vahdity of this expression of rj{x) is proven below; the dihgent reader might 
try and derive it immediately from (21) via (16). 



The second remark that simplifies our task to verify that (20) satisfies 
(1), but has in fact an interest of its own, is contained in the following 
Proposition 2.1.11-1. If a{x) satisfies the functional equation 

a{x + y) = a{x) a{y) + (p{x) (p{y) y/{x + y) , (23) 

with g}(x) and ^^^(x) a priori arbitrary functions, then it also satisfies the 
functional equation (1). 

Of course in (1) the function t](x) is also, a priori, arbitrary. But it 
actually turns out that the two a priori arbitrary functions t](x) and g){x) 
are related to each other as follows; 

ri{x)^(p'{x)l(p{x). (24) 



Before proving this Proposition 2.1.11-1, as well as (24), let us inteqect 3 re- 
marks. 

Remark 2.1.11-2. The functional equation (23), in contrast to the functional equa- 
tion (1), contains no differentiations. 

Remark 2.1.11-3. By taking advantage of the a priori arbitrariness of the 3 func- 



tions a(x) , ^z?(x) and i/r(x) appearing in (23), this functional equation can be pre- 
sented in many different guises, for instance 


a(x) a(y) la(x + y)=l + (p{x) (p{y ) / j(x + y) , 


(25) 


which corresponds to (23) via the position 




X{x) = -a(x)l\fr{x). 


(26) 
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The diligent reader will obtain, by appropriate substitutions, several other avatars of 
the functional equation (23) (see Appendix B). 

Remark 2.1.11-4. It is plain that if a(x) , ^{x) and y/{x) satisfy (23), so do 

a(x) = a(ax) exp{bx) , (27a) 

^(x) = c g){ax) exp[ (b + J)x] , (27b) 

^(x)=c~^ifr(ax) exp(-dx) , (27c) 

with a,b,c,d arbitrary constants, as well as 

a{x)-\/a{x) , (28a) 

^(x) = (p{x) / a{x) , (28b) 

\{r{x) = -y/{x) ! a{x) . (28c) 

Clearly these invariance properties correspond to (10) respectively (11). 

Let us then proceed to prove the Proposition 2.1.11-1 stated above. To this end 
we define 

F(x, y) = log [l - a{x) a{y) I a{x + y)\ , (29) 

and we note that (1) implies 

y) - Fy (x, y) = rj{x) - jj{y) , (30) 

where the subscripts denote partial differentiation. This first-order linear PDE has the 
general solution 

F(x,y)=H(x)+H(y) + g(x + y) , (31) 

with g-(x) an arbitrary function and 

H'(x) = rf{x) . (32) 

But (29) and (31) entail precisely (23) with (24), via the positions 

y/{x) = a(x) exp [g(x)] , (33) 

^(x) = exp [H(x)] . (34) 

The last two equations, (33) and (34), correspond to the arbitrariness of ig(x) in (23) 
and, via (32), to the fact that ^(x) is related to tj(x) by (24), which is thereby proven. 
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To prove that a(x) , see (21), satisfies (23) we now conveniently set 
N = [a(y) cr(x + //) cr(y + fi) cr(x + y + v)\-\jj.^v\ , (35) 

D = a{jj) a(x + v) «T(y + v) a(x +y + fj) , (36) 

SO that (23) with (21) read 

a{x+y)l\a{x)a{y)\-l = N ! D . (37) 

Of course the symbol |// o v] in the right hand side of (35) means: "the 
same expression within the square bracket preceding it, except for the in- 
terchange of fi and v". 

The main tool one must now use is (A-58a), 

o-(zi + Zj ) cr(Zi - Z 2 ) = (Zj ) (Z 2 ) [p (Z 2 ) - Pi^x )] , (38) 

which entails the following relations: 

(t{v) (7{x + y + v) = [v + (x + y) [(x + y) /2]{p[(x + y) /2]-p[v + (x+y) /2] }, 

(39a) 

a(x + fi) a{y + //) = cj" [a + (x + y) H]a^ [(x - y) /2]{p[(x - y) /2] - + (x + y) fl ] }, 

and of course analogous ones with v exchanged with fi , 

Hence from (35), via (39), one gets 

N = NN 

N -{ g\ji + (x + y) /2] cr[v + (x + y) /2] <r[(x -y)/2] cr[(x + y)/2]}^ , 

N = { p[(x + y) /2] - p[v + (x + y) /2] } { p[{x - y) l2]-p\jj. + (x+y)/2]} 

-{rf(x + y)/2]-p[// + (x+y)/2]} { p[{x - y) l2\-p\y + (x + y) /2] } , 

N = { p[(x + y) /2] - p[{x - y) /2] } {p\y+{x+y)/2]-p\jLi+(x+y)/2\} . 

Now one uses again (38), to get from (42b) 

N = <t(x) cr(y) a(y—^) cr(x+y + ju + v)/ N . 



(39b) 

(40) 

(41) 

(42a) 

(42b) 

(43) 



106 




Hence, from (40), 



N = cr(x) a(y) a(y — //) cr(x + j + // + v) , (44) 

and, via (37) and (36), this yields precisely (23) with 
(p(x) - a(x) cr(x) / cr(x + v) , (45) 

^^^(x) = a(y - //) <j(x + // + v) / [cr(//) a(x + ju)] . (46) 

From (45) and (21) one gets 

^(x)=o-(/z) cr(x) / [o-(v) <7(x+//)] . (47) 



The last formula, (47), yields (22) via (24) and (A-39). 

In conclusion let us report the most general expression (up to a trivial 
rescaling of the variable x) for the function a(x), as well as correspond- 
ing expressions for /?(x) and r{x ) , see (2.1.8-1,2), for ^(x) , see (1), for 
^(x) and iy(x ) , see (23), for v(x) , see (4), and finally, and most impor- 



tantly, for w(x), see (2), (3) and (6): 

a(x) = exp (p x) a(p) cr(x + v)/ [cr(v) cr(x + //)] , (48a) 

P{x) = c^^p'{p)l[p{x)-p{p)] , (48b) 

r{x) = a{x) [^(x + v) - ^(x)] , (48c) 

7(^) = 7o + ^(4 - C(^ + >“) j (48ci) 

^z?(x)=exp( 7 oX) o-(//) o-(x) /[o-(v) cr(x+//)] , (48e) 

^^(x) = exp[ (p - Vo )x] cr(v -p) a(x + p + v)/ [cr(p) cr(x + p)] , (48f) 

v(x) = [p{x) - p{v)]l[p{x) -p{p)] , (48g) 

w(x) = p'ix) /[B - p{x)] (48h) 

with 



B = p{p) 



(48i) 
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The expression (48g) of v(x) follows from (48a) and (4) via (A-58); likewise, the 
expression (48h) with (48i) of w(x) follows from (48d) and (6) via (A-59) and (A- 
41), or, more directly, from (48g) and (3). 

The diligent reader will note again the obvious consistency of (48a) with (5), as 
well as the fact that the transformation (28) entails merely an exchange among the pa- 
rameters II and V , as well as a change of sign of the (largely irrelevant) parameter 

P- 

The diligent reader may also verify, using the appropriate formulas of Appendix 
A, that by taking advantage of the transformations (10) and (11) several alternative 
definitions of the function a{x) can be introduced, all of which however lead to the 
same expression (48h) for w(x) , possibly up to a rescaling of the independent vari- 
able X and a redefinition of the constant B . For instance the following 3 expressions 
of a{x ) , in terms of Jacobian elliptic functions, which also provide solutions of the 
functional equation (1), 

a(x) - sn(//) / sn(x + //) , (49a) 



a(x) - sn(//) cn(x +//)/[ cn(//) sn(x + //)] , 

a(x) = sn(//) dn(x +//)/[ dn(//) sn(x + //)] , 

all yield the same expression (48h) of w(x), 
a{x), 

a(x) = cn(x + /i') / cr(ju'), jJ = fi-co' 
a{x) = dn(x + jJ) / dn(//'), - ji-cd 

a(x) = dn(//") cn(x + ju") / [cn(//") dn(x + //")], 



(49b) 

(49c) 

while the following 3 expressions of 



(50a) 

(50b) 

n” = fj.-^o) + (o' (50c) 



which also provide solutions of the functional equation (1), all yield the same rescaled 
version of (48h), obtained via the replacement of x with ax where (see (A-19)) 

a = = (gj -e,) . (51) 



Let us emphasize that these developments entail that the most general 
function w(x) for which (2) can be recast in Lax form via the ansatz 
(2.1.8-1,2) is given by the expression (48h), which features the 3 arbitrary 
constants B , co and a' . Note moreover that, quite generally, this function 
w(x) has a simple pole at x = 0 with residue 2: 

lim[xw(x)] = 2 . (52) 
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This follows from (A-22a). 

The diligent reader, using (A-34,35), will check that the possibility to rescale the 
variables m. (^) = aq„) does not introduce an additional arbitrary con- 

stant, but corresponds merely to a rescaling of the 3 constants B , co and cd' . 

Likewise, no arbitrary constant is produced in (2) by a rescaling of the time vari- 
able t->7 = bt, since (2) (in contrast to, say, (2.1.1-15)) is clearly invariant under 
such a transformation. 



Finally let us exhibit the special expressions that obtain, in place of 
(48), in the degenerate cases in which one, or both, of the semiperiods a 
and (o' diverge. 

For fi; = oo, G)' = iKll one obtains from (48) (setting moreover, for 
simplicity, p = 0,t]q=Q, c = -cotanh(//)), via (A-36) and (A-54), 



a(x) = exp [(// - v)x/3] sinh(//) sinh(x + v) / [sinh(v) sinh(x + //)] , (53a) 

/3(x) = •^sinh(2//) / [sinh^ (x) - sinh^ (//)] , (53b) 

y(x) = -a(x) {v / 3 + sinh(v) /[sinh(x) sinh(x + v)] } , (53c) 

T]{x) = sinh(//) /[sinh(x) sinh(x -H //)] , (53d) 

q>{x) = exp(//r/3) sinh(//) sinh(x)/[sinh(v) sinh(x-t- . (53e) 

y/ix) = exp(-vx/ 3) sinh(v - //) sinh(x + // -i- v) / [sinh(//) sinh(x -h //)] , (53f) 

v(x) = [s inh(/z) / smh(v)] ^ [sinh^ (x) - sinh^ (v)]/ [sinh^ (x) - sinh^ (//)] , (53g) 

w(x) = 2 sinh^ (//) cotanh(x) / [sinh^ (//) - sinh^ (x)] . (53h) 



Likewise, for n) = oo, o' = zoo, setting for simplicity p = 0, 
c = -b, ju = b~^^^, V = , one gets via (A-37) and (A-55), 



a(x) =(l + ax)/(l+Z»x) , (54a) 

y0(x) = -Zz/(l+6V) , (54b) 

y(x) = -1 /[x (1 + bx)] , (54c) 

7(x)=1/[x(1+6x)] , (54d) 
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(p{x) = // X /[v (x + fi)\ , (54e) 

yf{x)=(y- fi){x + fi + v)l\ji{x-\- , (54f) 



v(x) = (l-aV)/(l-6V) , 


(54g) 


w(x) = 2/[x(l-6V)] . 


(54h) 



The diligent reader will note that (54a), (54b), (54c), (54d) respectively (54h) re- 
produce (2.1.9-2), (2.1.9-8), (2.1.9-9), (2.1.9-3) respectively (2.1.9-10). 



2.1.12 The many-body problem 

of Ruijsenaars and Schneider (RS) 

The results of the previous Sects. 2,1.8 and 2.1.11 entail that the many- 
body problems characterized by the equations of motion 

N 

'4n= Y. » ( 1 ) 



with w{q) an appropriate, odd, 



w(-x) = -w(x) 



( 2 ) 



function belonging to a certain class, see below, are reducible to the Lax 
form, see (2.1-2), 


L=[lk] , 


( 3 ) 


via the ansatz, see (2.1.8-1,2), 






( 4 ) 


^run = ^nm Y ~ <ll) + K)'"" ^(^„ “ ^. ) • 


( 5 ) 






The most general version of the function w(x) reads 

w(x) = p'(x) - p(x)] = -id / dx) log[p(//) - p(x)] , (6a) 
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and corresponding expressions of the functions a(x) , p{x) and y{x) read 
a{x) = o-{x + v) / [cr(v) cr(x + //)] , (6b) 

Pi^) = / y(x) - P(m)] , (6c) 

r(x) = a(x) [C{x + v) - 4'(x)] . (6d) 

Here we are of course using the notation of Appendix A. 

The following special cases are particularly interesting: 



Case (i): 




w(x) = 21 X , 


(7a) 


a(x) - 1 , 


(7b) 


II 

o 


(7c) 


r(x) = -Vx ; 


(7d) 


case (ii): 




w{x) = 2 /[x(l + X V )] = 2g V [x(g^ + )] , 


(8a) 


a(x) = l/(l+ix/g-) , 


(8b) 


P{x) = [ig{l+x^ ! g'^)Y , 


(8c) 


X(x) = -[x (1 + / X / g)]“' = -x"^ a(x) ; 


(8d) 


case (Hi): 




w(x) = 2a cotanh(<3x) , 


(9a) 


a(x) = cosh(ax) , 


(9b) 


II 

o 


(9c) 


y (x) = -a! sinh(a x) = -a cotanh(a x) a(x) ; 


(9d) 
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case(iv): 



w(x) -la! sinh(a x) , (10a) 

a(x) = 1 / cosli(a X / 2) , (10b) 

/?W = 0 , (10c) 

y{x) - -{a! 2)/ sinh(«x/ 2) ; (lOd) 

case (v): 

w(x) = 2g^ a cotanh(ax)/[g-^ +smh^(ax)] , (11a) 

a(x) = smh(a //) / sinh[a (x + //)] , (11b) 

;5(x) = (a/2) smIi(2a//)/[g-^ +sirJi^(ax)] , (11c) 

y(x) - -asmh(fl ju) cotanh(ax)/sinh[a(x + //)]= -a cotanh(ax) a(x) , (lid) 
g = i smli(a ju) . (lie) 



The neater notation has been chosen in each case; the diligent reader will have no 
difficulty to relate these formulas with those of Sect. 2.1.11, by identifying appropri- 
ately the constants appearing in those formulas, and if need be by rescaling the coor- 
dinates g^(t) . 

Let us also emphasize that these 5 cases are all special cases of (6); moreover, 
clearly case (iv) obtains from case (v) by setting - \ and moreover by replacing a 
with fl/2, case (Hi) obtains from case (v) via the limit ^^-> 00 , case (it) obtains 
from case (v) by first replacing in it g with g a and then letting rr -> 0 ; and finally 
case (i) obtains from case (ii) via — >- 00 . 

Case (i) and case (ii) are hereafter referred to as rational models; case (Hi), case 
(iv) and case (v), as hyperbolic models. The replacement of a with za in these last 3 
cases turns the hyperbolic functions into trigonometric functions, without negating the 
property of w(x) to be real (provided g^ is also real, as we generally assume); the 
corresponding cases are then referred to as trigonometric models. 

AE the models of this class are referred to as Ruijsenaars-Schneider (for short, 
RS) models (see Sect. 2.N). 

Let us finally note that, as shown below in Sect. 2.3. 6.3, the more general model 
that obtains by adding the term Aq , with X an arbitrary constant, to w(q) , see (1), 
can be reduced to the case without this extra term via a change of the independent 
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("time") variable, if attention is restricted to the subclass of solutions satisfying the 
single condition 

( 12 ) 



a constraint which is clearly compatible with (1) via (2). 



2.1.12.1 Hamiltonian and Newtonian equations for the RS model 

Let us recall that the Newtonian equations of motion (2.1.12-1) with 
(2.1.12-2) are Hamiltonian (see the last part of Sect. 2.1.9.1). The corre- 
sponding Hamiltonian function reads (see 2.1.9.1-17)) 



H{q,p\s)^Y, 5 ( 1 ) 

n=I 

^„(p;i) = exp[p-i ^lT(g„-^;)] , (2) 

with (see (2.1.9.1-17c)) 

W'{x) = w(x) , (3) 

entailing (see (2.1.12-2)) that W(x) is even, 

JV(-x) = W(x) . (4) 



As emphasized by the notation employed in the left hand side of (1) 
the Hamiltonian H contains the arbitrary constant s , which however does 
not appear in the Newtonian equations of motion (2.1.12-1); it does in- 
stead appear in the Hamiltonian equations of motion, that read (see 
(2.1.9.1-20), (2.1.9.1-24), (3) and (2.1.12-2)) 



qn=^K(^Pn'^^ ’ (5a) 

AT 

A = E ^(^n-^i)lK(sPn>^-hi(spi;^]/2 . (5b) 

l=\,l^n 
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The foramlas written above apply for any choice of the functions 
JV(x) and w(x), provided they are related by (3) and are, respectively, 
even and odd, see (4) and (2.1.12-2). 

Let us now specialize to the RS models, see Sect. 2.1.12; but before 
doing so, let us rewrite (2) in the form 

^„(p;i) = exp(p)[ n f" 5 (6) 

1=1, l^n 

where of course 

Y (x) = exp [ -J¥ (x) ] . (7) 

Then from (2.1.12-6a), (3) and (7) we get 

Y{x)=\ p{x)-p{/i) I , (8) 

and the special versions of this formula corresponding to the various de- 
generate cases considered in Sect. 2.1.12 read as follows: 

case (i): 

w(x) = 2lx, Y(x) = x-^ ; (9a) 



w(x)^2g^ /[x(g^ +x^)], r(x)=i+gVx^ ; 


(9b) 


case (Hi): 




w(x) = 2a cotanh(a x), T(x) = [ a / sinh(a x) ] ^ ; 


(9c) 


case (iv): 




w(x) = 2a/smh(ax), F(x)=[ (a/2)/tanh(ax/2) ; 


(9d) 



case (v): 

w(x) = 2g^a cotanh(ax)/[g^ +a"^sinh^(ax)], 7(x) = l + g^a^/sinh^(ax). (9e) 
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2.1.12.2 Relativistic character of the RS model 

Let us formally replace, in the basic ansatz (2.1.8-1,2) for the Lax pair 
(that underlines all subsequent developments on the RS model) q„{t) with 
ct+q„{t) (hence q^{t) with c+q^{t)) and let us simultaneously rescale the 
3 functions a{q), /3{q), y{q) by dividing them by the constant c. One 
obtains thereby the following version of (2.1.8-1,2): 



if ^ = 


(la) 




(lb) 


N 

= Z 0-+c-^DJ3(q„-qi) if m^n , 


(2a) 




(2b) 


It is then clear, by comparing this ansatz, (1,2), with the ansatz (2.1.1- 
1,2), that the RS models (as treated in the Sections from 2.1.8. to 2.1.13) 
can be considered as {integrable!) deformations of the integrable models 


treated in Sect, from 2.1.1 to 2.1.7, with the constant c 
verse!) playing the role of deformation parameter. 


(or rather its in- 



It is indeed clear that, in the limit c -> oo , (1) respectively (2) essentially coincide 
with (2.1.1-1) respectively (2.1. 1-2). 

Exercise 2.1.12.2-1. Verify! Hint: recall that, as implied by the very structure of 
the Lax equation (2.1-2), the Lax matrix L is always defined up to addition of a con- 
stant multiple of the unit matrix, say al, with a an arbitrary constant; and also take 
note of (2.1. 1-6). 



The parameter c , as introduced above, has clearly the dimensions of a 
velocity. It is therefore appealing to interpret the RS models as relativistic 
models, inasmuch as they yield, in the limit in which the parameter c 
(now interpreted as the speed of light) diverges, the many-body models 
whose time evolution is characterized by classical nonrelativistic Hamil- 
tonian dynamics, see (2.1.2-4), (2.1.4-32), (2.1.5-3), (2.1.6-1). This very 
appealing interpretation is made more cogent by the following considera- 
tions. 
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The group-theoretical structure underlying nonrelativistic classical 
dynamics (in 1+1 dimensions) is associated with the Galilei algebra, 

[/f,p]=0, (3a) 

\qM=P, (3b) 

^,P] = N. (3c) 

In the algebraic context these square brackets must be read as commuta- 
tors; while in the context of Hamiltonian dynamics, these same relations, 
(3), are read in terms of the Poisson brackets (1.2-4), with the following 
definitions (and interpretations) of the 4 quantities H, P, Q, N: H is 
the Hamiltonian (total energy - generator of time translations) 



H = T + V, 



1 ^ 

pI 

" n=I 



(4a) 

(4b) 



r= t nq.-q.), 

n,m=l;n^m 



(4c) 



(note that we set to unity the mass of the particles, see (4b) ); P is the to- 
tal momentum (generator of space translations), 

P = 'Z Pn’ (5) 

n=l 



Q = Nq with q the center-of-mass coordinate. 



2 = Z ; (6) 

n=l 

and N is the number of particles (which is of course independent of 
and q, hence it Poisson-commutes with all physical quantities, and 
particular with H , P, Q). 
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B' 1 "^ 



Exercise 2.1.12.2-2. Verify that (4), (5) and (6) satisfy (3). Hint: note that, via 
(1.2-4), the definitions (5) respectively (6) entail 



m=\ 

[F(£),i>]=0 , 



respectively 

[p’(£).e] = 0 , (8a) 

[f(£),e]=-2; 3F(p)/dp„ (8b) 

m=l 

where F indicates a generic function of its arguments; and recall that V{q) (see the 
right hand side of (4c) ) is even, V (~q) - V {q) (hence V'{-q) -- -V\q ) ). 



In the relativistic ( (l+l)-dimensional) context, the Galilei algebra (3) 
is replaced by the following Poincare algebra; 

[S,p]=0, (9a) 

[fi,5]=P, (9b) 

[q,p]=HIc\ (9c) 

with H, P respectively B = -Q (see (6) ) interpreted as the Hamiltonian 
(total energy), the total momentum (generator of space translations) re- 
spectively the “boost” generator. Here again, in the algebraic context, the 
square brackets in (9) are commutators. But the following remarkable fact 
was discovered by Ruijsenaars and Schneider <RS86>: the relations (9), 
with the square brackets interpreted as Poisson brackets, see (1.2-4), are 
satisfied by the following expressions of P (and g, see (6) ): 

H{q, p) = c" cosh(p„ / c) u„ (^) , (10a) 



P(£,£) = sinh(p„ /c) w„(£) , 
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with 






n [l + 2(ga/c)^i&[a(^„ 




The verification that (10) and (6) entail (9b) and (9c) is easy: it follows immedi- 
ately from the definition (1.2-4) of the Poisson bracket, quite independently of the 
specific expression (10c) of u^{q ) . 

The verification that (10) entail (9a) is highly non trivial; in fact the discovery 
that the requirement (9a), dictated by relativistic invariance, could be satisfied by the 
ansatz (10) and that it would yield an integrable many-body problem (see below) is 
quite amazing. 

Exercise 2.1.12.2-3. Verify that (10) satisfies (9a). Solution: see <RS86>. 



The alert reader will have noticed that, up to a multiplicative constant, 
the Hamiltonian (10a) is just the sum of the two (Poisson commuting!) 
RS Hamiltonians (2.1,12.1-1) with s = ±l/c: 

%,£) = t[fl'(£,p;l/c) + ff( 2 -£;l/c)] , (11a) 

with H(q,^,s) given by (2,1.12.1-1) and 

k = cga, (11b) 

p(li)=-(cgay^ (lie) 

(see (2.1.12-6,8) ). And it is moreover clear that, in the nonrelativistic 
limit c->co, H(q,p), see (10a), yields precisely the nomelativistic 
Hamiltonian (2.1.4-32) (up to the addition of the rest mass contribution): 

H{q,p) = Nc^ + H{q,^ + 0{c-^) , (12a) 

with H{q,^ given by (2.1.4-32), and likewise the total relativistic mo- 
mentum P{q,^, see (10b), yields the nonrelativistic total momentum, 

P{q,^ = P + 0{c-^), (12b) 

with P defined by (5). 
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Exercise 2.1.12.2-4. Verify all these statements; and trace in detail how analogous 
results apply for the special cases of the Weierstrass functions (see (2.1.12.1-9), and 
identify the corresponding nonrelativistic Hamiltonians). 

Exercise 2.1.12.2-5. Compare the Newtonian equations of motions yielded by the 
Hamiltonians H(q,p), see (10a), and H(q,p), see {2.1.12.1-1,2). Hint: see Exercise 
1.1-7 and 1.1-8. 



In our treatment above, and below as well, we focus on the subclass 
of Hamiltonian evolutions of RS type that are described in a more 
straightforward manner by Newtonian equations of motions: hence we 
generally restrict our attention to Hamiltonians of type (2.1.12.1-1,2) 
rather than (10a). 

Let us end Sect. 2.1.12.2 by noting that the “relativistic” character of 
the RS models is further evidenced by the possibility to identify in some 
cases the motion of RS particles with that of the “solitons” of a relativis- 
tically invariant integrable PDE in (1+1) dimensions, the so-called Sine- 
Gordon equation (this type of connections is one of many topics we have 
not treated in this book). But it is on other hand well known that no 
many-body dynamics of Newtonian type, as considered in this book, can 
be fully consistent with Einsteinian (special) relativity, inasmuch as it is 
fundamentally based on the notion of a single universal (“absolute”) time. 



2.1.12.3 Newtonian case. Complex extension presumably 
characterized by completely periodic motions 

In Sect. 2.1.12.3 three remarks are offered, the third of which led to a 
conjecture which is also reported. A fourth remark that considerably 
strengthens the plausibility of that conjecture is then given. A proof of the 
conjecture is provided in the subsequent Sect. 2.1.12.4, for the cases (i)- 
(v) (see Sect. 2.1.12). 

N 

Remark 2.1.12.3-1. Addition of a term ^gMn) ^ the Hamiltonian 

n=l 

(2.1.12.1-1), so that it read 

H{q,£,s)=-Y, [Kis P„',q) + g„{q„)] , (1) 



with h„(p\q) defined by (2.1.12.1-2,3,4), leads to the Newtonian equa- 
tions of motion 
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( 2 ) 



N 

'4n +Sg'Mn)4n = * 

m^l,m^n 



Proof, It is closely analogous to that given above, see Sect. 2.I.9.I. Indeed the 

iV 

addition of a term in the right hand side of (2.1.9.1-17a) only entails the 

n=l 

presence of an additional term g'„(q„) in the left hand sides of (2.1.9.1-19b) hence of 
(2.1.9.1-24), leading, see (2.1.9.1-21), merely to the addition of a term sg'„(q„)q^ to 
the left hand side of (2.1.9.1-16). 



Hereafter we focus on the special case 
gn(x)^-(^/s)x , (3) 

and correspondingly on the Newtonian equations 

JV 

4n-^4n = 4n4mHqn-^m) • ( 4 ) 

m=\,m^n 

Remark 2.1.123-2. The equations of motion (4) correspond to the 
(modified) Lax equation 

L-XL = [l,M]’ ( 5 ) 



This statement applies of course only in the context of the models under consid- 
eration, see the formulas of Sect. 2.1.12. It is easily proven by retracing the treatment 
of Sect. 2.1.8, a task that is left as an easy exercise for the diligent reader. 



Remark 2.1.12.3-3. The modified Lax equation (5) entails that the 
traces of the p-th. powers of the Lax matrix, 

Tp =trace[ 1/ ], p=l,2,... , (6) 

all evolve as follows 

Tfi) = T^(0)exp(pXt) . (7) 

In particular, if 2 is imaginary, 

X — icD , (8) 
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with 03 real and nonvanishing, the traces T^it) are all periodic in t with 
period 

T = 2^lo) . (9) 



Proof. Time-differentiation of (6) yields (using (5) and (2.1-16)) 
which immediately entails (7). 



Conjecture 2.1.12.3-4. All solutions of the many-body problem char- 
acterized by the Newtonian equation of motion 

N 

nz:=l,m^n 

with 0 ) an arbitrary (nonvanishing, real) constant and w(x) as given in 
Sect. 2.1.12, are completely periodic. 



Note that this Conjecture 2.1.12.3-4 refers to a complex extension of the RS 
model, see (10), as well as (1) with (3) and (8). 



Remark 2.1.12.3-5. If q„(t) is a solution of the equations of motion 
(2.1.12-1) (namely, of (10) with <y = 0), then q„(t ) , 

= , (11a) 

, ( 111 *) 

is a solution of the equations of motion (10). 



Proof 

4n (0 = '4'n (^) = ^'(^) eXp(z G3 1) , (12a) 

q„{t)-i03q„(f) = q”(T) [r(r)]^ = q"(T) QXip(2io3t) . (12b) 
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Insertion of (12a) and (12b) in (10) yields, up to a trivial notational change, (2.1.12-1). 
Note that , see (11b), is periodic in t with period T , see (9). 



Obviously this Remark 2.1.12.3-5 strengthens the plausibility of the 
Conjecture 2.1.12.3-4, although it does not quite prove it. Indeed the 
transformation (11), entailing a relation among the equations of motion 
(10) and (2.1.12-1), plays an important role in several subsequent devel- 
opments related to models featuring completely periodic motions (see, for 
instance. Sect. 4.5). 

2.1.12.4 Solution via the OP technique in the rational, hyperbolic 
and trigonometric cases. Completely periodic character 
of the motion 

In Sect. 2.1.12.4 we provide the solution of the RS many-body problem 
of Sect. 2.1.12 in the rational, hyperbolic and trigonometric cases. The 
Conjecture 2.1.12.3-4 is thereby proven, for these cases, via the Remark 
2.1.12.3-5. 

We focus on the more general hyperbolic case (v), see (2.1.12-11); the 
treatment also covers the trigonometric case, since to obtain the solution 
no assumption needs to be made, see below, on the constant a (see 
(2.1.12-11), which may therefore be imaginary as well as real (indeed, 
arbitrarily complex). The other cases (i)-(iv) are then easily taken care of, 
see below, by appropriate specializations of the values of the two a priori 
arbitrary constants a and (see (2.1.12-11)), as discussed in Sect. 
2.1.12 (after (2.1.12-lle)). 

The procedure is actually quite close to that of Sect. 2.1.5. Indeed the 
starting point are the two matrix evolution equations 

L=[lm] , ( 1 ) 

E = [E,M]+a{E,L} , (2) 

with the diagonal matrix E{t) defined as follows: 

E{t) = diag{ exp[2 a q„ (r)] } . (3) 



The first of these two matrix evolution equations, (1), is of course the Lax equa- 
tion, see (2.1.12-1,4,11); the second, (2) with (3), can be shown to hold by exactly the 
same argument as given in Sect. 2.1.5 (after (2.1.5-11); the key point is that (2.1.5-8) 
holds as well in the present case, see (2.1.12-4,5,lld)). 
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Since (1), (2) and (3) coincide with (2.1.5-9,10,11), one can directly 
jump to the conclusion of the treatment of Sect. 2.1.5, namely to the fol- 
lowing 

Proposition 2.1.12A-1. The quantities exp[2ag„(?)] coincide with the 



N eigenvalues of the matrix E{t ) , 

E{t) = exp[aL(0) ?] ^(0) exp[al(0) r] , (4) 

where of course now 

£(0) = diag{exp[2a?„(0)]}, £„(0) = i5„exp[2a?,(0)] , (5) 

i™(0) = 5,.?.(0) + (l-<y„)[?.(0)?,(0)]''^a[?.(0)-e.(0)] , (6) 

(see (2.1.12-4)), and a{x) is given by (2.1.12-llb), 

a(x) = sinh(a p) / sinh[a (x + //)] (7 a) 

with 

g - i smh(a //) . (7b) 



As mentioned above, the trigonometric cases obtains by the simple 
replacement a^ia; and the {hyperbolic or trigonometric) cases (Hi) re- 
spectively (iv), by replacing the definition (7a) of a{x) with the appropri- 
ate definitions as given in Sect. 2.1.12, see (2.1.12-9b) respectively 
(2.1.12-lOb). As for the rational cases (/) respectively (ii), the formula (4) 
must be replaced by 

m=m+m)t , (s) 

where 

g(0) = diag[?.(0)],e„(0) = 5 _?,( 0 ) , (9) 

while L(0) is still given by (6), but with a(x) given by (2.1.12-7b) re- 
spectively (2.1.12-8b); and in these 2 cases, the preceding Proposition 
2.1.12.4-1 is replaced by the following 

Proposition 2.1.12.4-2. The coordinates q„(t) coincide directly with 
the eigenvalues of the matrix Q(t ) , see (8). 
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These results for the rational case obtain easily from those for the hyperbolic case 
by taking the limit a->Q; otherwise, they could be obtained directly, indeed this is 
precisely what was done in Sect. 2.1.10.1 for case (i). 



From the explicit formulas (4) or (8) it is now easy to prove the Con- 
jecture 2.1.12.3-4. Indeed the Remark 2.1.12.3-5 entails that the solution 
of the equations of motion (see (2.1.12.3-4) with (2.1.12.3-8)) 

N 

4n-iOJqn = E ^(qn~qm) 5 (10) 

m=\,m^n 

which obtain from the Hamiltonian (see (2.1.12.3-1) with (2.1.12.3-3,8)) 

H = Y,\!^nisPn\^-i{G)ls)qj\ , ( 11 ) 

H=1 



with h„ defined by (2.1.12.1-6), are given, in the cases (Hi), (iv) and (v), 
by Proposition 2.1.12.4-1, and in cases (i) and (ii) by Proposition 
2.1.12,4-2, both however modified via the replacement of the time t, in 
(4) or (8) (as the case may be ), by (see (2. 1.12.3-1 lb)) 

T - [exp(z (ot)- 1]/ (i (o) . (12) 

This entails that the matrices E respectively Q , see (4) and (8), are now 
periodic in t with period T, see (2.1.12.3-9): 

E(t + T) = Eit) , (13a) 

Q(t+T)^Q{t) . (13b) 

Hence the (unordered) set of the (complex) eigenvalues of these matrices 
is also periodic with period T, and this entails that each eigenvalue, con- 
sidered as a continuous function of t, is also periodic, 

qn(t + T) = q^{t) (14) 

with period (at most) 

T=T-N\. (15) 
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This argument guarantees that the coordinates (t) have periodicity T (rather 

than T), because of the possibility that they get reshuffled through the motion (which 
now takes place in the complex plane, see (10)). The mechanism whereby this may 
happen is analyzed in Sect. 4.5, in the context of a, possibly even nonintegrable, gen- 
eralization of the simplest rational case (i). 



Note that the complete periodicity of the motion holds in spite of the 
(evident !) translation-invariant character of the equations of motion (10) 
(which, incidentally, are instead, in contrast to (2.1.12-1), not invariant 
under a rescaling t 7 = bt of the time variable). Indeed it is clear (see 
(2.1.12-2)) that (10) entail, for the center of mass 

n=l 

the equation of motion 

q-io)q - 0 , (17) 

whose solution q(t ) , 

^(0 = ^(0) + ^(0)[6xp(i£oO“l]/07a) , (18) 

is indeed periodic with period T, see (9). 



Exercise 2.1.12.4-3. We saw in Sect. 2.1.9.1 that the Lax pair (2.1.12-4,5) with 
(2.1.12-7) (“case (?)”) was a fake Lax pair. Show that (2.1.12-4,5) with (2.1.12-9) 
(“case {Hi)”) is also a fake Lax pair (although a Httle less so: in this case (Hi) the traces 
Tj , Tj and are functionally independent, but with p>3 is a function of 

and Tj ). 

Exercise 2.1.12.4-4. The equations of motion (2.1.12-1) with (2.1.12-9) (“case 
(Hi)”) have been shown in Sect. 2.1.10.3 to be solvable (see (2.1.10.3-17)). Is the 
technique of solution identical to that of this Section? Hint: compare (2.1.9.1-1) with 
(2.1.12-4,9b)). Do the two techniques yield the same solution? Reply: of course ! 

Exercise 2.1.12.4-5. The separable character of the Lax matrix (2.1.12-4,7) (“case 
(i)”) was taken advantage of in Sect. 2.1.12.2 to obtain the result (2.1.12.2-3), leading 
to (2.1.12.2-13). Try and obtain analogous results for case (Hi). 

Exercise 2.1.12.4-6. Obtain (17) from (4) and (12). 
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2.1.13 Various tricks; changes of variables, duplications, 

infinite duplications, reductions to “nearest-neighbor” 
forces, elimination of velocity-dependent forces 

In Sect. 2.1.7 various tricks were introduced and illustrated by showing 
how they work in a few exemplary cases. In Sect. 2.1.13 we revisit some 
of those tricks, and we introduce a few new ones. Our treatment is again 
based on the discussion of specific examples, this being the appropriate 
way to show how tricks work. And we naturally select now these exam- 
ples from the material presented above, after Sect. 2.1.7. 

Changes of variables. Let us review here an approach already utilized 
repeatedly above. Consider the class of Newtonian equations of motion 

E . (1) 

m,l=l 

where the primes indicate of course derivatives with respect to the inde- 
pendent variable r . Here and below we use the notation f„^{q) to indi- 
cate that the functions may depend on all the coordinates 
qj, j = . Note that these equations of motion, (1), are invariant under 

rescaling of the independent variable (r^c t) . (Verify I). 

Let us now introduce the following change of dependent and inde- 
pendent variables (see (2.1.7-2)): 

(^) = <p(i) x„ (t), T = T(t ) , (2a) 

where we keep for the moment open the option to assign the two func- 
tions g)(t) and r(f) . 

These transformations, (2), entail the following relations (see (2.1.7- 
4,5)): 

q„ (^) = [ <pQ) K (0 + (t) (t)]/ f(t) , (2b) 

= {(pit) K (0 + [2 q>{t) - (p (0 f{t) l f{t)] x„ (t) 

+ [0(t)-<p(t) x„(t) ]l[i{t)Y . (2c) 

The Newtonian equations (1) take then the following form: 

+\l{g)l(p)- (f / f)] x„ + ]f(p If) (p)] x„ 



N 

^<p E 






[Xrr, +i<Pl [X, (P)xf\f^[(p^ 



(3) 
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Two cases deserve to be singled out. For 



^ = 1 



(4a) 



(and unrestricted {q ) ), (3) take the neat form 



it) - [^(0 ! iit)] K it) it) K it) fnrne feCO] • (4b) 

m,i=l 

The close similarity among (4b) and (1) should be noted. If we moreover 
set 

r(t) - [exp (af)-l]/a (5a) 

(with a an arbitrary constant), which clearly entails r(0) = 0, r(0)=l, 
f(t) / f(t) = a , then (4b) reads 

N 

\x] . (5b) 

m/=l 



Note that these results imply the following 

Proposition 2.1.13-1. To every solution q^{r) of (1) that is analytic in 
T inside a disk centered at t = H(o with radius 1/C2, there corresponds 
(via (2a), (4a) and (5a)) a solution of (5b) with 



a -id), 



(6a) 



CD being a positive constant larger than Q , 

CD >Q, (6b) 

which is periodic in t with period 

T = 27 tI CD , (6c) 

see (5a) with (6a). And of course if all solutions of (1) possess such an 
analyticity property -- a fact which happens, presumably, only for special 
choices of the functions (if at il) — then all solutions of (5b) with 

(6a,b) are periodic with period T, see (6c). 
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The second case we like to single out is characterized by functions 
fnmM) which are homogeneous of degree -1 in their arguments, 



= /,„(?) (7a) 

(for an example, see (2.1.10-1); note that (7a) entails that (1) is invariant 
under rescaling of the coordinates (g„ ^ c^J). Then of course (3) can be 
replaced by 

+ [2 / ^) - (f / r)] + [((^/ (p)-{fl f) {<P / (p)] X„ 

N 

Let us also record the simple form taken by these equations of motion if 
the choice (5a) is made for r{t), and moreover the following simple 
choice is made for (p{t) : 

(p{t) = Q^{bt) , (8a) 

entailing of course (p{Q) = 1 . Then (7b) reads simply 

N 

x„ +{2b-a)x^ +b{b-a)x„ = ^ (x^ +6x„)(^^ • (8b) 



Exercise 2.1.13-2. Show that the solution of the initial-value problem for the gen- 
eralized version of the equations of motion (1) that obtains by replacing there 
with . where 2 is an arbitrary constant, 

can be reduced, via an appropriate change of the independent variable, to the solution 
of the initial-value problem for (1), provided attention is restricted to the class of so- 

N 

lutions whose center-of-mass does not move, ^ q[ (r) - 0 (and provided of course 

n=i 

this constraint is compatible with the equations of motion (1) ); and write the relevant 
change of independent variable in the context of the initial-value problem. Hint, see 
Sect. 2.3.6.3. 



This ends our discussion here of the implications of the “trick” based 
on changes of (dependent and independent) variables. 



128 




We do not repeat here, but leave it as an instructive task for the dili- 
gent reader, a treatment of the results (for instance, in the context of the 
RS models treated above, see Sect 2.1.12) entailed by the possibility to 
introduce particles of different kinds via shifts of the corresponding vari- 
ables, see (2.1.7-30). 

Likewise, we do not repeat here the analysis of the results implied by 
the consideration of duplications based on symmetrical configurations, 
see for instance (2.1.7-39). The diligent reader will have no difficulty to 
obtain, via such an approach, generalized versions of the models consid- 
ered above, or below. 

As an example of finite duplications, we start from the solvable sys- 
tem (see (2.1.10-1)) 

N 

7„=2 2 ] q„q„,l{qn-qj . ( 9 ) 



where we assume of course the indices r 
then set 


1 and m to go from 1 to . We 


N = N + 2M , 


(lOa) 


^«(0 = ^«( 0 , «=i,..., iv , 


(lOb) 


^«+ at (0 = (0 + iyn (0, n = 1,..., M , 


(lOc) 


qn ^ N^M (0 = (0 " ^ (0 5 « = h-, M . 


(lOd) 


It is easily seen that this ansatz, (10), is compatible with the equations 
of motion (9), and it yields the following (new, real) equations of motion: 



N 



M ^ 






(lla) 



M 

= 4 y 4 / D, 

n rwi j 



^r,[xn(x„-zJ-y„ynV[(x„-zJ^+yl], n=i,...,M , (11b) 
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M 

yn = -iA +A)I yr,^^ X A 

W=l,/«5tW 



^m\yni^n-^n)-KynW^n-^mf +y"i\> n-^\,...,M , (llc) 

m=\ 

Am A -Xm)[ (X„ -xj^ +yl +yl ]-2y„ y^ (x„ -x„)j„ 

Pm ym [ (x„ -^mf ~ yl + V^nKynl (^„ ~ X„f + y^ ~yl ] , (IM) 

Bnm = A yn [ (x„ ~xj^ + yl ~ yl ] + yn ym ym [ -yl +ym ] 

+ 2 x„ (x„ -x„)j„ +y„ x^ (x„ -xj [ (x„ -x^)^ + 3 ;^ + 3 ;^ ] , (He) 

Am =[ (\ -^mf +(yn “3^™)^ ] [ ~xjA(y„ +yj^ ] . (Ilf) 

These equations, (11), may be interpreted as the Newtonian equations 
of motion of a many-body problem on the line featuring N +2 M particles 
of three different kinds, N of one kind represented by the coordinates 
z„,n=l,...,N, and M each of two other, different, kinds, represented by 
the coordmates x^ and y^, m = 



The original system, (9), features only two-body forces and is invariant under the 
translation q„ q„+c', the new system is invariant under the (partial) translation 

z^-^Zn+c, x^ ^ x^ + c , (« = 1 ,- 5 ^; ^ = Ij— 5 -^ )s but not under the (overall) 
translation z„->z„+c, x^-^x„+c, y^^y^+c, (n = l,...,iV; m = 

affecting the coordinates of all particles. It is however possible to recreate a folly 
translation-invariant system via the change of dependent variables 

(0 = exp[a (O] , n = \,...,N , (12a) 

x„(0 = exp[a|„(0], 3^„(0 = exp[a77„(0] , (12b) 

Exercise 2.1.13-3. Write the equations of motion satisfied by the "new particle 
coordinates" tj^ , and, for N -M = 1, find the explicit solution of these 

equations of motion, or equivalently of the equations of motion (11). Hint: see 
(2.1.10.2-13). 



Exercise 2.1.13-4. Modify the equations of motion (11), and the equations of mo- 
tion obtained from (11) via (12), so that all their solutions are periodic. Hint: note that 
the system (11) belongs to the class (1), and see. Proposition 2.1.13-1. 
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Infinite duplications. This trick has been described in Sect. 2.1.7, see 
the treatment beginning with (2.1.7-47). It will be instructive for the dili- 
gent reader to use this approach to obtain, in the context of the equations 
of motion (2.1.12-1), for instance, (2.1.12-9a) from (2.1.12-7a) and like- 
wise (2. 1.12- 11 a) from (2.1.12-8a). 



Hints: see (2.1.7-49), and take advantage of the identities 



^ {x + i sk! a)~^ - a cotanh {a x) , (13a) 

j’=-co 

+ -ix-ig)~\ (14) 

cotanh(x + iy) = [c otanh(x) cotan(>') + z] / [c otan(j;) -i- i cotanh(x)] (15) 

(actually (13a) should, more rigorously, be written in the following form, see eq. 
1.421.3 of <GRJ94>: 

x"* +2x^ (x^ +s^n:^ / =a cotanh(ax), (13b) 

5=1 



to eliminate any doubt about the convergence of the infinite sum in the left-hand side 
of (13a)). Let us mention that the version of (2.1.12-lla) that will be obtained in this 
manner from (2.1.12-8a) will feature the quantity sin(g) in place of g, a modifica- 
tion that amounts merely to a notational change. 



The diligent reader is also advised to revisit more generally the treat- 
ment of Sect. 2.1.7 (from (2.1.7-49) to (2.1.7-55) ), in the context of the 
RS many-body problem, see Sect. 2.1.12. 

Next, we discuss again the trick, see (2.1.7-56), whereby models in- 
volving only "nearest-neighbor" interactions are obtained from certain 
models with pair forces. To illustrate how this works in the context of RS 
models, see Sect. 2.1.12, we rewrite (2.1.12-2) as follows: 



and we focus on the assignment (2.1.12-lla), 
w(x) = 2 a cotanh(ax) / [g ^ + sinh^ (a x)] . 



(17a) 




Here the sign of the real constant a is irrelevant, 
definiteness we assume that a is positive, 


Hereafter, for 


a > 0 . 


(17b) 


We then set 






(18a) 


- {2/ cY exp(2al) , 


(18b) 


and take the limit obtaining thereby 




'4n = 2 a[ g„_i / {l + exp[2 a{q„ -q,_,)]] 




- 4n / {l + exp[- 2a(q„- ) ] } ], n = l,...,N-l , 


(19a) 


4i =-2aq^q^/{l + c^ exp[- 2aiq^-q^)]} , 


(19b) 


4n ~2a^^ 4n-\ /{l + c exp[2a(^j^^ — ^jy_i) ]} . 


(19c) 



Proof. From (16), (17) and (18) we get 

iV 

Z ’ (20) 

with 

^nm (^j -2a cotan{ a\x+A.{n- m)]}- 

•{l + c^[exp{a[x+;i(n-m-l)]} - exp {-a [x + >1 (« - m + 1)]}]1‘‘ ■ (21) 

In the limit /I —>oo (with (17b)), this yields 
^nm °°) = 2a sign(?z - m ) • 

• { [l + exp(2ax)]"' + [l + exp(-2 ax)] } , (22) 

and the insertion of this expression in (20) clearly yields (19). 

The " Ruij senaars-Toda" (RT) system (19) is of course integrable, in- 
deed, as the system from which it has now been derived, its solution can 
be reduced to purely algebraic operations. 
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Let us recall that the solution of (2.1.12-1) with (2.1.12-lla) is detailed in Sect. 
2.1.12.4. We leave it as an instructive (unnumbered!) Exercise for the diligent reader 
to provide an analogous treatment for the system (19). Such a procedure, as well as 
the Lax pair associated to (19), can of course be derived from the corresponding re- 
sults for the system (2.1.12-1) with (2.1.12-11) (conveniently rewritten by replacing 
?n(0 by q„ if ) , which amounts merely to a notational change), via (18) followed by a 
careful scrutiny of the limit /I -> oo . 



There are two other interesting many-body systems with nearest- 
neighbor interactions that are easily obtained from the RT system (19). 
They read: 

Un ,« = 2,...,A^-l,(23a) 



== wf / Mi - Ml ^2 / [“2 (^1 - ^2 )] 5 (^^b) 

Un ~ ^ ~^N ^N-l ^ ’ (23c) 

and 

=-v„[v„-i/(v„ -v„_i) + Vi/(v„ -v„^i)] , m = 2,...,W-1, (24a) 

v’l = -Vi V 2 / fri - V 2 ) , (24b) 

l(yN - ^N-X ) ' (24c) 



To derive the system (23) from (19) we set 

M„(0 = exp[2fl^„(0] . (25a) 

entailing 

UnlUn=2aq„ , (25b) 

M„ / M„ = (m„ / M„ )^ + 2a q„ , (25c) 

hence, via (19a) and (25), 

Un = K M„_1 / (m„_i + c" M„ ) - M„ M„^j M„ / [m„^j (m„ + M„^l )] , (26) 
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which coincides with (23a) for 
c"=-l . 



(27) 



The derivation of (23b,c) from (19b,c) is completely analogous. 

To obtain (24), one can set, in (23), 

. (28) 

and then take the limit A oo . Alternatively, and equivalently, one can set (27) in 
(19) and then take the limit a -» 0 . This yields again (24), except for the notational 
replacement of by . 

Note that (19) and (24), but not (23), are translation-invariant; moreover, (23) and 
(24), but not (19), are invariant under rescaling of the dependent variables {q„,u^, or 

, as the case may be); and all three systems, (19), (23) and (24), are invariant under 
rescaling of the independent ("time") variable. Also note that all these systems, (19), 
(23) and (24), belong to the class (1) (up to trivial notational changes); hence addition 
to these (integrable !) equations of motion, (19), (23) or (24), of a term i a q„ (or 

i(ou^, or icov^, as appropriate), with (d a nonvanishing real constant, yields new 

(complex) equations of motion featuring only completely periodic solutions (see the 
discussion above, after (5a)). 



Let us finally introduce a trick whereby certain equations of motion 
featuring velocity -dependent forces are reduced to equations without 
such forces. As usual, rather than presenting a “general” approach, we il- 
lustrate the procedure by applying it to a specific example. 

Let us take as starting point the equations of motion (2.1.12-1) with 
(2.1.12-8a), which we write here in the convenient form 

t =2 X + , (29) 

(for notational convenience we replaced g with s). 

We now set 

(0 = (0 +{g!s)t , (30a) 

entailing 

q„=g!s + q„ , q„=q„ , (30b) 

so that we get from (29) 

'4n =2g-^ Yu g)q^]/ {iq^-qj[iqn-qj'^ (31) 
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It is then clear that, in the limit ^ ^ 0 , (31) become 



JV 

^ (.q„-q„y , 

m=\,m*n 



which coincide with (2.1.2-5). 



(32) 



This result should not come as a surprise: see (2.1.8-3a) and the treatment fol- 
lowing this equation. 

Exercise 2.1.13-5. By an analogous treatment obtain (2.1.5-5) from (2.1.12-1) 
with (2.1.12-lla) and, more generally, (2.1.4-33) from (2.1.12-1) with (2.1.12-6a). 

Exercise 2.1.13-6. Explore the connection entailed by this trick among the Lax 
pairs, as well as the techniques of explicit solution, of the RS models, see Sections 
2.1.12 and 2.1.12.4, and those of the models featuring no velocity-dependent forces, 
see Sections 2.1.1, 2.1.3.2 and 2.1.5. 

Exercise 2.1.13-7. To what extent can this connection (see Exercise 2.1.13-6) be 
interpreted as the nonrelativistic limit of a relativistic model ? Hint: see Sect. 2.1.12.2. 

Exercise 2.1.13-8. Repeat the analysis of the three preceding exercises in the 
context of models with nearest-neighbor interactions only: in particular, obtain (2.1.7- 
57) from (19). 



2.1.14 Another Lax pair corresponding to a Hamiltonian 
many-body problem on the line. 

The functional equation (***) 

In Sect. 2.1.1 a convenient representation of a Lax pair was introduced, 
see (2.1. 1-1,2), and in subsequent sections results that obtain from this 
ansatz were reported. Likewise, another (in fact more general) represen- 
tation of a Lax parr was introduced in Sect. 2.1.8, see (2.1. 8-1, 2), and its 
implications were treated in subsequent sections. We now introduce a 
third representation of a Lax pair and, in the following Sect. 2.1.15 and its 
subsections, we investigate results that flow from it. 

The Lax pair we now introduce reads 



Lnn.^iPnPmf^<qn-qm) ^ 


( 1 ) 


M„^={p„pJ'^y{q„-qJ , 


( 2 ) 



where we are of course assuming that the two functions a{x) and y{x) 
are finite at x=0 . 
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Remark. These equations, (1) and (2), are rather similar to (2. 1.8-1, 2): indeed the 
resemblance among (1) and (2.1.8-1) is reinforced by (2.1.11-5), which entails that (1) 
obtains from (2.1.8-1) via the replacement of qj with Pj . But this replacement corre- 
sponds in fact to an important change, since for the system we are now considering, as 
indeed for the system that obtained from the ansatz (2.1.8-1,2), there does not hold the 
relation (2.1.1-6) (nor (1.2-25a), with //„ =1): see (5a) below, and (2.1.12.1-5a) with 
(2.1.12.1-2). 

One might also consider a more general ansatz for M, including an additional 
diagonal term of type 

’ (3) 

t=\ 



in the right-hand side of (2). But this does not entail a significant generalization. We 
leave an exploration of its implications as an exercise for the diligent reader, who can 
usefully consult in this connection the relevant papers referred to in Sect. 2.N. 



It is now easily seen that the Lax equation, 



L=[l,m] , (4) 

with the ansatz (1) and (2), corresponds to the Hamiltonian equations 

P„f{q„-qJ , (5a) 

m=\ 

N 

Pn ^-^Pn'E Pm f'i^n ~^m) ’ (5b) 

m=i 

entailed by the Hamiltonian 

PnPmfi^n-^m) ^ ( 6 ) 

n,m=\ 

provided the even (see (6)) function f(x) , 

fi-x) = f(x) , (7a) 



satisfies, together with the two functions a(x) and y(x), see (1) and (2), 
the following functional equation (***); 



136 




(* * *) 2 a'(x + y)\f{x) - f{y)]-a{x + y) [f{x) - f{y)\ =a{x)y (y) - a{y) r(x) .(8) 



Proof. The diagonal term of the Lax matrix equation (4) with (1) and (2) yields 

N 

But the functional equation (8), for y = -x, yields, using (7a) (or rather the relation 

n-x)=-f'{x) (7b) 



entailed by (7a)), 

-2a(0) f'{x) =a{x) y(-x)-a(-x) y(x) . (10) 

Insertion of this expression in the right-hand side of (9) demonstrates that this formula 
coincides with (5b). 

Let us then look at the off-diagonal terms of the Lax equation (4) with (1) and (2). 
One gets 

^[(Pn IPn)^iPm ' Pm)] + ~Pm) ~^m) = 

= Y Pe -(h) ri(h -(lm)-(^{(h -Qm) ViPn ' (H) 

^=1 

We now use, in the right hand side of this equation, (11), the formula (see (8), with 

x = q„-qt, y^q^-qj 

«(?„ -qd riPi -qm)-(^iqe -qm) riPn -qd 

= \f'K “?„)]’ 

( 12 ) 

and then equate the terms which multiply cr(g„ -q„) respectively a'(g„ -?„) • We 
thus obtain (5b) respectively (5a): in each case twice, namely once for the index n 
and once for the index m . 

The proof is thereby completed: the matrix Lax equation (4) with (1), (2), (8) and 
(7) is equivalent to the Hamiltonian equations of motion (5). 
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2.1.15 A simple solution of the functional equation (***), 

and the corresponding Hamiltonian many-body problem 
on the line 



A simple solution of the functional equation (***), see (2.1.14-8), reads 



a(x) = c sm(ax/ 2) , 



r(x)=o , 

f(x)=X + ju cos (ax) 



( 1 ) 

( 2 ) 

( 3 ) 



Proof. 

2a'(x-\- y) [/(x) - f(y)]-a (x + y) [f(x) - f(y)\ 

= a c // { cos [a (x + j) / 2][cos (a x) - cos (ay)\-^ sin [a (x+y)l 2][sin (a x) - sin 

= ac//{cos[a(;;-x)/2]-cos[a(x-y)/2]}=0 . (4) 

Here the first step has been made by using the expression (1) and (3) of a(x) and 
/(x) , and the second step by using (twice) the trigonometric identity 
cos(^)cos(5) + sin(^)sin(5) -cos(A-B). The final result demonstrates the valid- 
ity of (2.1.14-8) with (1), (2) and (3). 



We now note that, in this case, thanks to (2.1.14-2) and (2), the Lax 
equation (2.1.14-4) entails 



L-0 . (5) 

Hence in this case, not only the eigenvalues of the Lax matrix L, but 
every matrix element of Z is a constant of the motion. Let us focus, for 
notational convenience, on twice the squares of these matrix elements: 

=2p„p„ sin^[a(^„ -qj/2]^p„ p^{l-cos[a(q^ ~qj]} • (6) 

Note that there are ^N(N-l) constants since clearly =c^ and 
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Not all these ^N(N -1) constants of the motion are in involution, but 
it is easily seen that 

= 0 if n' ^n,n' ^n,m' itm , (7) 

and moreover that, if one defines 

M 

K = t,c^, M = 2,3 N, (8) 

n,m=\ 

then 

[ft«.A«']=0 ■ (9) 



Proofs. From (6) 






(10) 


Idp^ p^ +8^ p„) sin' [a(^„ -g„,)/2] . 


(11) 


Hence, see (1.2-4), 





N 

= {{5„, p„.)p^ p^ • 

£=I 

• sin [a {q„ - )] sin^ [a (g„- -q^,)/ 2]}- (n n',m <r^ m') 

= 2 (S„„, p„. -5^,p^. +S„^. p„. -8^^ p^)p„ p^ ■ 

• sin [a (q^ - q^ )] sin^ [a -q^)ll]-{n^ n', m<^m'), (12) 

and this proves (7). 

To prove (8), let us assume, without loss of generality, that M' >M , and let us 
note that the definition (8) entails 

M M' M M' M' 

V Z + Z Z + Z Z • (13) 

n=l m=M+l n=M+l m=l n=M+l m=M+l 

Hence, see (8) and (7), 

MM’ MM’ 

n,m=l m’=M+l n,m=l n’=M+l 
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(14) 



M M' 

^ I \pnm^^ nm' ] * 

n,m=\ m'=M+l 

To perform the last step we used the symmetry of , see (6). 

We now use (12) (as well as c^^=0, see (6)): 

M M' 

[V.^A/] = 4E Z PnPmPni- 

n,m=\. m'=M+\ 

' {s m[a (^„ - )] sin^ [a (q^ -q^,)/2]~ sin[a {q„ - q ^, )] sin^ [a {q^ -qjll]} 

M M' 

= E PnPmPm'Mpiqn-^my'AM.^i^ln-^JlA' 

n,m=l m'=M+\ 

• { cos[a {q„ -qjn] sm[a {q„ -q^,)H]-- cos[a {q^ -q^.)l l\ sin[a (q^ ~qJ/2]} 

M M' 

= 8 Z Yu Pn Pm Pm' sm[^^ (?„ ~qj^2] sui[a iq„ -qJ/2] sin[fl(^^ -^„')/2]. (15) 

To make the second step we replaced sin[a(g^ -^^)] with 
2 sin[a(g^ cos[a(q„ -q^)/2] , and likewise for sin[a(^„ j while in. 

the last step we used the identity cos (^) sin (5) -cos (5) sin (^) = sin (5-^) . Now 
the summand in the right hand side of the last equation is antisymmetrical under the 
exchange of the two dummy indices n and m , which are summed over the same 
range. Hence the sum vanishes, and (9) is proven. 



It is thus seen that the many-body system defined by the Hamiltonian 
(see (2.1.14-6) and (3)) 

if=/lP'+/r 2 /7„i7„cos[a(g„-qj] , (16) 

n,m~l 

where P is the total momentum, 

P = tp. - (17) 

n-l 

is integrable: it possesses the N-l constants of motion in involution (8), 
An additional constant of motion is the total momentum P , 

P = 0, (18) 
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or the Hamiltonian itself, see (16); note that these two constants are re- 
lated to the constant of motion see (8), as follows: 

. (19) 



This relation is an immediate consequence of (8), (6), (16) and (17). 

Note that the translation-invariance of all the constants of motion , see (8) and 
(6), and of the Hamiltonian H , see (16), implies that all these quantities Poisson- 
commute with P . 

Let us also emphasize that the term /I P^ in the right hand side of (16) could be 
replaced by an arbitrary function of P , say g{P), without modifying, other than 
trivially, the evolution of the system. Indeed the additive presence of a term g{P) in 
the Hamiltonian has the only effect to induce the same, additive, linear time- 
dependence g'{P) t on all the canonical coordinates q„ (t ) , and it has no effect on the 

canonical momenta (t ) . In particular, see below, the only effect of the term X P^ 
appearing in the right-hand side of (16) is to add the linear term 2X Pt to all q„{t)'s 
(hence one could, without any significant loss of generality, set >1 = 0, although we 
refrain from doing so). 



The equations of motion of this many-body problem read (see 
(2.1.14.5) and (3)) 

4„=2^ ;?„{^+//cos[fl(^„-^„)]} , (20a) 



Pn=2app„^ i?.,„sin[a(g„-g„)] . (20b) 

m=l 

There is no straightforward way to write them in Newtonian form. 

This system is not only integrable: it is solvable, indeed, as we show 
in the next Sect. 2.1.15.1, its general solution can be exhibited in com- 
pletely explicit form. 

2.1.15.1 Explicit solution 

In Sect. 2.1.15.1 we report the general solution of the Hamiltonian equa- 
tions of motion (2.1.15-20). It reads 

q„(t) = (a f a) + 2{X + p) P t 
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-(2/a)arctaa{2a/i[(P-^)/<»] taE[o(f-?„)/2]} , 

(0 = (0) { ^ ^ cos [co{t -t„)]} I [P+ A cos {a ?„)} , 



(la) 



(lb) 

(l c) 

In these formulas a, X and fi are the constants that appear in the Hamil- 
tonian (2.1.15-16,17) and in the equations of motion (2.1.15-20), P is the 
total momentum, see (2.1.15-17), and the two constants a and A are de- 
fined by the expressions 



a = arctan(5/C)-2a//P? , (2a) 

A = {C^+sy^ , (2b) 

where 

N 

C = Yu Pn cos(a^„) , (3a) 

K=1 

5 = X P«sin(a^J . (3b) 

n=\ 



These two quantities, C and S , evolve in time (unless 2+// = 0, see (6) 
below), but the two quantities a and A , defined by (2) and (3), are time- 
independent (see (12) and (13) below); hence they, as well as the total 
momentum P, see (2.1.15-17), can be evaluated, via (2) and (3), at the 
initial time ? = 0 , namely in terms of the initial data (0) , p^(0 ) . Finally, 
the quantities p^{0), appearing in the right-hand-side of (lb), are of 
course the initial values of the canonical momenta p„{t); while the N 
constants t„ are determined, in terms of the initial coordinates q„(0), by 
the requirement that (la) hold at r = 0 . 

Note that the time-evolution of the coordinates q„(t), except for the 
linear contribution displayed by the second term in the right-hand side of 
(la), is given by a "universal" function of t (namely, the same function of 
the time t, independent of the index n, for all the q„'s), evaluated, for 
each g„, at an appropriately shifted time see (la). Also note that, as 
indeed entailed by the equations of motion (2.1.15-20), the coordinates 
q^{t) are defined mod(2;r/ a) ; as they evolve over time, this ambiguity is 
of course lifted, for each of them, by the requirement of continuity. 
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We have written the formulas (1) in the manner which is most appro- 
priate to the case characterized by the inequality 

P^-A^=h^>0. (4) 

The validity of this inequality depends on the initial conditions; it is 
clearly satisfied if all the initial momenta, p„{Q), have the same sign (see 

(2.1.15-8) and (2.1.15-6), as well as (2.1.15-17), (2b) and (3) which entail 
the equality in (4)). When the inequality (4) holds, clearly the canonical 
coordinates q„{t), except for the linear drift represented by the second 
term in the right-hand side of (la) (absent if 2+// = 0), are all periodic 
with period 

T -Ik I CO , (5) 

see (Ic); likewise, if the inequality (4) holds, the canonical momenta 
are all periodic with the same period, and never vanish (so that their 
signs are determined by their initial values). 

If instead the inequality m (4) does not hold, then the solution (1) is 
perhaps better written in the following (equivalent) form: 

q„ (t)={a/a) + 2(Z + p)Pt 

-(2/a)arctan{2fl//[(P-a)/v]tanh[v(?-/„)/2]} , (6a) 

Pn (0 = Pn(.^){P+^ cosh[v (t - )] }l{p + A cosh(v ^ j} , (6b) 

V = 2a/i{A^ -P^)^'^ . (6c) 

In this case neither the canonical coordinates ^„(0? nor the canonical 
momenta are periodic; note, however, that also in this case the ca- 
nonical momenta never vanish (this general property is indeed already 
apparent from (2.1.14-5 b)). 



Here and below we assume that the constant a is real, and of course that the ca- 
nonical coordinates and momenta, q^ {t) and p„ (t) , are real as weU. The reality of 
the canonical coordinates and momenta, q„(t) and p„(t), is also compatible with a 
purely imaginary choice for the constant a , namely with the replacement of a with 
i a , which amounts essentially to a replacement everywhere (in the Hamiltonian, in 
the equations of motion, in the expression of the solution: see (2.1.15-16), (2:1.15-20) 
and (1)) of the trigonometric functions with their hyperbolic counterparts. We leave 
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the exploration of the model obtained in this manner as an interesting exercise for the 
diligent reader. 



Let us now prove that (1) provides a solution to the equations of mo- 
tion (2.1.15-20). The following three remarks are instrumental to this end. 

Remark 2.1.15.1-1. The Hamiltonian (2.1.15-16) can be rewritten, via 
(3) and (2b), in the simple form 



H = + S^) = + fiA^ . (7) 

Remark 2.1.15.1-2. The evolution equations (2.1.15-20) can be recast 
in the following form: 

=22P+2//[Ccos(a^„) + iS'sin(ag„)] , (8a) 

p„=2afip„ [-S cos(a + C sin(a q „ )] , (8b) 

with P , C and S defined by (2.1.15-17) and (3). 

Remark 2.1.15.1-3. The quantities C(t) and S{t), see (3), evolve ac- 
cording to the following linear evolution equations: 

C^-pS , (9a) 



S = pC , 


(9b) 


p = 2{X+p)aP . 


(9c) 



Proofs. (7) follows from (2.1.15-16) and (3) (as well as (2b)), via the trigonomet- 
ric identity 

cos[a(jj^-qj] = cosiaqJcosiaqJ + sm(aqJsm{aqJ . (10a) 

This identity, and the analogous one, 

sm [« {qn = sin(a qf) cos(a qj - cos(a qj sin(a qj , (10b) 

are also instrumental to show, by inserting the definitions (2.1.15-17) and (3) in the 
right hand side of (8), that these equations of motion coincide with (2.1.15-20). 
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Finally, to prove (9), let us time-differentiate the definitions (3): 

N 

^ = Z {Pn^os(aqJ-ap„q„sm{aq„)} , (11a) 

«=i 

N 

{F„sin(a^„) + ap„4„cos(a^j} . (11b) 

«=i 

We then use (8) in the right-hand sides of (11a), getting thereby 

iV 

^ = Z C 0 S^(a^J + Csin(fl^ J cos(aqj]-2XPa sm(aqj 

n=\ 

-lap [Csin(ag„)cos(a^„) + 5' sin '(«?,)]} (12a) 

= -2apPS-laXPS . (12b) 

To get the last equation, (12b), we used the definitions (2.1.15-17) and (3b) of P and 
5 . It is immediately seen, via (9c), that (12b) coincides with (9a). 

The proof of (9b) is completely analogous. 



The solution of (9a) and (9b) is easy: 



C(r) = C(0) cos(/70-<^(0) sin/jr) , (13a) 

S {t) -- 5(0) cos(/7 1) + C(0) sin(/7 f) , (13b) 

namely 

C{t)^Acos{yt+a) , (14a) 

S{t)-Asm{Yt+a) , (14b) 



with the 3 constants p , A and a defined by (9c), (2a) and (2b). 



Proofs. The verification that (10b) satisfy (9) is too trivial to require any elabora- 
tion. 

Summing the squares of (13a) and (13b) one gets 

^"=C'(0+5'(0 = C'(0) + 5"(0) , (15) 

which proves that A , see (2b), is indeed time-independent. 

Finally the ratio of (14b) over (14a) yields precisely (2a), while comparison of 
(13a) with (14a), and of (13b) with (14b), entails 
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a = arctan[5'(0)/ C(0)] , (16) 

which demonstrates the time independence of a . 

Insertion of (14) in (8) yields 

q^=2XP + 2fj.Acos{aq^- pt-a) , (17a) 

p^=2apAsm(aq^-pt-a) . (17b) 

It is now easily seen that these (decoupled !) ODEs can be integrated to 
yield (1). 

Proofs. Let us set 

= + + (18) 
so that (17a) become (using (9c)) 

7„=-2//[P-4cos(a5'j] , (19) 

entailing 

dy/[P- Acos(ay)] --2pt . (20) 

The integral on the left hand side can be performed explicitly (see for instance eq. 
2.553.3. of < GRJ 94>) and, via (18) and (Ic), there obtains 

q„ (t) = (2/ a) arctan{2 a // [(P - A) I a>\ tan[® {t^ -r)/2]} , (21) 

which, via (18), yields (la). 

To obtain (lb) one notes that (17b), (18) and (19) entail 
P„fPn= -{d Id t) log[P-24cos(agj] (22) 

hence 

P„(0 = P„(0) {P-^cos[a7„(0))]}/{P-24cos[a7„(0)]} . (23) 

We then use (twice) the trigonometric identity 

cos(z) = [l — tan^(z/2)]/[l + tan^(z/2)] (24) 
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to obtain, from (21), 

P-A co^{aq^) = {P^ -^^)/{P+^cos[ro(?-f„)]} . 
The insertion of this expression in (23) yields (lb). 



(25) 



Let us end Sect. 2.1.15.1 with the following 

Exercise 2.1.15.1-4. Investigate the many-body system defined by the 
Hamiltonian 

^ = S Pr,PA^ + Mi<ln-^n,y] * (26) 

n,m=l 

Hint: Note that this Hamiltonian corresponds to (2.1.14-6) with 

f{q) = X + fiq^ . (27) 

Then in (2.1.15-1) replace c with 2c! a, in (2.1.15-3) replace X with 
2+2^/a% set n = -2JHa^, take the limit a->0 and then eliminate all til- 
des. Or, more directly, perform this same transformation on the Hamilto- 
nian (2.1.15-16). 



2.1.15.2 Reformulation via canonical transformations 

Another approach to the solution of the problem characterized by the 
Hamiltonian (2.1.15-16,17) is via appropriate canonical transformations. 
We indicate two of them in Sect. 2.1.15.2. 

Firstly, let us set 

=exp(m^„), T]„=-i{pJa)ex^{-iaq„) , (la) 

=-za"Hog(4), Pn=ia^^T]„ . (lb) 

This transformation, from the ("old") canonical coordinates and mo- 
menta q„, p„, to the ("new") coordinates and momenta is canoni- 
cal. 
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Proof. 



d^Jdq^^S^^ia^n ^ a4^„/a/?^=0. 


(2a) 




(2b) 


Hence (see (1.2-4)) 




[^n’Pmh^nm X^n’Lhbn’Vmh^ • 


(3) 



It is now convenient to introduce the quantities 

* = 0 . 1.2 . ( 4 ) 

fl=l 

and to note that there then hold the following equations; 

P==iaE, , ( 5 ) 

H^~a\XEf+juE,E^) ; (6) 

l=~a\ME^+2;^E,^^+MEoen) , (7a) 

n„^ia^nS^E,^pE,^n) ; (7b) 

E^={l-s)pE^ , 5 = 0,1,2 , (8a) 



/3 = 2a^{X + fS)E^=-ir , 

7^.(0 = ^.(0)exp[(l-^)y^r] , ^ = 0,1,2 . 



(8b) 

(8c) 




The evolution equations (7) are the Hamiltonian equations, see (1.2-1), entailed 
by (6) and by the relations 

dEjd?j„=^: ( 10 ) 

entailed by (4). 

The evolution equations (8a) with (8b) obtain by time-differentiation of the defi- 
nitions (4) (separately, for 5 = 0 , >? = 1 and s = 2), using (7); note that (8a) with ^ = 1 
entails that , hence p , see (8b), are time-independent; and this entails (8c) (from 
(8a)). Finally, the consistency of (8b) with (2.1.15.1-9c) is guaranteed by (5). 



The structures of (7a) and (8c) suggest the position 
^«(0 = l„(0exp(-;50 , (11) 

entailing 

|,(0 = -AaM^2(0)-2£,(0)l'.(0 + £.(0)[ll(tff} , (12) 

an ODE with constant coefficients that is immediately integrated (by 
quadratures), yielding 

4 (0 = {E^+i[col{2fia^)] cotan[n)(?-r„)/2)]}/£o(0) , (13a) 

with 

a, = 2fia[E,(0)E^{0)-E\]"‘ , (13b) 

where the (integration) constants r„ are determined by the initial condi- 
tions, see (11), 

4(0) = 4(0) = fe+[^y/(2A«^)]cotan[-or„/2]}/Eo(0) . (13c) 



(The diligent reader will check the consistency of the definitions (13b) 
and (2.1.15.1-lc)). 

Via (11), (13c) yields 

4 (0 = exp(-^ 0 te + /(2 // )] cotan[®(r - r„ ) ll] }/ E^ (0) . (14) 

Hence, via (7b) and (8c), 

7„=7„{2(2+//)a^Ei+n;cotan[6;(?-r„)/2]} , (15) 
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and this can be immediately integrated by quadratures, to yield 

In (0 = In ( 0 ) exp[2 {X + fi) t] {sin[c?(r„ - 1)/2]/ sin(r„ / 2)f . 



(16) 



Exercise 2.1,15.2-2. Verify that, via (1), these expressions of ^^{t) and 



yield (2.1,15.1-1). Hint: use the following two identities: 

2 log[z x+ycotan(^)]=log(>'^ -x^)+4 z arctan[ztan(^-^o)] , (17a) 

2 = (;c/y){[l-(y/x)"r-l} , (17b) 

=-<■(*/;') {[1-(1'/^)M+1} ; (17c) 

2 [x sin(0)-;v cos(^)]sin0 = +y^)'^^cos [2{e-e,)\ , (18a) 

tan(2 • . (18b) 



As we just saw, the canonical transformation (1) provides an alterna- 
tive, perhaps more elegant, route for the solution of the problem charac- 
terized by the Hamiltonian (2.1.15-16,17). But this approach appears in 
fact more suitable to treat the case in which the parameter a is purely 
imaginary, because only then the transform (1) is real, namely it maps 
real variables into real variables. We introduce now another canonical 
transformation, which is instead real when the parameter a is real. How- 
ever, in this case, we only report some of the formulas relevant to this 
new approach, leaving their proofs, as well as the derivation (for the 
third time !) of the explicit solution of the problem, as an exercise for the 
diligent reader. 

The canonical transformation among the "old" variables q„, p„ and 



the “new” variables x„ , _y„ reads 

=2 (p„ / sin(ag„ 12) , y„=2 (p„ ! cos{aq„ 12) , (19a) 

= (« / 4) +yl) , q„ =(2/ a) arctan(x„ /y„) . (19b) 

And there hold then the following formulas: 

bn^ymh^nm’ [Vm] = [y n^y = ^ \ (20) 

H=XP'^ +S^) , ( 21 ) 
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with 



P = (alA)f^(xl+yl) , ,( 22 ) 

n=l 

C = (al4,)f^(rxlyyl) , (23a) 

n=l 

S = {al2)Yj \ yn (23b) 

n=l 

x, =a\^Sx,+(XP + fiC)y,] , (25a) 

y, =-a\^Sy, + (XP-f,C)x„] , (25b) 



which are easily seen to entail (2.1.15-18) as well as (2.1.15.1-9), hence 
(2.1.15.1-13,14). 



2.1.16 A nonanalytic solution of the functional equation (***), 
and the corresponding Hamiltonian many-body problem 

The functional equation (***), see (2.1.14-8), admits a more general so- 
lution than that presented at the beginning of Sect. 2.1.15, see (2.1.15- 



1,2,3). It reads as follows: 

a{x) = cos (a X / 2) + M sign(x) sin(a x / 2) , (1) 

y(x) -afj.' [sign(x) cos (ox/ 2) - sin (ax/ 2)] , (2) 

/(x) = 2 + // cos (a x) + sign(x) sin (a x) , (3) 

M={[i+(//^)^]'"-i}-/{[i+(//;<)^r+i]}‘" . (4) 



Without loss of generality we assume throughout Sect. 2.1.16 that a is a 
constant, a>0. 



A comparison of (3) with (2.1.15-3) clarihes in which sense this solution of the 
functional equation (***) is more general than that given at the beginning of Sect. 
2.1.15. However, for fj! = 0, while (3) becomes (2.1.15-3), (1) and (2) yield 

a{x) = cos (a X / 2) , (5) 

y{x) = -2/j. a sin(ax/ 2) , (6) 
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which differ from (2.1.15-1,2). The diligent reader may verify that these expressions, 
(5) and ( 6 ), together with (2.1.15-3), do satisfy the functional equation (***) (this is of 
course implied by the result proved below). 

To verify that (1), (2), (3) and (4) satisfy the functional equation (***), see 
(2.1.14-8), we must show that the following expression vanishes; 

a'" {la' {x + y)[f (x) - /(;;)] -a(x + y) [/'(x) - f'(y)] - [a (x) r(y)-G( O) 7 W] } 

= {-sin[a {x+y)/l]+M sign(x + y) cos [a(x+y)/2]y 

• {pi [cos(ax) -cos(ay)]+ //'[sign(x) sin(ox:) -sign(>’) sin(qy)] } 

- (cos[a (x + y) / 2 ] + M sign(x + y) sin[a (x + y) / 2 ] } • 

• {- // [sin(ax) -sin(a>')]+ [sign(x) cos(ox) -sign(y) cos(qy)]} 

-//'{ [cos(a xl2)+M sign(x) sin(a x/2)] [sign(y) cos(qy / 2) - sin(qy / 2)] 

-[cos(fl_y/ 2) + Msign(>') sin(ay/2)] [sign(x) cos(ox/ 2)-M~^ sin(ox/ 2)]} 

= 2 // sin[a (x + 7 ) / 2 ] - fi' [sign(x) - sign(y)] cos[a (x + y) / 2 ] 

+ M fi’ sign(x-f->') [sign(x)+sign(>’)] sin[a(x-_y)/2] 

-pi' [ +Msign(x) sign(y)] sin[a(x-_y)/ 2 ] 

+ pi' [sign(x) - sign(y)] cos[a (x+_y)/ 2 ]= sin[a(x-y)/2]Z , (7) 

Z = 2 fi- pi' [M"^ + M sign(x) sign(y)] + pi' M sign(x + y) [sign(x) + sign(j;)] . ( 8 ) 

To obtain this result we used several times the trigonometric identities 
sin(Z) sin(5) + cos(Z) cos(5) = cos(Z - B ) , sm(Z) cos(5) - cos(Z) sin(5) = sin(Z - B ) . 
We now note that the definition (4) entails, as can be easily verified, the relation 

=M + 2pil pi' , (9) 

hence ( 8 ) becomes 

Z = pi'Mz, (10) 

z = -[ 1 + sign (x) sign (y)] + sign (x + y) [sign (x) + sign (_y)] . (11) 

But z clearly vanishes: if x and y have opposite signs, obviously each square 
bracket in the right hand side of ( 11 ) vanishes, if x and y have the same sign, then 
x + y also has the same sign, hence ( 11 ) yields z = -2 + 2 = 0 . 
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The many-body problem corresponding to the Lax equation (2.1.14-4) 
with (2.1.14-1), (2.1.14-2) and (1), (2), (4) is therefore characterized, see 
(2.1.14-6) and (3), by the Hamiltonian 

N 

H = P,P„{m cos[a(q„ -qj]+p' sin\a(q„ -qj\ } , (12) 

n,m=l 

where as usual P is the total momentum, see (2.1.15-17). The corre- 
sponding equations of motion read 

iV 

i?.{2 + //cos[a(g„-0]+/sin|a(g„-0| } , (13a) 

m=l 

Pn Pm{p -qjV p' sign(^„ -qj cos[a(^„ -qj]} . (13b) 

m=l 

Of course for p' = 0 these formulas, (12) respectively (13), reduce to 
(2.1.15-16) respectively (2.1.15-20). 

The possibility to recast these equations of motion, (13), in Lax form, 
entails the existence of N integrals of motion; let us focus on the traces 
of the powers of the Lax matrix L, 

r,=trace[r], « = l,2,...,iV . (14) 

The fact that these quantities are constants of motion is implied by the 
general treatment of Sect. 2.1 (see for instance (2.1-9, 10)); to conclude 
that the corresponding Hamiltonian system, see (12) and (13), is com- 
pletely integrable one must moreover show that these N quantities are in 
involution. We prove this in the following Sect. 2.1.16.1; here we note 
that (14), with (2.1.14-1) and (1), entail 

T,-P , (15) 

r;=(M//)[H + (/;-4 + M/)P" ] . (16) 



Proofs. (15) is an immediate consequence of (14), (2.1.14-1) and (1). To prove 
(16) we note that (14) and (2.1.14-1) yield 

^2 = Z L„m = Yu Pn Pm ^ (12) 

n,m=l n,m=l 

where we also used the fact that a is even, a(-q) = a (q), see (1). We now use (1) to 
get 
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a(x)Y - cos^{axl 2) + sm^(ax/ 2) + 2Mcos{axl 2) sin(a[x|/2) , 



(18a) 



[a (x)] ^ = — (1 + )+-(!- ) cos(a x)+M sin(fl |x| ) , (18b) 

[a(x)]^ =(M///')L^+M //'+// cos(ax)+/i'sin(a|x|)] , (18c) 

To get (18b) from (18a) we used the trigonometric identities cos^(AI 2) = [cos(y4) +l]/2 , 
sin^ (A/2) = [- cos(A) +l]/2; to get (18c) from (18b), we used (9). 

We now insert (18c) in (17), and use the definitions of If and F , see (12) and 
(2.1.15-17); this yields (16), which is thereby proven. 



Of course the treatment given in Sect. 2.1.16, as weU as in the fol- 
lowing Sect. 2.1.16.1, holds equally if the constant a is replaced by fa, 
entailing generally the replacement of trigonometric with hyperbolic 
functions. A particularly interesting. instance in this case obtains for the 
special choice = since the Hamiltonian (12) takes then the neat 
form 



H = XP^+fiY, p,p^GX^[-a\q„-qJ[] . 

n,m=\ 



(19) 



2.1.16.1 Proof of integrability. A new functional equation 

In Sect. 2.1.16.1 we prove that the traces T„ defined by (2.1.16-14) with 
(2.1.14-1) and (2.1.16-1) are in involution, 

[t.,T,] = 0- n,n' = \,...,N (1) 

(see (1.2-4)). 

Since coincides with the total momentum P, see (2.1.16-15) and 
(2.1.15-17), and all the traces r„, as indeed the Lax matrix L itself, see 
(2.1.14-1), are translation-invariant, the validity of (1) for « = 1, and for 
n' = \, is trivial. Hence in the following we assume that both n and n' are 
larger than unity, say l<n' <n. 

The result (1) is proven via the following two steps. 

Proposition 2 J. 16.1-1. The quantities defined by (2.1.16-14) with 
(2.1.14-1) are in involution, see (1), if the even function a(x). 



a(—x) = a(x) , 



( 2 ) 
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satisfies the following functional equation: 

a\x) a(x-{- y + z)- a' (x + y + z) a{x) + a'(y) a(z) + a'(x) a(y) = 

=a(y + z)[jSi(x) + j02(y)+J^3(^)-M^+y + ^)] > ( 3 ) 

where the 4 functions jS^(x) are all odd, 

A(-*) = -AW. S = 1.2, 3.4, (4) 

but are otherwise arbitrary. 

Proposition 2.1.16.1-2. The (clearly even) function a(x) defined by 
(2.1.16-1) satisfies the functional equation (3) with 

Ps (^) == (« / 2) M sign(x), 5- = 1, 2, 3, 4 , (5) 

which clearly satisfy (4). 

Proofs. The proof of Proposition 2.1.16.1-1 is somewhat cumbersome. We note 
first of all that the definition (2.1.16-14) of the traces entails 



dTJdq,=n 2 , (6a) 

dTJdpj=n idLjjJdpj)Lj^j^..Xjj^ , (6b) 

and that the definition (2.1.14-1) of the Lax matrix L entails 

SLjt/8q,=(pjPt)''^(Sj,-SiJa'(qj-qi,) , (7a) 

dLj,ldp,=(pjP,y\Sj^+SJa(q,-qJI(2pJ . (7b) 



Hence, via (1.2-4) and after a little elementary algebra, 

[r„r,.]=(«H72) f p(2,3)(3,4)...(«,l)(2',3')(3',4')...(«',l')- 

[(1,2)'0',2')-(1',2')'(1,2)]/Pj, +(l.e^2)+(l'02') + (1^2,l'«-2')} . (8) 

Here we have introduced the following convenient notation: 

P^P,,-Pj.Pr,-Pj. ■ ( 5 ) 
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(1.2) = a{qj^ - ), (l',2') = a{qj. - qj , ) and so on , 

(1.2) ' = a'iqj.^ - qj ^ ), (l',2')' = a'{qj, - qj ,^ ) and so on . 



(10a) 



(10b) 

The notation (1 <-» 2) indicates a repetition of the same expression, with the indices 
j\ and j\ exchanged; likewise (T o 2') , for the indices j[ and , and so on. 

The product p , see (9), is clearly invariant under any exchange of s umm ation indi- 
ces. The product (2,3)(3,4)- ••(«,!) is invariant under the transformation 
(1 2, n •o- 3, n - 1 4,...) , thanks to the even character of a{x) , see (2.1.16-1), which 

entails, see (9), (1,2) = (2,1) and so on. likewise the product (2',3')(3',4')---(n',T) is 
invariant under the transformation (T <->• 2', n' <->3',n'-lo 4',...) . Hence 

[T„,T,]=lnn' f (p/p^.)(23)(3.4)-(n,l)a«')(«>'-l)-(3'2')- 

■[a2)'o,2')-a2')'(i2)] . (11) 

Note that the transition from (8) to (11) has involved two steps: the e limina tion of the 
3 additional terms inside the curly bracket (compensated by the replacement of the 
factor (1/2) with 2 in front of the sum), and then the sum over the index y' (using the 
Kronecker ). Of course the ratio (p / Pj, ) is independent of Pj. , see (9). Note 
that, as indicated, now (and below) the sum operates on all the indices and j[ ex- 
cept j [ . 

Let us now consider the following transformation, under which the product 
(2,3) (3,4) • • • (m,l)(l, m')(m',m'-l)”- (3',2') is clearly invariant: 

(2' -o- 2,3' o 3, ...,1 o A,...) . It is obvious how this transformation is identified, in 
terms of the above mentioned product it leaves invariant; it is also obvious that this 
transformation does not affect the ratio p! pj,^ , since it does not involve the index j[ . 

It would be easy to identify the integer h , namely the corresponding summation index 
fy ; but this identification is not needed in the following. 

Using this transformation on the summation indices we get from (11) 

[T„T,]=nn’ f (p/p^.)(2.3)(3.4)-(«,l)(l, «')(«', «'-l)-(3'2')- 

•[(l,2)'(I,2')-(l,2')'a,2) + (A2')'(A2)-(A2)'(/!2')] . (12) 

We now use the formula 

[(1,2)'(1,2')-(1,2')'(1,2) + (M')'(«)-(M)'(M')] = (2.2')[/9„ + A* + Ar +PA 

(13) 
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where 



Pn -Pd^j, -<ij'.\Pi'i -PMa 

(14) 

This formula, via (10), coincides with (3) with x = qj^ - qj^ , y = qj^ - qj, , z = -q^^ + 
hence x+y + z = qj^ -qj,_^ (recall that a(z) is even, see (2), hence a'{z) is odd, 
a'{-z) = -a'{z)). 

The proof is now completed, since the sum in the right hand side of (12) with (13) 
can be written as follows: 



^ A J2’ - 4 « J2.-4' 1^12 + Plh + PhZ + ^ 2'I ] J 



(15) 



with 

<plPj[)mOA ) • • • {n,l){\,n'){n',n'-l ) • • -(3'2')(2',2) 



(16) 



where of course p is defined by (9). Hence ^ , is symmetrical under the 

exchange of any two of the summation indices, while each of the 4 terms in the square 
bracket in the right hand side of (15), Pxi,P 2 h->Phf>Pr\ ’ antisymmetrical under the 
exchange of its two summation indices, see (14) and (4): and this of course entails that 
the sum vanishes. 

The proof of Proposition 2.1.16.1-2 is easier. The left hand side of (3) with 
(2.1.16-1) reads 

{a/ 2) ({-sin(ax/ 2) + M sign(x) cos(axf 2)}{cos[a(x + y + z) /2] 

+ M sign(x -I- y + z) sin[a(x -i- y + z) /2] } - {- sin[a(x + y + z) /2] 

+ Msign(x + y + z) cos[a(x + y + z) /2] } {cos(ax/ 2) + M sign(x) sin(ax/ 2)} 

+ {-sin(q);/2) + Msign(y) cos(oy/2)} {cos(az/2) + Msign(z)sin(az/2)} 

+ {- sin(az f 2) + M sign(z) cos(az / 2)} {cos(<^ / 2) + M sign(y) sin(qy / 2)}) 

= (a f 2) M {M sin[a(y + z) /2] [sign(x) sign(x + y + z) + sign(y) sign(z)] 

+ cos[a(y + z)/2] [sign(x)+sign(y)-i- sign(z)-sign(x-hy-i-z)]} . (17) 

To obtain this equality we used repeatedly the trigonometric identities 
sin(^) cos(5) - cos(^) sin(5) - sin(^ - B ) , 
cos(^) cos(5) + sin(.4) sin(5) = cos(^ - B ) . 



157 




We now use the identity (proven below) 
sign(x) sign(x + >» + z) + sign(j;) sign(z) 

= sign(j + z) [sign(x) + sign(;/) + sign(z) -sign(x + y + z)] , (18) 

and the definition (2.1.16-1) of a{x) , to rewrite the right hand side of (17) as follows: 
(a/2)M a(y + z) [sign(x) + sign( j) -t- sign(z) - sign(x + y + z)] , (19) 

which coincides, via (5), with the right-hand side of (3). 

This completes the proof of Proposition 2.1.16.1-2, except that there remains to 
ascertain the validity of the identity (18). This is a trivial task that can be left to the 
reader, who needs to verify that (17) holds for any compatible choice of the signs of 
x,y,z,y + z and x+y + z . There are 2^ =32 such choices, of which however only 
20 are compatible: for instance if y and z are positive, y + z cannot be negative. 
Moreover, there are two symmetries of (17) which lessen the burden of checking: this 
identity is obviously invariant under the simultaneous change of sign of x,y and z , as 
well as under the exchange of y and z . Hence one can restrict attention only to cases 
with, say, x > 0 , and among those, one need consider, of the cases with y and z hav- 
ing different signs, only those in which, say, y > 0 ,z < 0 : altogether 12 cases, of which 
8 with X > 0, 7 < 0 and 4 with x > 0 , 7 > 0, z < 0 . Of these 12 cases, 4 are incompati- 
ble, 5 yield the equality .0 = 0 , 2 the equality - 2 = -2 , and 1 the equality 2 = 2, 



Let us end Sect. 2.1.16.1 by emphasizing that Proposition 2.1.16,1-1 
entails that any one of the traces T„ defined by (2.1.16-14) with (2.1.14- 
1), or, more generally, any nontrivial function of them, can be chosen as 
the Hamiltonian of a system, which turns then out to be completely inte- 
grable provided the even function a(x) , see (2), satisfies the functional 
equation (3) with odd p,(^x), see (4). Proposition 2.1.16.1-2 guarantees 
that such a function is provided by (2.1.16-1,4) with p and p' arbitrary 
constants, hence that the system characterized by the Hamiltonian 
(2.1.16-12) is completely integrable: indeed this Hamiltonian is a linear 
combination of i; and , see (2.1.16-16) and (2.1.16-15). The question 
of the existence of other even functions a(x) which satisfy the functional 
equation (3) with (4) is open. 

Finally note that the Hamiltonian model treated in Sect. 2.1.16 and 

2.1.16.1, see (2.1.16-12), has been shown to be completely integrable, but 
has not been explicitly solved, in contrast to the model (to which it re- 
duces in the special case //' = 0) treated in Sections 2.1.15, 2.1.15.1 and 

2.1.15.2, see (2.1.15-16), which has instead been explicitly solved, see 
(2.1.15.1-1). 
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2.2 Another exactly solvable Hamiltonian problem 

In Sect 2.1.14, and in the sections following it, many-body models are 
discussed which are characterized by Hamiltonians of type (2.1.14-6). In 
particular, the solution is reported, see (2.1.15.1-1), of the model charac- 
terized by the Hamiltonian (2.1.15-16). In Sect 2.2 we report the explicit 
solution of a somewhat analogous model, characterized by the Hamilto- 
nian 



^ = E (Pn Pmf^cos{q„-qJ 



n,m=l 



( 1 ) 



Since this Hamiltonian is translation-invariant (i.e., invariant under 
q„ ~^q„ +qQ), it commutes with the total momentum ^ = E Pn- Therefore this 

«=i 

quantity is a constant of the motion. Addition of a fiinction g{P) to the Hamiltonian 
(1) would only, trivially, add the term g'(P) t to each of die canonical coordinates 
q„ {t) , with no effect on the canonical momenta {t) . We therefore forsake here 
any such addition. Note moreover that we have introduced no constants in (1); of 
course an arbitrary constant can be inserted by the trivial rescaling transformation 
(0 (0 j while multiplication of the Hamiltonian by p amounts merely to an 

analogous rescaling, pt, of time. 

Hereafter we assume the momenta to be all positive, 

A>0 . (2) 

and we take the positive determination of the square roots, see (1). It is easily seen, 
for instance directly from the equations of motion (3b), see below, that validity of this 
condition, (2), at ^ = 0 , guarantees its validity for all time ? > 0 . 



The equations of motion entailed by (1) read 

Pm^ cos[a (^„ ~qj], (3a) 

m=l 

^-'sin[a(^„-^^)] . (3b) 

W=1 
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The general solution of these equations of motion reads 



<ln (0 = (0) + arctan { sin (iV ^ / 2) cos {q^{^)-a-Ntl 2) 

/ [sin(iV tH) sin(g„ (0)-a-A^?/2) + [p„ (0)] !b\\ , (4a) 

i?«(0 = i?„(0) + 26 [p„(0)]''^sin(iVf/2) sinfe„(0)-a-iV//2] + &'sin'(i\r?/2), 

(4b) 

with the two constants a and b given, in terms of the initial data, as fol- 
lows: 



b = (2/A0{ 2 [p.(0)p„(0)]‘'^ cos[«.(0)-«,(0)]}''^ = IH'’^ IN , (4c) 

n,m=l 

a = arctan[{J^ [p„(0)f ^sin[^„(0)]}/{J] [p„(0)]^'^cos[^„(0)]}] . (4d) 

n=l n=l 

Note that the coordinates and momenta, (t) and p„ (t ) , of the «-th par- 
ticle depend on the initial data of the other particles (namely, on the 
^^(0)'s and j7^(0)'s with mj^n) only via these two quantities, b and a. 
Let us also emphasize that these formulas entail that the solutions, see (4), 
are completely periodic with period T = IN (of course the coordinates 
if) are defined mod(2;r), see (1)). 



It is trivially easy to verify that (4) hold at t = 0. The diligent reader will verify 
that (4) satisfy (3). We prefer to indicate below a route whereby the solution (4) is 
obtained from (1). 



The stating point of our treatment is the following canonical trans- 
formation: 

Un =(2i7„)''^sin(^J, v„ =(2p„)^'^cos(^J , (5a) 

Pn=iul+vl)H, q„ =arctan(M„/vJ . (5b) 

In terms of the new variables u „ , v„ the Hamiltonian (1) reads 
H +V^)/2 ( 6 ) 
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with 



N N 

n=l n=l 

and the corresponding equations of motion read 
entailing 

U=NV, V = -NU , 

U(t) = B sm(Nt + a), V{t) = B cos(A^? + a) , 
m„(0=w„(0) + (25/A0 smiNtH) cos{a + NtH) , 
v„(0 = v„(0)-(25/iV) smiNtH) sin(a + iV?/2) . 



(7) 



( 8 ) 

(9) 

( 10 ) 

(11a) 

(lib) 



Proof. To verify that the transformation (5) is canonical one must check (see (1.2- 
10)) the properties 

= ,k>^^.] = k,v,] = 0 (12) 

(see (1.2-4)), and this is a trivial task. It is likewise trivial, from the definitions (7) and 
(5a), using the trigonometric identify cos(g„ ) cos(g„ ) + sin(^„ ) sin(^^ ) = cos(g„ - ) , 

to show the coincidence of the definitions (6) and (1) of the Hamiltonian H . The equa- 
tions of motion (8) are then, again trivially, the Hamiltonian equations, see (1.2-1), en- 
tailed by (6) and (7), and by s ummin g them over n from 1 to one immediately gets 
(9) via (7). The verification that (10) satisfy (9) is trivial; moreover (10) imply 

t/(0)=5sin(a), F(0) = Bcos(a) , (13a) 

hence 

B = {[[/(O)]" +[V{Q)Y , « =arctan[H(0)/F(0)] . (13b) 

Via (7) and (5a) it is immediate to see that this definition of the constant a coincides 
with (4d), and that 

B^{2Hf^=2~^''^Nb (13c) 

with h defined by (4c). 
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Finally, clearly (11) hold at r = 0 , and to verify that they satisfy (8) with (10) one 
may conveniently use, in the right-hand sides of (11), the trigonometric identities 
sin(yl) cos(5) = [sin(^ + 5) + sin(^ - 5)]/ 2 , 
sin(i4) sin(5) = [- cos(^ + B) + cos(if - B)]l 2 . 

The last task is to show that (5) entail (4) via (1 1). Indeed, from the second of the 
(5b) and (1 1) one gets, using (13c), 

q„ (t) = arctan { \u^ (Q) + l^'^b s>m{N t/2) cos(a + Ntf2)] 

/[v„(0)-2-''^bsmiNt/2)sm{a + Nt/2)]} , (14a) 

hence, via (5a), 

(t) = arctan { [sin[^„ (0)] + ^ [p„ (0)] sm(N 1 1 2) cos(a + N t / 2)] 

/[cos[^„(0)]-h[p„ (0)]"^^^ sm{Nt/2) sm(a + Nt/2)]] . (14b) 

We now use the trigonometric identity 

arctan{[sin(^) + C]/[cos(^)-i-i)]} = ^ + arctan(F') , (15a) 

jF = [C cos(A) - D sin(^)]/ [l + C sin(^) + D cos(^)] , (15b) 

to get from (14b) 

= ^„(0)arctan{[6 [p„(0)]”^'^ sm(Nt/ 2) cos[q„iO)-a-Nt/2]] 

/ [l + & [p„(0)]"^^^sin(Wr/2) sin[^„(0)-a-Wr/2)]]} , (14c) 

which clearly coincides widi (4a). 

To get (4b) one starts from the first of the (5b) and gets, via (1 1), 

P„(t) = p„(0) + 2{B/N)^sm\Nt/2) + i2B/N)[2p„(0)Y^sm{Nt/2)- 

■ { sin[^„ (0)] cos(a + Nt 12)- cos[g„ (0)] sin(« + iVr/2)} (15a) 

which, via (13c), clearly yields (4b). 

Note that (4b) can be rewritten in the form 

F„(0 = {[f„(0)]'^^ +b sin(Nr/2) sin[g„(0)-a-Nf/2]}" 

+ b^ sud’ {N 1 1 2) cos^[(gf„(0)-a-iVr/2] , (15b) 



which displays tiie fact that (f) is always positive. 
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2.3 Many-body problems on the line related to the motion 
of the zeros of solutions of linear partial differential 
equations in i+i variables (space + time) 

In Sect 2.3, which contains several subsections, see below, the following 
idea is exploited. 

Let y/{x,t) be a function that satisfies a linear Partial Differential 
Equation (PDE) in x and t\ in particular, let us assume that 
y/{x,t) = p^{x,t) is a (monic) polynomial of degree Nmx, 

y/ix, t) = p^{x,t) = x^ +Y, (0 = n ~ 

m=l n=l 

that evolves in time according to a linear PDE, say 

[ A^+A,x + Apc^ +[ ^0 +B,x-l{N-l)A^x^ ] y/^ 

+ Cy/,,+[E-{N-\)D^x ]y/,+[D^+D^x+D^x^ ]y/^, 

-[N{N-\){A^-A,x) + NB, ]y/ = Q . (2) 



A polynomial is called “monic” if the coefficient of its term of highest degree is 
unity. 

Exercise 2.3-1. Verify that the evolution PDE (2) is satisfied by functions yr{x,t) 
that are (for all time) a monic polynomial of degree A in x . Solution: see Sect 2.3.3. 



The formula (1) represents a monic polynomial of degree N in two 
different ways: via its N coefficients , and via its N zeros x„ . This en- 
tails a bi-univocal (nonlinear) mapping among the two sets 
C = {c^,m = l,...,A} and X = {x„,« = 1,...,a}; note however that the ele- 
ments of the set C are uniquely defined, while the elements x„ of the 

set X are defined up to permutations. If the zeros x„ ^e all real, this am- 
biguity might be lifted by an ordering convention, say 

Xi < X 2 < ... < x^ . (3) 

The nonlinear mapping among the two sets C and X is the main tool 
for the developments discussed in Sect. 2.3 (including its subsections, see 
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below). We will see that certain simple, linear time-evolutions of the co- 
efficients c^{t) correspond to more comphcated nonlinear time- 
evolutions of the zeros x„{t) . We will moreover see that these latter time- 
evolutions of the N zeros x^{t) are rather naturally interpretable as many- 
body problems on the line (and, in some cases, via complexification, also 
as many-body problems in the plane: see Chap. 4). This will open the 
way to solving such many-body problems; hence this approach provides a 
technique to identify solvable many-body problems, and then to study 
their behavior. 



2.3.1 A nonlinear transformation: relationships 

between the coefficients and the zeros of a polynomial 

Let p^{x) be amonic polynomial of degree iV in x, 

/?y(x) =x^ +2 =n (x-xj . (1) 

m=l 



In Sect. 2.3.1 formulas are reported which exhibit some (weE-known!) 
expressions of the coefficients in terms of the zeros x„ . 



N 



Cl =-£ x„ =-5j , 

H=1 


(2a) 


1 ^ 1 


(2b) 






1 ^ 1 


(2c) 


" ni,n2,n^=l;niitn2,ni*n-j,nj^n^ 0 




and so on, where 




N 






(3) 



«=l 



as well as 



c^=(-fTl^n 



(4) 
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These expressions follow in an obvious way from (1). The inverse problem, to 
express the zeros x„ of the polynomial p^(x) in terms of its coefficients , can of 
course be solved in explicit form only for iV = 1, 2, 3 and 4 . 



2.3.2 Some formulas for a polynomial and its derivatives, 
in terms of its coefficients and its zeros 

Let p^{x,i) be a monic polynomial of degree N m x, whose N coeffi- 
cients c^{t) are time-dependent, as well as its N zeros x„(0 : 

y/{x, t) = p^{x,t)^x^ +Yj Cm (0 j (^) 

m-i 

N 

\{/{x, t) = p^ix,t)=Yl[x-x„(t)] . (2) 

n=i 

In Sect. 2.3.2 we report several formulas that express the (partial) de- 
rivatives of y/(x,t) = p^(x,t), first in terms of its coefficients c^(t), see (1), 
then in terms of its zeros x„(0 , see (2). 

X y/^ (x, t)=Nx^ {N-m)c^ (f) x^"”* , (3) 

m=l 

x\^{x,t) = N(N-\)x'' (N-m)(N-l-m)c,(t)x’'-'" , (4) 

m=l 

and so on; 

m=l 

¥tt 0 = E '^rn (0 

m=l 

and so on. 



(x, t) = y/{x, 0 E t 
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( 8 ) 



w, fe t) = rfe OS V- (O] ‘ {- (0} , 

H=1 



( 9 ) 



m=l,m^n 



¥.t 0 = 0 E t- (O]"' {- Z k (0 + i;;, (O] (0 - (O] ' } , (10) 



m=l,m-!^n 



N N ^ 

Wtt 0 = (Or‘ {-^„ (0+2 x„ (0 (0 [x„ (0 - x„ (O] "7, (1 1) 



m=I,OT5in 



X y/^ (x, 0 - iV 5^(x, 0 = OX [x - X„ (O] ' {x„ (0} , (12) 

n=l 

^ {x, 0 = 0 E (O] {2 X (0 k(0-^m(0]''} , (13) 






x\j/^{x,t) = y/{x,t) Y [x-x„(0]“'{- 2] (0 [K (0 + K (0][^„ (0 - (O]”' },(14) 



x^ y/^ (x, t)-N{N-X) y/{x, i) = ¥(x, t)Y [x- x„ (O] ^ {2 £ [x„ (O] ^ [x„ (0 - x„ (O] ^ I 

n=l m=l,m^n 

(15) 

x[ x^^^(x,?)-2(iV-l)x^^(x,f) + iV(iV'-l)^(x,0 ] 

= ¥(x,t)Y [x-x„(t)Y^{l Y [xn (O] " x^ (t) [x„ (0 - x^ (O] } , (16) 

n=l ffi=l,ff!^« 

X [xy^^(,x,t)-(N-l) y/Xx,t)\ 

= ¥(x,t) Y [x-x„(0]"‘{- Y ^«(0k(0^;;,(0 + ^^(0^«(0]k(0-^;„(0]“'}-(12) 



Proof. The formulas (3, 4, 5, 6) follow immediately from (1). Likewise (7) and 
(8) obtain immediately by differentiation of the logarithm of (2). 

To obtain (9) one differentiates (7) with respect to x , and uses again (7). This 
jdelds 
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[2 



(18a) 



N 

n,m=\:,rtv^n 

N -, 

¥x.=¥ Z (-^r, -Xm) J » 

n,m=\;m^n 

N N 

¥xx=^¥Tu Z (.^n-^mY^ . 

n=l m=\,m^n 



(18b) 

(18c) 

(18d) 



Exercise 23.1-1. Prove (10) and (1 1). Hint: proceed as above. 

To prove (12), one starts from (7) multiplied by x : 

N r N 

x(x-XnY^ =¥ N + T. ^n(.X-^nY^ • ( 1 ^) 

n=l L n-l 



Exercise 2. 3.2-2. Prove (13)-(17). Hint: to prove (13), multiply (9) by x and, in 
the right hand side, replaces x with x - x„ + x„ ; and so on for the other equations. 



2.3.3 Many-body problems on the line solvable via 

the identification of their motions with those of the zeros 
of a polynomial that evolves in time according to a linear 
PDE in 2 variables (space and time) 

It is now clear, by taking a linear combinations of the formulas (2.3.2- 
7 17), that to the linear PDE (see (2.3-2)) 

[ Aq+A^x+A 2X^ +A^x^ Bq+B^x- 2{N-1)A2X^ ]y/^ 

+ C\fr^+[ E-iN-XlD^x D^^D^x + D^x^ ]y/^, 

-[H{N-l){A2-A2x) + NB,]y/ = 0, (1) 

there corresponds the nonlinear “equations of motion” 
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( 2 ) 



Cx, + Ex, =B^+B^x,-2(N-l)A,xl+ 

m=l,m*n 



2CX „X„ -(X„ +X^) (Do + A^J -^2 An ^n, +4 ^n) 



+ 2 (^0 + + A ^n + ^3 ^n) ] • 

The correspondence works obviously both ways: if the N “particle 
coordinates” x„(0 evolve according to the equations of motion (2), the 
(monic) polynomial y/(x,t) identified by the N zeros x„(0, see (2.3. 2-2), 
satisfies the linear PDE (1); if a (monic) polynomial satisfies the PDE (1) 
(which because of the way it has been obtained, is guaranteed to admit 
such a polynomial solution), then its zeros x^(t) evolve according to the 
equations of motion (2). 

The equations of motion (2) are naturally interpretable as the Newto- 
nian equations of motion of a iV -body problem on the line with one- and 
two-body forces. In some cases, see below, these equations of motion are 
Hamiltonian. 



Before discussing the solvability of the equations of motion (2) let us inteqect 
several remarks and an exercise. 

Remark 2. 3.3-1. The PDE (1), as well as the ODEs (2), feature linearly the 11 
quantities C,E,B^,B^,DQ,D^,D 2 ,Af^,A^,A 2 ,A^; only 10 of these, however, play a 

role, since any one (but only one!) of these 1 1 quantities could be replaced by unity, 
by dividing (1) and/or (2) by it. 

Remark 2. 3. 3-2. As impUed by the way it has been established, the correspon- 
dence among (1) and (2) does not require the 11 quantities 
C,E,B^,B^,Dg,D^,D 2 ,AQ,Ay,A 2 ,Aj to be constant (time-independent); however, for 
simplicity’s sake, we hereafter assume these quantities to be indeed all constant. 

Exercise 2.3. 3-3. Verify that the simple change of variables 

x„ (0 = a x„ (r) + c, T = bt, ( 3 ) 

with a,b,c arbitrary constants, when inserted in (2), yields a new system which has 
the same form as (2) except for a redefinition of the constants, and evaluate the new 
constants in terms of the old ones and of a,b,c. Of course by taking advantage of 
such transformations one can in some cases reduce a many-body problem of type (2) 
to a somewhat simpler one, featuring fewer constants. 
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Exercise 2.33-4. Find the special cases of (2), obtained by setting to zero some 
of the 11 constants appearing in this equation, which are invariant in form under the 
transformation (more general than (3)) 

x„(?) = ax„(r) + c + vt, T = bt, (4) 

that features the additional (relative to (3)) arbitrary constant v . 

Remark 2.3.3-J. The above correspondence among a linear evolution PDE satis- 
ided by the polynomial of degree iV in x and the evolution equation of many-body 
type satisfied by its zeros could be extended to linear PDEs containmg x -derivatives 
of order higher than 2, say up to the order M (of course with M<N). The many- 
body problems would then feature M-body forces. Indeed, for instance. 



Hereafter we restrict for simplicity our consideration to PDEs of second order, hence 
to many-body models involving only two-body, and one-body, forces. 

Remark 2. 3. 3-6. Another extension of the approach described above includes in 
the linear PDE higher powers in x than are featured by (1). It is indeed possible to 
obtain in this manner more general many-body systems than (2), but one must then 
also add some restrictions on the initial data. 

Exercise 2.3.3-J. Explore this possibility by performing the relevant calculations, 
and then check with the original hterature <C78a>. 

Exercise 2. 3. 3 -8. Repeat the entire treatment given above, assuming that ik(x,t) , 
rather than being a monic polynomial, also feature a time-dependent coefficient mul- 
tiplying the term of highest (iV-th) order in x , and then check with the original litera- 
ture <C78a>. 

Exercise 2. 3. 3 -9. Rewrite (2) so that the summand in its right hand side be anti- 
symmetric under exchange of the two indices n and m . Hint, use appropriately the 
identity x„ = (x„ - x^ ) + x^ . 



Let us now discuss the technique to solve the initial-value problem for 
the Newtonian equations of motion (2). 

Given, at the initial time ^ = 0 , the initial positions and velocities of 
the N particles, x„(0) and x„(0) , one computes the polynomial (of degree 
N inx)^i^atf = 0,as well as its time-derivative (a polynomial of degree 
N-\ in x): 
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( 6 ) 



N 

yf{x,Q)=Yi 



n=\ 






¥t (^.0) = -K^,0) 5] x„ (0) [x -x„(0)] ' , (7) 

w=l 

(see (2.3 .2-2) and (2.3. 2-8), both, evaluated at r = 0). 

One then lets y/ evolve according to the linear PDE (1), and obtains 
thereby \i/{x,t ) . The zeros of this polynomial provide directly the coordi- 
nates x„(^) at time t, see (2.3. 2-2). 

In some cases the linear PDE (1) can be explicitly solved in closed 
form, see examples below. Otherwise the natural technique of solution is 
to follow the (linear!) evolution of the coefficients c^{t), see (2.3. 2-1), 

which is clearly given by the following equations (implied by (1), see for 
instance (2.3.2-1, 3, 4, 5, 6)): 

C c^+{N + 1 - m) Do c„_, + [(N -m)D,+ E] c^-mD^ 

+ {N + l-m){N + 2-m)A^c^_^ +{N + \-m)^N -m)A^ 

-m\p.N-m-\)A^+B^]c^+m{m+l)A^c^^^ =0, m = \,...,N . (8) 



These N equations must of course be supplemented by the prescriptions 
c_i = Cq = = 0 . The consistency of (2.3. 2.-1) with (1) is of course entailed by the 

consistency of (8) with the prescription that vanish if m<l or m>iy. 



The solution of (8) can be reduced to a purely algebraic task in the 
standard manner, but we do not elaborate on this aspect at this stage, 
since all the specific examples we treat below allow a simpler treatment 
than that appropriate to the general case (8). 



Let us however note that the system (8) becomes triangular if 
^0 = 4 = -So = Dq = 0 , or if 4 = ^2 = 0 . Moreover, if 4 = Dq = Dj = Dj = 0 , this 
system, (8), can be replaced by a much simpler, easily solvable, one, by appropriately 
modifying the ansatz (2.3.2-1): see Exercise 2.3.3-13 below. 
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Of course the solution of (8) must be supplemented by the mitial data 
c^(0), c^(0), which are given, in terms of the initial data x„(0) , x„(0) , by 
the standard formulas (see (2.3. 1-2)) 

c,(0) = -f x.(0) , (9a) 

«=1 

<;2(0)=j I , (9b) 



C3(0)=--^ E ’ 

” rti,n2n^=V;ni^n2,rt2*yi3,n^^ni 

and so on, as well as 
c,(0) = -2 i.(0) , 



^2(0)= t , 

ni^n2=^UfTi^n2 



(9c) 



(10a) 

(10b) 




X x,(0)^„ (0)1^0) 



»[ ,«2% ^"3 '”3 



(lOc) 



and so on. 

Exercise 2.3.3-10. Show that the solution of the following generaliza- 
tion of the Newtonian equations of motion (2), 

Cx„ -^Ex^ =Bq x^ — 2(-V— l)^^^ + E ~^ot) 

• [2 C x„ x^ - (x„ + x^ ) (Do + DiX„ ) - D^ x„ (x„ x„ + x„ x„ ) 

+ 2 (Jo + )] - KXn Y[ ^ (11) 

m=\,m^n 

where h{x,i) is an arbitrarily assigned (possibly time-dependent) poly- 
nomial in X of degree less than N , is given by the N zeros of the 
(monic) polynomial \if{x,t}, see (2.3.2-l,2), satisfying the following gen- 
eralized version of the PDE (1) : 
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(12) 



[ Aq+A^x + AjX^ +A^x^ ] + [ -^0 “ 2(iV - 1) AjX^ ] 

+ Cy/^+[ E-{N-\)D^x ]Wt+[ D^+D^x+D^x^ ly/^ 

-[N{N-l){A^-A^x) + NB^]\l/ = h{x,t) . 

Hint: set x = x^(t) in (12), and use the formulas that obtain from (2.3.2- 
7^17) by setting there x = x„(t) and using (2.3. 2-2), which of course en- 
tails 



iV 

w(x,t) 2 [^-^m(or 



x=x„(t) 



N 

n k(o-^m(o] • 



(13) 



Exercise 2.3.3-11. Write the generalized version of (8) which, via 
(2.3. 2-2), corresponds to (12). Hint: insert the expression of h(x,t) as a 
(given!) polynomial (of degree less than i7) in x, as well as the analo- 
gous expression (2.3.2-1) of yr{x,t) in (12), and equate the coefficients of 
the powers of x (from 0 to A^-1). 

Exercise 2.3.3-12. Repeat the treatment given in Sect. 2.3.3, but tak- 
ing as starting point a more general linear evolution equation than (2.3.3- 
2) or (2.3.3-12), say 



Cy/„{x,t) + Y. Z + + Z 

q=\ r=l q=\ 






>0+Z K. 



=^"tt . (14) 

q=\ r=\ 

with A[^ ,A^^,/^,zl,y^,z^,h^ arbitrary constants and Q',R',Q,R arbitrary 
positive integers. Hint: insert (2.3-1) in (14). Solution: see <C85e>. 

Exercise 2.3.3-13. Verify that, if 

A,=D,=D,=D,=0 , (15) 

the problem of solving the linear PDE (1) can be simplified by replacing 
the ansatz (2.3 .2-1) with the following one: 
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(16a) 



K*.0 = I , 

m=0 

where is a Jacobi polynomial in y of degree n <E53>, 



ao N\{Nya^ya_)M {lN+a^ya_)\ 

= 2""iV!r(l+i\r+a^+a_)/r(l + 2iV+«^+«_) (16b) 

(to guarantee that y/{x,t) is monic), 

a, =-l + [B,/( 24 )]±fi {(fe,/ 4 )-[B,/( 24 )]}, (16c) 

i^=(l-44,4/4^)■'^ (16d) 

y = {[ + 2xA 2 ! A-y )r (16e) 



(here we are assuming for simphcity that R is real, namely 
^0 A ^ (4 5 moreover that > -1 , which requires, as necessary 

but not sufficient condition, B^l 2). Indeed insertion of (16) in (1) 
with (15) yields the uncoupled system of linear ODEs 

Ca^+Ed^=m[{2N-m-\)A^^-B^]a^ , (17a) 

entailing 

<i.(0 = exp[-£«/(20]{a,(0)cosh(l,f) + [<i.(0) + <!.(0)£/(2C)]A;'sMi(40}, 

(17b) 

X, ={[£/(2C)]" +m[(2N-m-l)A^ +«i]/c}‘'' . (17c) 

Hint: use the second-order linear ODE satisfied by Jacobi polynomials 
<E53>. 

Exercise 2.3.3-14. Repeat the treatment of the preceding Exercise 
2.3.3-13, but with appropriate, more stringent, restrictions on the con- 
stants than (15), so that the role of the Jacobi polynomials, see (16a), is 
taken over by other classical polynomials (Gegenbauer, Legendre, 
Laguerre, Hermite). Hint: use the relevant second order linear ODEs sat- 
isfied by the classical polynomials (see, for instance, <E53>). 
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2.3.4 Examples 



The class of solvable many-body models introduced in the preceding 
Sect. 2.3.3 is rather large, due to the presence of 11 arbitray constants in 
(2.3. 3-2). In Sect. 2.3.4, and especially in Sects. 2.3.4. 1 and 2.3. 4.2, we 
discuss some representative examples, obtained by setting to zero several 
of the constants appearing in (2.3. 3-2). We then introduce certain tech- 
niques ("tricks"), and certain findings, associated with such systems; the 
alert reader will pursue these approaches by applying them in more gen- 
eral cases than those reported below. 

In Sect. 2.3.4. 1 we treat some systems characterized by evolution 
equations which are of first order in time, in particular the two systems 
characterized by the evolution equations 

N 

K =~ax„ +h Yj {Xn -xj~' , (1) 

m=l,m^n 

N 

K=-ax„+cxl Y • ( 2 ) 



In Sect. 2.3. 4.2 we treat some systems characterized by second-order 
("Newtonian") equations of motion, in particular the four systems char- 
acterized by the equations of motion 

E (l + 2x„x,)/(x„-x„) , (3) 

m=l,m^n 

N 

x„=ax„+2 Y KK!ix,-xJ , (4) 

N 

E [2x„ 4 -i(D (x„ +x„)x„] / (x„ -x„) , (5) 

x„=ax^+j3x„+ Y [2x„x„ +2(x„ +x„)x„ +//x;]/(x„ -xj . (6) 



Generalizations, which however generally feature N -body contribu- 
tions, of these systems are also presented (see the exercises in the fol- 
lowing two Sects. 2.3 .4.1 and 2.3 .4.2). 
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2.3.4.1 First-order systems 



In Sect 23.4.1 we consider two models whose time evolution is deter- 
mined by "equations of motion" of first order in time (see (2.3.4-l,2)). 
Additional models are then introduced via the exercises. The alert reader 
will invent and investigate many others. 

The first model obtains by setting in (2.3. 3-2) E = \, B^=-a 

and all other constants to zero. Hence its equations of motion read 

N 

K=-^x„+b 2 . ( 1 ) 

m=l,m^n 



The corresponding PDE, see (2.3.3-1), reads 



¥t ¥, +2 qNy) = 0 



( 2 ) 



By appropriate rescalings of the independent variable t and of the dependent vari- 
ables (r) one could transform to unity both constants, a and b. We prefer to keep 
them visible. 



The structure of the PDE (2) suggests the iutroduction of a new repre- 
sentation for the polynomial yr(x,t) whose zeros x„(t) are the solutions of 
the equations of motion (1), namely 

W(.x,t) = 2'‘(.blaf'^HA(.a/b)''^x]+Y K(t)H„..[(.a/b)''^x] , (3) 

m=l 

where iT„(z) is the ("Hermite"; see Appendix C) polynomial of degree n 
in z that satisfies the ODE 

/f;(z)-2zi?:(z) + 2«ff,(z) = 0 , (4) 

and whose normalization is fixed by the (standard; see Appendix C) con- 
dition 

lim[(2z)-''Jf.(z)] = l . (5) 

Z->00 
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The definition (3), together with tiie (standard) normalization (5) of Hermite 
polynomials, guarantees that the polynomial (3) is monic, consistently with the origi- 
nal definition (2.3. 2-1). 



The advantage in the present context of the representation (3) over the 
representation (2.3. 2-1) is due to the structure of (2), since (4) entails the 
formula 

! dxY - lax {d ! dx) + laN\ [(a / x] = a m [(a / . ( 6 ) 

Hence, see (2), (3) and (6), the coefficients b^{t) evolve according to the 
simple (decoupled !) evolution equations 



, (7) 

which can be immediately solved: 

K (f) = K (0) exp {-a m t) . (8) 

As for the initial data Z>„(0), they must of course be evinced, in terms 
of the initial data x^(0) , fi:om the polynomial equation 

2" (blaY'^H,[(,albf^x]+f^ 6,(0)ia-*_.[(a/(.)‘'"l] = n[->^-*,(0)] . (9) 

m=\ n=\ 

which is entailed by (3) and (2.3 .2-2). 

In conclusion we see that the solution x^{t) of the evolution equations 

(1) is provided by the N zeros of the polynomial (3) with (8). 

Let us now introduce several remarks, which are related to this 
model, but illustrate techniques more generally apphcable. 

Remark 23.4.1-1. The model (1) admits clearly the equilibrium con- 
figuration 






( 10 ) 



with (see (1)) 
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ar„=b 5] _ 

m=l,m^n 


(11) 


Let US set 




r^{hlay'^^z„. 


(12) 


SO that (11) becomes 




N 

z = ^ (z ~z ) ~^ . 

ft \ n mf • 

m=l,m^n 


(13) 


The corresponding solution for the coefficients b^(t) must of course also 
be time-independent, hence, see (7), they must all vanish. 


K(t)=K(0)=o .. 


(14) 


Via (9), this entails (see (10) and (12)) that the quantities z„ 
(13) are the N zeros of the Hermite polynomial of order N : 


which satisfy 


HA^n)=0 . 


(15) 


Exercise 2. 3. 4. 1-2. Prove this result directly from (4). Hint: write for the Hermite 
polynomial 7T„(z) the analogs of (2.3. 2-9, 12). 



Remark 2. 3. 4. 1-3. Let us consider the behavior of the system (1) in 
the neighborhood of its equilibrium configuration (10), via the position 

x„(t) = r„+s^„(t) , (16) 

where ^ is a small parameter. One thus gets 

#.=-«[#. , (IV) 

OT =1 

with 

=< 5 _ t- • ( 18 ) 

e=i,e*n 



177 




Proof. From (1) and (16) 



sL =-ar„-as^„+b k ~r„ +s(_^„ -^j] ' 

m=l,m^rt 



(19) 



Expanding the right hand side in s and using (1 1) one gets, up to corrections of order 



m=l,m^n 



( 20 ) 



and, via (11), this yields (17) with (18). 



From (17) one infers that, at least for small t, the behavior of (t) 
must be of the following type: 

= + , ( 21 ) 

m=l 

where the quantities respectively //„ are the components of the ei- 
genvectors respectively the eigenvalues of the (iVxiV)-matrix M, 

M y^'”^ , X { l^r,m Vm } = ^ * (22) 

m~l 

But a comparison of (21) with (8) (via (16) and the property 
^[x„(0,^]=0, see (3)) entails that the N numbers 1+//^ must coincide 
with the N integers m = 1 , 2 ,..., N. Hence the following 

Proposition 2.3.4. 1-4. The N eigenvalues //„ of the {NxN)-imtm. 
M (see (18), and recall that the N numbers are the N zeros of the 
Hermite polynomial of order N, see (15)) coincide with the first N 
nonnegative integers, 

ju^=m-l, m = l,2,...,N . (23) 

Exercise 2.3. 4. 1-5. Prove that, for the N zeros of the Hermite 
polynomial of order N , see (15), there holds the sum rule 
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(24) 



t (z.-zJ-^=JV(iV-l)/2. 

Hint: consider the trace of the matrix (18), with the eigenvalues (23). 

Remark 2. 3. 4. 1-6. From (1) there obtain the following second-order 
"equations of motions" (with velocity-independent forces) for the quanti- 
ties x^t): 



x„=a^x„-2b^ ^ (x„ - xj~" 

m=l,m^n 



(25) 



Proof. Time-differentiation of (1) yields 

N 

Xn =ax^ -b Y, iK ~K) • (26) 

m=l,m^n 

Using (1) this yields 

. iV N- 

x„=a\x„+ab Y (^n~xj~'-ab Y (^«-^m)"' 

m=l,m^n m=l,m^n 

S Y^iXn-^y- ’ (27a) 

m=\,m*n l=\,!^n 

■x,=a^x,-lb^ f^(x,-x,r-b^Z, , (27b) 

where 

^n= Yu Z • (28a) 

To prove (25) we must show that Z„ vanishes. Indeed, using the identity 

’ ( 28 ^) 



and this entails the vanishing of , because in the double sum in the ri^t hand side 
the summand is antisymmetrical under the exchange of the dummy indices / and m . 
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Note that this result, 



Z„=0 , (29) 

with defined by (28), is an identity, namely it does not require any restriction on 
the N numbers x„ (other that they be different among themselves, so that the right 
hand side of (28) is well defined). The diligent reader will check, following the treat- 
ment given above and below, that this fact entails that the N zeros z„ of the Hermite 
polynomial of order N , see (15), besides being characterized by the nonlinear equa- 
tions (13), also satisfies the nonlinear equations 

(30) 

m=\ym^n 



If we now set 

a = isco , b = is'g , s^=^s'^-l , (31) 

we see that the equations of motion (25) coincide with (2. 1.3. 3-1). Hence 
these latter equations of motion, (2.1.3.3-1), can also be solved by the 
present technique; but only for a set of initial data consistent with (1), 
namely such that 



q,(0)=-isa) q„i0) + is'g [?„(0)-^„(0) f , (32) 

m=l,m^n 



with =s'^ =1. Note that, to a real choice of the initial positions (0), 
there correspond via (32) imaginary values for the initial velocities g„(0) ; 
hence the motion in this case becomes necessarily complex. It is, of 
course, periodic, see (8) and (31). 



The diligent reader wiU, at this point, pause to compare the findings reported so 
far with those of Sect. 2.1.3 .3, including in particular the discussion there of the be- 
havior of the many-body system in the neighborhood of its equilibrium configuration. 



Remark 2. 3.4.1-7. The evolution equations (1) possess the "similarity 
solution" 

x„(t) = f(t) r„ , (33) 
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with the (constant) quantities defined by (11) (see also (12), (13) and 
(15)), and 

f{t) = g{at) , (34a) 

^(r) = [l + cexp(-2r)]‘^^ , (34b) 

where c is an. arbitrary constant. 

Proof. Insertion of (33) into (1) 3 nelds 

f{t)r„---af{t)r„+b\f{t)y X(r„-r^)"' , (35) 

m=\,m^n 

and, using (1 1), this yields 

/ = a[-/ + /-‘] , (36) 

which is clearly satisfied by (34). 



Remark 2.3.4. 1-8. Time-differentiation of (36) yields (using again 
(36)) 

/ = «^[/-/-'] , (37) 

consistently with the fact that the similarity solution (33) provides as well 
a solution to (25) (see (12) and (30)). 



Exercise 2.3. 4.1-9. Find the most general "similarily solution" of type (33) of the 
second-order "equations of motion" (25) (and of (2. 1.3. 3-1), see (31)), and discuss its 
behavior. 



The second model we consider in Sect. 2.3.4. 1. is characterized by the 
equations of motion 

N 

x„=ax„+cxl 'Zix^-xJ-' . (38) 

m=l,m^n 
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It corresponds to (23.3-2) with. £" = 1, and A^=cH, hence it 

yields, in place of (2.3. 3-1), 

¥t+^cx^\ff^+ax\i/^-N[a+{N-\)cfl]y/ = Q . (39) 

The corresponding equations of evolution for the coefficients c^(0, see 
(2.3. 3-8), read simply 

c^=m[c{lN-m-\)l2 + a\c^ , (40) 

and can therefore be immediately integrated: 

C;;i(0 = c^(0) exp{m[c(2iV-m-l)/2 + a]^ } . (41) 



The evolution equations (38) are not invariant under translation, but they are 
clearly invariant under the rescaling transformation (?) ->• x„ (?) -cx^ (?) with c an 

arbitrary constant Hence one can obtain from them translation-invariant equations via 
the following change of (dependent) variables: 

x„(?) = exp[^g„(?)] . (42) 

Indeed insertion of this position in (3 8) yields 

N 

bq„=a + c Y, {l-exp[6(?^-g„)]}"^ . (43) 

m=\,m^n 



Time-differentiation of (38) yields the following second-order 

"Newtonian equations of motion": 

N N 

x„=a^x„+c(c + 2d)xl Y Y 

m=l,m^n m-l,m^n 

+c^xl Y (X„ -x3"'(x„ -xj-' . (44) 
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Proof. 



N N 

X„ =ai„+2cx„x„ Yu E ^^n-^mY^iK-K) > (^5a) 

m=l,m^n m=\,m^n 

N 

x„=a^x^+2acxl Y (^« 

m=\,m^n 

+ 2c"xf Y {Xn-^mY' E 

m~l,m*n l-\,i^n 

-C^xl Y E (^n-^iY'-xi Y » (45b) 

m=l,m^n i=l,i^n £=l,i^m 

N N 

x„=a^x„+2acxl Y (x„ -xj~' +2c^ xl Y (x„-xj~^ 

m=l,m^n m=l,m^n 

-c^xl Y (.x„-xJ-\xl+xl) + Y„ , (45c) 

m=l,m^n 

Y = 2c^ xl Y (^n -XeY^ (x„ -xj~^ 

l,m=\\i^m,l^n,m*n 

-c^xl Y (^« -XmY^[ xlXx„ -XeY' -xl (x„ -x,y' ] , (46a) 

l,m=l;l^m,i^n,m^n 

iV N 

Y = a" x„ ^c{2a-c)xl Y (^« ~^mY^ +4c^ x\ Y (^« “^m)"^ 

m=\,m^n m-\ 

-2^xlj^(x,-x,r^Y,. (45d) 

OT=I 

(45a) follows from (38) by ^-differentiation. (45b) follows from (45a) via (38). (45d) 
follows from (45c) using tiie identity xl = xl~2 (x„ - ) x„ + (x„ - x^ ) ^ . 

We now use the identity 

Xn (^n ~^^) —Xm (^m ~'^^) ~^X„ ~xf){x^ ~xf) (x^ ~xf) [^n(-^ffi —xf^—X^ X^ ] 

inside tiie second sum in the right hand side of (46a), getting thereby 

Y=c"'xl Y (Xn-XeY'(x„-xJ-'+Z„ , (46b) 



183 




(47) 



iV 

l,m=l;l^m,Z^n,m^n 

But Z„ clearly vanishes, because the summand in the ri^t hand side of (47) is anti- 
symmetrical under the exchange of the dummy indices i and m . Hence (46b) and 
(45d) yield 

N 

x„=a^x„+c(2a-c)xl 

m=l,m*n 

+ 4c"xJ Y, Z 

m=l,m^n m=l,m*n 

+c^xl Y (x„ -x^)“'(x„ -x„)”' , (48a) 

or equivalently 

=a'x„ +x] Y [c(2a-c)(x„ -xj- +4c'(x„ -x,)x„ -2c"x"](x„ -x„)"' 



JV 

+c"x^ Z -x^)“‘(x„ -x„)“' 



(48b) 



It is now easily seen that 

c(2a-c)(x„ -xJ- +4c^(x„ -x„)x„ -2c^x„^ =c(c + 2a)(x„ -x„)^-2c^x^\ 



(49) 



and via this identity clearly (48b) yields (44), which is thereby proven. 



We have therefore seen that the W-body problem characterized by the 
Newtonian equations of motion (44) (which feature one-, two- and three- 
body velocity-independent forces) is partially solvable: it can be solved 
for the subset of initial data which satisfy (38) (this entails, for instance, 
the possibility to assign arbitrarily the initial positions x„(0) of all N 
particles, but to forsake any freedom in assigning the initial velocities 
x„ (0) , which are then fixed by (38) at ? = 0 ). 

It is likewise seen that the translation-invariant "Newtonian equations 
of motion" 

Y {l+exp[^(g^-g„)]}{l-exp[6(^„-^j]}"^ 
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-a 



N 

E {exp[6(^„ -qe) ] -exp[b(q^ {l-exp[6(^^ IT ’ 

l,m=\;l*m,iitn,m*n 

■{l-G^vlbiq„-qj]-exp[b(q„-q,)]+exp[b(q„+q^-2q^)]}~' , (50a) 

a = c^lb , (50b) 

featuring velocity-independent two- and three-body forces are as well 
partially solvable, since they follow by time-differentiation from (43). 
Note that the constant a , see (43), is not present in (50). 

Exercise 2.3.4.1-10. Verify that (50) follows from (43). 

Let us end Sect. 2.3.4. 1. devoted to first-order systems with a rather 
trivial remark, and an interesting set of exercises (the alert reader is urged 
to invent other, analogous, ones). 

Remark 2.3.4.1-11. The first-order system 

(51) 

is Hamiltonian for any choice of the N ftmctions since the equa- 
tions of motion (51) are just the (first set oQ Hamiltonian equations 
yielded by the Hamiltonian function 

= ^„g„(x)^ (52) 

Exercise 2.3.4.1-12. Show that the solution of the first-order system 

K=K^n) n 5 (53) 

where /z(x) is an arbitrary (time-independent) polynomial in x of degree 
less than N , is given by the N roots of the polynomial equation of degree 

N m X 

n = (54a) 

m=l 
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namely there holds the polynomial equation 



n [^-^m(o]=n [^-^m(o)]-K^) t’ (54b) 

m=l m=l 

Hint set h{x,t) = h{x),E = -\ and all other constants to zero in (2.3.3-11) 
respectively (2.3.3-12), getting thereby (53) respectively 



\ff,{x,t) = -h{x) , (55a) 

which entails 

y/{x, t) = ^(x,0) -h{x) t . (5 5b) 

Then use (2.3. 2-2). 

Exercise 2.3.4.1-13. Show that all solutions x„(t) of the first-order 
system (53) satisfy the second-order system 

x„x^/(x„-x„) . (56) 

m=l,m^n 



Hint time-differentiate the logarithm of (53), use the identity (valid for 
any polynomial of degree less than N , and for N arbitrary (distinct) 
numbers x„ : see (2.4. 1-9) ) 



m=\ 



(57) 



with 



N 



(58) 



N 



7=l,fen 



and eliminate h(xj and h(x^) using (53) and (58), namely 



(59) 



h(x„)=b^(x)x„ 



(60) 
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Exercise 2.3.4.1-14. Show, using (53), that the solutions x„(t) of the 
second-order system (56) are the roots of the following equation in x : 

Z = • (61) 

n=l 

Hint: consider (53) at r = 0 , 

*k(0)]=i.(0) n k(0)-^»(0)I. (62) 



and note that these relations entail, for all values of x , 

= f *,(0) n [x-i.(0)] (63) 

«=1 m=l,m^n 

(indeed, two polynomials of degree less than N that take equal values at 
N distinct points are identical). Then insert this expression of h{x) in 
(54a). 

Exercise 2.3.4.1-15. Compare the findings of the last two exercises 
with those of Sect. 2.1.10. Hint: compare (56) respectively (61) with 
(2.1.10-1) respectively (2.1.10.2-13) (note tW this comparison entails 
that this latter equation, (2.1.10.2-13), is now proven; it is proven again 
below, see (2.3.4.2-21)). 

Exercise 2.3.4.1-16. Show that (53) and (56) entail, via (2.3.2-1), 
i>0, (64) 

thereby confirming again the findings of Sect. 2.1.10.2, see (2.1.10.2- 
1,2,3). Hint: (55a) entails 

' (65) 

Then use (2.3 .2-6). 

Exercise 2.3.4.1-17. Discuss the behavior of the solutions of the 
equations of motion (56), noting the important role played by the (rela- 
tive) signs of the initial velocities x„(0) in distinguishing whether or not, 
at any time(s) throughout the motion, two particles collide, thereby caus- 
ing a singularity in the right hand side of (56) (prove in particular that this 
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does not happen if all the initial velocities have the same sign, and ana- 
lyze completely the motion in this case). Hint focus on (61), drawing a 
graph of its left hand side as a ftmction of x . 



Exercise 2.3.4.1-18. Show that, for N >2, the Newtonian equations of 
motion (44) cannot be obtained from a normal Hamiltonian, 






H=1 



( 66 ) 



Hint: the Newtonian equations of motion yielded by the normal Hamilto- 
nian (66), 

( 67 ) 






( 68 ) 



feature conservative forces /„ (^ that have the property (entailed by (68)) 
=df^(^!dx„ ^ 



Exercise 2.3.4.1-19. Formulate and solve an exercise analogous to 
that just given. Exercise 2.3.4.1-18, with (44) replaced by (50). 



2 .3.4.2 Second-order systems (Newtonian equations of motion) 

In Sect. 2. 3.4.2 we consider four models whose time evolution is deter- 
mined by Newtonian equations of motion {second-order in time : see 
(2.3. 4-3 ,4,5,6)). Other models, which however generally feature N -body 
forces, are introduced via the exercises, see below. The alert reader will 
easily introduce and investigate many more. 

The first model obtains by setting in (2.3. 3-2) C = 1 , =1/2, B^=-l 

and all other constants equal to zero. Hence its equations of motion read 



N 

K =-^n+ Z (1 + 2X„X^)/(X„-X^) 

m=l,mitn 



( 1 ) 



The corresponding PDE, see (2.3.3-1), reads 



( 2 ) 
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By rescaling the independent variable t and the dependent variables x^{t ) , 

t^ar, (3) 

the equations of motion (1) can be recast in the form 

1 . ( 4 ) 

m=l,m^n 

where of course the primes denote differentiations with respect to r . In the following 
we stick for simplicity to the simpler form (1). 



In analogy to the treatment of the previous Sect. 2.3. 4.1 (see in par- 
ticular (2.3.4. 1-3)) we now set 

r (X,0 = 2"H„(x) + 1; 6.(0 , (5) 

m=l 

again with H„(x) being the Hermite polynomial of order n, see (2.3.4. 1- 
4,5) (and Appendix C). 

Insertion of this representation of the monic polynomial y/^(x,t) in (2) 
yields for the coefficients b^{t) the simple (decoupled!) evolution equa- 
tions 

bm(f) + fnb^(t)=0 , ( 6 ) 

whose solution reads 

'’.(0 = 6,(0)cos(m‘'^0 + j.(0)m-‘'"sin(m‘'^0 • (7) 

Let us recall that the particle positions x„{t) , see (1), are the N zeros 
of the (time-dependent) polynomial (5) with (7). As for the 2N quantities 
b^(0) and 6^(0) in (5), they are related to the initial positions x„(0) and 
velocities x„(0) of the N particles by the polynomial equations 

2-"H„(x)+|; 6.(0)/f._.(x) = K^,0)=n[^-^,(0)] , (8a) 
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(8b) 



m=I n=l 

(see (5), {232-2), and (2.3.2-8)). 

Clearly the system (1) admits the equilibrium configuration 



^n{t)=^n> ^„(0=0, (9) 

where the quantities are the N zeros of the Hermite polynomial of or- 
der N , see (2.3.4.1-13) and (2.3.4.1-15). This corresponds, for the coeffi- 
cients b^{t) , see (7), to the trivial solution b^{t) = 0 . 

Clearly the system behaves generally as a kind of (one-dimensional) 
crystal, with every particle oscillating around its equilibrium position. If 
the oscillations are too large, adjacent particles coUide, causing a singu- 
larity of the equations of motion (1). 



After every collision the two zeros of the polynomial (5) that have collided be- 
come complex. This suggests that the proper setting to analyze the motion is the com- 
plex plane rather than the real line. Cases in which such an extension can be profita- 
bly done without loosing contact with "physics" are discussed in Chap. 4. 



It is also clear from (7) that all solutions of (1) (namely, the time 
evolution of the zeros x„(0 of the polynomial (5) with (7)) are multiply 
periodic: indeed, they are algebraic (nonlinear) functions of the N peri- 
odic fimctions b^{t), see (7), themselves featuring the N periods 

=27rmr^'^ . ( 10 ) 

There exist special solutions of (1) which are periodic; they correspond to 
the special solutions of (7) with aU coefficients b^{t) vanishing except 
one (or a few, for instance b^{t) and b^{t) , see (10)). Indeed if only bj^{t) 
does not vanish, the particle positions x^t) are the N zeros of the poly- 
nomial 

r^H^{x) + b^{t)H^_^{x) , (11a) 

which is periodic in t with period see (10), while if, say, 

only 6i(r) and hjy) do not vanish, the particle positions xjf) coincide 
with the N zeros of the polynomial 
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2 -^ + . 



(11b) 



which is clearly periodic with period T^=tu (since =27;, see (10)). 



An amusing case is that with ^^(t)=0 for m = 1,2,...,A^-1. Then (since 
77o(x) = 1, see Appendix C) the particle positions x^{t) are the N roots of the equa- 
tion 

i3',(x) = -2"V(0=5»cos(iV''’(+yff,) . (12) 

see (7), hence their time-evolution is neatly visualizable via the following construc- 
tion. Draw first of all the graph of the Hermite polynomial of order N , 77^ (x) , as a 
fiinction of x . Consider then a horizontal straight line which oscillates periodically up 
and down with period T^=2ti: . The particle coordinates x„ (t) are then just the 

abscissas of the points at which the orizontal strai^t line cuts the graph of H^(x) . It 
is therefore quite evident, in this case, how the particles oscillates periodically about 
their equilibrium positions (the zeros of Hj^(x)) and also the limitations on the am- 
plitude of the oscillations of bj^(t), hence on the initial data (see (7), (8) and (12)), 
which are required to avoid the occurrence of particle collisions. 

Exercise 2. 3. 4.2-1. Perform the analogous graphical analysis of the behavior of 
the special solution of (1) corresponding to the case when all coefficients b^(t) van- 
ish except b^_^ (t) (recall that H^(x) = 2x, see Appendix C). 



The "equations of motion" (6) are clearly Hamiltonian, corresponding 
to the Hamiltonian function 

H(b,^=\'Z (Pl+mbl) . (13) 

On the other hand the transformation among the N "canonical coordi- 
nates" b^(t) and the N "particle coordinates" x„(t) entailed by the relation 

2-"h„(x)+-£ b,(t) = n , (14) 



see (5), can certainly be interpreted as part of a canonical transformation 
(since it does not involve the canonical momenta). Hence the Newtonian 
equations of motion (1) are also Hamiltonian (for a discussion of the cor- 
responding Hamiltonian fiinction see <CF97>). 
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The one-dimensional many-body system defined by the Hamiltonian of normal 

type 

Z -qj (15) 

n=\ ■" m,n-l;m^n 

yields tiie Newtonian equations of motion 

iV 

4n=-^n+ Z • (16) 

m=l;m^n 

Hence it has the same equihbrium configuration, see (9) and (2.3.4.1-15), as the sys- 
tem (1), and moreover its behavior around equilibrium differs little fi:om that of (1) 
(only by quadratic terms, see (1) and (16)). 

Exercise 23.4.2-2. Perform the standard analysis of the behavior of the systems 
(1) and (16) around their (common) equilibrium configuration, and recover thereby 
the results reported above as Remark 2.3.4. 1-3. 



The second, many-body system we consider is characterized, by the 
equations of motions 

N 

X^=aX„+2 • (17) 

It is the special case of (2.3. 3-2) with C=l, E = a and all other con- 
stants equal to zero. Hence in this case (2.3.3-1) reads simply 

¥n-Wt=^ , (18) 

SO that its general solution reads 

y/ (x, f) = y/{xfi) + y/f (x,0) [ exp(a t)-\ \l a . (19) 

Hence, using (2.3. 3-6) and (2.3. 3-7), we conclude that the particle coor- 
dinates x^{t), solutions of the equations of motion (17) with initial data 
x„(0) and x„(0) , are the N roots of the equation in x 

Z^„(0)/[^-^„(0)] = «/[exp(aO~l ] . (20) 

n~l 
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In particular, if the constant a=io} is imaginary the right hand side of this 
equation is periodic with period T=2tu la, hence its roots, namely all so- 
lutions of (17), are in this case (in which, however, the motion occurs in 
the complex plane, see Chap. 4) completely periodic. 



Remark 2. 3. 4.2-3. For a = 0 the equations of motion (17) coincide (up to a trivial 
notational change) with (2,1.10-1), while (20) reads 

|;i,(0)/[x-I,(0)] = l/^ , (21) 

;l=l 



namely (up to the same notational change) it coincides with (2,1.10.2-13). Moreover 
(18) entails, via (2.3-1), 

, ( 22 ) 

hence, for a = 0 , it implies (2.1.10.2-3). 

The statement made at the end of Sect. 2,1.10.2 is thereby proven again (it was 
previously proven in Sect. 2.3.4.1, see Exercises 2.3.4.1-13,14). 

Remark 2.3.4.2-4. The complete periodicity of all the solutions of (17) with 
a = ia purely imaginary is merely a special case of the findings discussed in Sects. 
2.1.12.3 and 2.1.12.4 (the diligent reader will profitably elaborate on these connec- 
tions). 



The third example we consider obtains by setting C = l, D^=ia and 
all other constants equal to zero, in (2.3. 3-1) and (2.3. 3-2), so that they 
read 



y/^^+iax\|/^^=0 , 


(23) 


N 

= Z +^m)^ J /(^„ -^m) • 

m=l,m^n 


(24) 


The corresponding equations for the coefficients 
(2.3-1) (or, more directly, (2.3.3-8)), read 


c„(/), see (23) and 


c^+ia(N-m)c^=0 , 


(25) 


SO that their solutions read 




(0 = c, (0) + i (0) { exp[-z a(N~m)t]-l}/ [a (N - m)] . 


(26) 
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Hence, if a is real, all these coefficients are periodic with period 
T = Ik 1(0 , hence , as well as all its zeros x„{t) , see (2.3-1), are also 

periodic. One can therefore conclude that, for co real and nonvanishing, 
all solutions of the (complex) many-body problem (24) are periodic. 

These equations of motion, (24), as well as the equations of motion 
(17), feature forces which vanish if the particles do not move. Hence any 
configuration, 

^n(f) = yn 5 ( 27 ) 

where the N quantities are arbitrary constants, is an equilibrium con- 
figuration for the system (24) (as well as (17)). Let us then consider the 
behavior of the system (24) in the neighborhood of such an equilibrium 
configuration. To this end we set 

^„(0 = J„+^4(0 , (28) 

where ^ is a small parameter. Insertion of this ansatz in (24) yields, up to 
corrections of order s , 

, (29) 

OT =1 



with 



A comparison of (29) with (25) suggests that the (iVxiV) -matrix (30), 
constructed with the N arbitrary quantities y^ , have the first nonnegative 
integers {N-m with as eigenvalues. This is proved below 

(see Sect. 2.4.5. 1). 



Exercise 23.4.2-5. Show that the following nonlinear system of N coupled 
PDEs in S -dimensional space, 

=2 X [i^¥r,X^¥j\l{Wn-¥j , (31) 
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where y/^ = =dif^n(r,t)/dt , r is a vector in S -dimensional space 

and V respectively A = V-V are the gradient respectively the Laplacian in 5- 
dimensional space, is linearized via the following prescription; 

n = + Y, (Pmir,t) , (32) 

n=\ m=l 

Note that (31) is rotation-invariant in S -dimensional space, that the relation between 
the N functions yrJjjf) and the N functions ^^(r,r) is identical to that between the 
iV zeros of a monic polynomial of degree N in the variable y/ and the N coeffi- 
cients of the same polynomial in y/,&QQ (32), and that the functions satisfy 

the linear Schroedinger equation in S -dimensional space, see (33). Discuss, on the 
basis of these results, the solution of the initial-value problem for the nonlinear PDE 
(31). Write other nonlinear PDEs in A -dimensional space that can be solved by 
analogous techniques. Hint, see (2.3 .2-9), (2.3.2-11) and<C94>. 



The fourth model we consider in Sect. 2.3. 4.2 obtains by setting in 
(2.3.S-2) C = \, E = ~a, B^=p, A =-X, and all other constants 

to zero. Hence its equations of motion read 

N 1 

=(Z ^ ~ 

m=l,m^n 

Note that this model is invariant under the rescaling transformation 

x„-^x„=cx„, c = 0. 

The corresponding PDE, see (2.3.3-1), reads 

y/,t-Hxyr^^-ayrf+0./2){Mx^yr^+2pxyr^-N[{N-l)fi + 2p]y^} = 0 , (35) 

and the equations for the coefficients c^(t) , see (2.3-1) and (2.3.3-S), read 

Cm=[(x + HN-rn)]c^+im/2)[(2N-m-l)/i + 2p]c^ . (36) 

Note that they are decoupled, hence their solutions can be immediately 
exhibited: 

c„(0 = exp[ t ]+ exp[ t ] , (37a) 

with the 2 roots of the following second-order equation in : 
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(37b) 



=[a + l(iV-m)]v^ +(m/2) [(2N-m-l)/j + 2j3j , 
entailing 

=[a + A(iV-w)±A„]/2 , (37c) 

=[a + 2(i\r-m)]"+2m[(2iV-m-l)// + 2y3] . (37d) 

Exercise 23.4.2-6. Study the behavior of this system, see (34). Hint: 
allow for all quantities to be complex. Solution: see Sect. 4.2. 

Exercise 2.3.4.2-J. Show that the Newtonian equations of motion (34) 
are invariant under the following transformation, 

\(f) ^ exp(aO , (38) 

where a is an arbitrary constant, in the sense that the "new coordinates" 
x„(0 obey analogous equations to (34), except for the replacement of the 
"coupling constants" by the following "new coupling constants"; 

a -a-2aN,p = p + a\a - X{N -Vj\- {2N-l),X = X + 2a,]u = /i+2Xa+2a^ . 

(39) 



We end Sect. 2.3. 4.2 with a set of interesting exercises (again, the 




with a and b arbitrary (positive) constants and h{x) an arbitrarily as- 
signed (time-independent) polynomial of degree less than N ; in particu- 
lar, find conditions on this polynomial, h{x) , which are necessary and suf- 
ficient in order that this many-body model, see (40), possess some peri- 
odic solutions. Hint see Exercise 2.3.3-10 and (1 -^4), and express h{x) as 
a superposition of (appropriately chosen) Hermite polynomials. 

Exercise 2.3.4.2-10. Show that the solutions of the Newtonian equa- 
tions of motion 

N N 

Xn=aX„+2 Y, + Yl ~ (41) 

m=l,m^n m=l,m¥=n 



where a is an arbitrary constant and h(x) is a polynomial in x of degree 
less than N , are the N roots of the following polynomial equation of 
degree iV in x : 

+ [l-exp(aOlX ^m(0)[-^-^m(0)]“' jll 

i m=l J n=l 

= ^(x)[exp(a^)-l-a?] . (42) 

Hint. SQQ Exercise 2.3.3-10. 



Exercise 2.3.4.2-11. Find necessary and sufficient conditions on the 
time-dependent i^olynormai h{x,t), of degree less than in x , such that 
all solutions of the (complex) system 

N N 

x„-io)x^=2 Y K^ml(.x„-xJ + h(x„,t) (x„-xj-' , (43) 

are completely periodic (a? being a real nonvanishing constant). Hint: 
follow the same procedure used to solve the preceding Exercise 2. 3.4.2- 
10 . 



2.3.5 Trigonometric extension 

In Sect. 2.3.5 we consider the extension of the treatment of Sects. 2.3.1, 
2.3.2 and 2.3.3 that emerges if, instead of the ansatz (2.3-1), we set 
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( 1 ) 



iV 

y/{x, t) = a~^ sin{a [x - x„ (?)] } . 

«=i 

For a = 0 this expression coincides with (2.3-1), hence the results of Sect. 
2.3.5 reduce, for a = 0 , to those obtained and discussed above. 

The ansatz (1) entails the following formulas: 



iV 

¥x (^> t)~¥ (^> 0 cotanja [x - x„ (t) } 



( 2 ) 



= wix,t) cotanja [x - x„ (O] }[-x„ (O] 

n-l 



(3) 



iV IS 

{-N^ + aj] cotanjar [x - x„ (t )] } [la ^ cotan{a [x„ (t) - (^ )] } ] } 






(4) 



a^x{t) 

N N 

+ «Ecotan{a[x-x„(0]}[-a Y, (0 - 4 (O] cotan{ a [x„ (t ) - (f)] } ] } , (5) 



m=l,m^n 



r- ^ 

Wtt (^5 f) = ¥ (^5 0 [~N^ [x(0]^ + dY cotanjfl [x - x„ (t)\ }• 

n=l 

*[-x„(0 + 2ax„(?) X i,(0«><an{a [x.(()-x.(t )] }]}, 



( 6 ) 



m=l,m^n 



where, in the last two equations (as well as below), x(t) is the mean coor- 
dinate^ 



?(0 = Ar -‘ X *.(0 • 



(7) 



Proofs. Logarithmic differentiation of (1) with respect to x respectively t yields 
directly (2) and (3). Differentiation of (2) with respect to x yields (after using (2)) 



¥xx=¥ {(«E^otan[a(x-xj] f ~Y (asin[a(x-x„)])"^} , 



(8a) 
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(8b) 



\f/^=yr {-Na^ +a^ X )] cotan[a (x - x„ )]} . 

m,n=l;m^n 



We now use the trigonometric identity 

cotan(a) cotan(yff) = -1 - [cotan(a) - cotan(y^)] cotan(o: - p) , (9) 

obtaining thereby 

N 

Z { cotan[a (x - x„ )]- cotan[a (x - x„ )] } cotan[a (x„ - x„ )] } , 

( 10 ) 

which coincides with (4). 

Exercise 2.3.5-1. Prove (5) and (6). Hint: see the proofs of (2), (3) and (4), as just 
given. 



We assume now (tentatively, see below) that the function i/r{x,t) sat- 
isfy the linear partial differential equation 

Ay/^+By/^+Cy/„+Dy/^,+E\//,+Fifr = 0 , ( 11 ) 

where the quantities A,B,C,D,E and F are independent of x, but might 
depend on t (see below). Then, via the above formulas (from (1) to (7)) 
one concludes that the "particle coordinates" x„(t) evolve according to 
the equations of motion 

N 

Cx„^Ex„=B + a 2][2^-T)(x„+x^) + 2Cx„x,]cotan[a(x„-x^)] , (12) 

m=l,m*n 

with the additional equation 

F = N^a^{A-Dx + Cx^) . (13) 



The compatibility of the two assumptions made above, namely (i) that y/{x,t) be 
represented by the ansatz (1) and (ii) that satisfy the linear PDE (11) (with 

A,B,C,D,E and F independent of x) is a crucial, nontrivial, point, on which our 
entire development hinges. It does follow from the formulas (1 )h-( 7), since they 
clearly imply that, jgiven (1), the validity of (12) and (13) is necessary and sufficient 
to guarantee the validity of (1 1). Such compatibility could not be generally guaranteed 
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if one assumed a different ansatz, of lype (1) but with a different function f{z) tak- 
ing the role of sin(az) . Note in this connection the role played by the fimctional 
equation (9), that is crucial to yield the formulas (4) -f-(7), which are then instrumental 
(unless A = C==D = 0)to imply the compatibility of (1) with (1 1). See, however, the 
foEowing Sect. 2.3.6, where a generalization of the kind outlined here is actually in- 
troduced. 



We now sum (12) over n from 1 to i\r and thereby get, via (7) (and 
taking advantage of the vanishing of the double sum in the right-hand 
side due to the antisymmetry of the summand under exchange of the two 
dummy indices m and n) 



Cx+Ex=B 



(14) 



entailing 




x{t) = x(0) + {BIE)t + {CIE)^ (0) - (5 / £)] [l - exp(-£: tIC)] . 


(15) 


Hence from (13) and (15) one gets 




F{t) = N^a^\a + p exp {-E tlC) + y exp(-2£’ t! C)] , 


(16a) 


a = A-BDIE + C{B/Ef , 


(16b) 


P = [1{BCIE)-D][x{0)-BIE] , 


(16c) 


r = C^(0)-B/Ef . 


(16d) 


One therefore concludes that the solution of the many-body problem 
characterized by the Newtonian equations of motion (12), where 
A,B,C,D and E are 5 arbitrary constants (an assumption we hereafter 
make, for the sake of simplicity; but see Exercise 23.5-9 below), can be 
reduced to solving the linear partial differential equation (11) with (16) 
and with the initial conditions 


N 

y/{xSi) = oT^ Q sin {a [x - (0)] } , 

;i=l 


(17a) 


N 

Vt (^>0) = ~¥ (^>0) (0) cotan{ a[x-x„(0)]} , 


(17b) 



«=I 
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implied by (1) and (3). The particle coordinates x„{t) are then identified 
with the zeros of , see (1). 

The most convenient route to solve the linear partial differential 
equation (11) for the class of functions of interest to us, namely those 
admitting the representation (1), is via the position 

y/ (x, t)= YjTm (0 exp(z amx), (18) 

m=-N 



which entails, via (11), for the coefficients y^{t) the following set of de- 
coupled ODEs: 

Cy^+{E + imaD)y^+{F + imaB-m^ A)y^=0 , m = 0,± iV. (19) 

Hereafter we restrict attention to the case with 



B=E=0 , 


(20) 


which entails that F is time-independent. 




F = iV"a'{^-Dx(0) + c[x(0)]'} . 


(21) 



This formula, (21), is entailed by (13) and (20), which yields, via (14) x(0 = 0 
hence x(r) = x(0) . Note however that, even when (20) does not hold, for the special 
initial condition such that x(0) =BIE, F is time-independent, see (16). 



In this case, with (20) and (21), the evolution equations (19) are easily 
solved: 

r .(0 > (22) 

where are the two solutions of the algebraic equation of second de- 
gree 



C P^+imaDP^ + F-m^a^ A = 0 , 


(23a) 


pj^^ ={-imaD±SJf(2C) , 


(23b) 
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5^ =[(4^C-D")aW -ACFf . 



(23c) 



The constants tV > see (22), are easily expressed in terms of the 

initial values ^^(0) and f^(0), since (22) imply 





(24a) 




(24b) 



and the initial values y^(0) and y^(0) are related to the initial positions 
x„(0) and velocities x„(0) of the particles via the relations (see (17) and 
( 18 )) 

N N 

S (0) exp(z amx) = a~^Yl (0)] } = Wi^S^) , (25a) 



N N 

X ym (0) exp(z amx) = -K^,0) a x„ (0) cotan{ a [x - x„ (0)] } = \f/^ (x,0) . (25b) 



m——N 



«=l 



Remark 23.5-2. If the particle positions x„(^) are real, and the constant a is also 
real (or imaginary, see below), the fiinction y/{x,t) is real, see (1), hence the coeffi- 
cients y^ (t) satisfy the conditions 

\rm(i)]* = r-m(t), m = 0,±l,...,±N . (26) 

Clearly these conditions, (26), are compatible with the time evolution (19): indeed if 
A, B, C, D, E, F are all real, these equations, (19), are equally affected by the operation 
of complex conjugation and by the change m -> -m . 

Remark 2. 3.5-3. The treatment applies equally (including the considerations 
about reality, see Remark 2. 3. 5-2 above) if the constant a is replaced everywhere by 
i a , entailing the replacement of trigonometric functions by hyperbolic fimctions. The 
behavior of the solutions is of course nontrivially affected by such a change. 

Exercise 2. 3. 5-4. Discuss the behavior of the solutions of the many-body problem 
(12), with particular attention to the case (20). Under which conditions are all motions 
confined ? Or periodic ? Are there some periodic trajectories even m the cases when 
not all the motions are periodic ? Flint: see (23). 

Exercise 2.3.5-5. Show that, and explain in which sense, the many-body systems 
characterized by the following Newtonian equations of motion. 
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x„ =-%a^A^{ X [{sin[a(x„ -x„) ]}"' cos[a(x„ -x,)] 
-(iV-2){sin[2a(x„-x^)]}"' 

N 

{sin[2a(x„ -x^)]}"' cotan[a(x„ -x^)]cotaii[2a(x„ -^£)]} » (27) 

is partially solvable. Note that this model features velocity-independent two- and 
three-body forces. Hint: consider the first-order system that obtains by setting 
C = D = 0, E = l in (12), time-differentiate, use (9). 

Exercise 2.3. 5-6. Show that the system (12) with 5 = 0 possesses the equilibrimn 
configuration 

x„=n7tl{Na). (28) 

What can one learn by comparing the behavior of this system near equilibrium with 
the exact behavior, see (22) ? Hint: see <CP78a> and <CP79> as well as Sect. 15.823 
of<GRJ94>. 

Exercise 2. 3.5-7. Obtain the equations of motion (12) from the translation- 
invariant version of (2.3. 3-2) (characterized by = D 2 = Ay = = 0), 

via the infinite duplication technique described in Sect. 2.1.7 and 2.1.13. Hint: see 
(2.1.7-49) and (2.1.13-13). 

Exercise 2. 3.5-8. Obtain the extension of the model (12) characterized by the 
presence of two different types of particles, via the technique of Sect. 2.1.7. Hint: see 
(2.1.7-30). 



Exercise 2.3. 5-9. Repeat the entire treatment forsaking, completely or partially, 
the assumption that the 5 constants A, B, C, D, E are time-independent. 



2.3.6 Further extension 

In Sect. 2.3.6 and in its subsections we consider the extension of the 
treatment of Sects. 2.3.3 and 2.3.5 that obtains by replacing the ansaetze 
(2.3-1) and (2.3.5-1) with the following, more general, one: 

Wix,T)=QXp[-^<p(T)]Yl G[x-^„(t)] . ( 1 ) 

2 n=l 

Here we keep open the choice of the fiinctions ^(r) and G(z). We then 
show, in Sect. 2.3. 6.1, that in order to relate a linear PDE satisfied by 
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y{x,t) to a system of evolution ODEs for the quantities (r), we must 
require (?(z), or rather its logarithmic derivative g{z), 

g{z) = G'{z)IG{z) , (2) 

to satisfy the (new) functional equation 

g (^) g fy) y) [g (x) - ^(v)] +h(x-y)+r(x)+r (y) ■ (3a) 

Here /(z) and h{z) (as well as g(z)) are two a priori arbitrary functions, 
except that the first of them must be odd, 



= , (3b) 

and the second of them must be even. 



h{-z) = h{z) . (3c) 

Note the consistency of these parity requirements with (3a). Moreover, in 
(3a) and below, 

r(z)=^[g'(^)+g^(^)] • (3d) 

This functional equation is then investigated in Sect. 2.3. 6.2. Its solu- 
tions include of course the simple assignment 



G(z) = z, g(z)=f(z)=l/z, h(z) = r(z)=0 , (4) 

which entails that (1) (with ^(r) = 0) corresponds to (2.3-1), as well as 
G (z) = sin (a z), g(z) = f(z) = a cotan (a z), /(z) = -a^ / 2, h(z) = 0 , (5) 



which entails that (1) (again with ^(z) = 0) corresponds to (2.3.5-1). 

Exercise 2. 3. 6-1. Verify that (4) and (5) satisfy (3). Hint: for (5), use 
the trigonometric identity (2.3. 5-9). 

These two cases, (4) respectively (5), reproduce the treatments of 
Sect. 2,3.3 respectively 2.3.5. In Sect. 2.3. 6.2 we show that the most gen- 
eral solution of the functional equation (3 a) reads 
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g{z) = f{z)=a(;{az) + PiZ , 



(6a) 



A(z)=ia'[<"(az) + <''(az)]+A[azC(az)-l]+|A'z' , (6b) 

entailing 

y{z) = h{z)+^A. , (6c) 

G (z) = a“^ <T {a z) exp (A z^ II) . (6d) 

Here <^{y) = <^{y\co,(o') respectively cr{y) = G{y\co,oi)') are the Weierstrass 

“zeta” respectively “sigma” functions, see Appendix A. 

As shown in Sect. 2.3.6. 1, this opens the possibility to solve the 
Newtonian equations of motions 

N 

Yu 5 (' 7 ) 

with /(x) defined by (6a). Here, as usual, x„ =x„ {t) are N particle coor- 
dinates, and the superimposed dots denote differentiations with respect to 
the time t . Note however that in (1) we introduced a different time-like 
variable, r, as well as the coordinates ^ =^„(r) (rather than x„ =x„(t)). 

The reason for doing so are explained in Sect 2.3. 6.1. 

Finally, in Sect 2.3. 6.3, we focus on the Newtonian equations of mo- 
tion (7) with (6a) and A = 0 (the general case with A 0 is also treated at 
the end of that section); namely, we focus mainly on the N -body problem 
characterized by the Newtonian equations of motion 

x„=2 Y, x„x^C(^„-xJ , ( 8 ) 

and we provide a fairly explicit and straightforward technique to solve the 
initial-value problem for this N -body system, a technique which is appli- 
cable whenever the initial data satisfy the single restriction 



fi.(0) = 0. (9a) 

H=1 

Note that, due to the odd character of the zeta fimction, ^'(-z) = -^(z) , the 
equations of motion (8) entail that the center-of-mass. 
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( 10 ) 



x(t) = N ‘21 ^.(0 , 

n=l 



moves uniformly, 

x(t) = 0, x(t) = x(0) , (1 1) 

Hence the condition (9a) amounts to the simple requirement that the cen- 
ter of mass not move initially, hence neither throughout the subsequent 
evolution of the system. 



X (?) = X (0) = 0 



(9b) 



namely to the property 



E ^«(o)=o 



n=l 



n=l 



(9c) 



We already saw in the preceding Sect. 2.3.5 that such a restriction, (9a), 
entailed a significant simplification of the technique of solution for the 
“trigonometric” N -body problem considered there. 

After treating in detail the problem (8), which corresponds to (7) with 
(6a) and 2 =0 , we show, at the end of Sect. 2.3. 6.3, how the results can 
be generalized to treat (7) with (6a) and arbitrary X . Indeed we show 
there quite generally, namely for any problem of type (7) with arbitrary 
(oddl) /(x) , that the addition of a term 2x to /(x) can always be taken 
care of by an appropriate change of the independent (“time”) variable, 
provided attention is restricted to initial conditions satisfying the con- 
straint (9a), hence entailing (9c). Note that this finding also applies to the 
RS many-body models of Sect. 2.1.12. Let us, however, emphasize that 
the problem treated herein, namely (7) with (6a), does not belong to the 
RS class, see Sect. 2.1.12. 

At the end of Sect. 2.3. 6.3 we also remind the reader that: (i) a simple 
(complex) deformation of (7) (or, more generally, of (8) with (6a)) has 
the remarkable property to only feature periodic trajectories; (ii) the 
equations of motion (7) with (3b) are Hamiltonian. 

In the following we continue to reserve the notation with superim- 
posed dots to denote differentiations with respect to the time t, while we 
use appended primes to denote differentiations with respect to t or in- 
deed, more generally, with respect to the argument of the fimction the 
primes are appended to (as we already did in (2), (3d), (6b)). 
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2.3.6.1 New solvable many-body problems 
via a new functional equation 



Clearly the ansatz (2.3. 6-1) entails, via logarithmic differentiation, see 



(2.3.6-2), 




N 

\l/^{x,t) = \lf{x,T)Y g[x-^„{T)] , 

n=l 


(1) 


(^. + T, S[x- (^)][-#^ (^)] } • 

^ n=l 


(2) 



Assume now that g{z) satisfy the junctional equation (2.3. 6-3). There 



\l/^{x,T) = y/{x,T){ Y, ^[4(^)-#<(^)] + 2iV2] r[x-^„(r)] 

«=1 

+ Z Y /fe«(^)-4(0]} , (3) 

n=l m=\,mi^n 

¥xr (^» Tj = ¥(X, ^){“ 2 (^) + (^)] ^ [4 (^) - (O] 

-t r[x-#.W][(JV-l)#:(r)+Arf(r)] 

n=l 

2 [f;w+£(r)]/[|.(r)-f»]}} , (4) 

n=I m=l,m^n 

= Z fc(^) 4"K^) ^[#m(^)-^A^)]} 

+2iVf(r)|; r[*-f,(r)]f:(r) 

n=l 

+2 ?[^-f.w]R'w+«>'w#;w+2 2 • 

«=I • m=l,m^n 

(5) 
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Here and below we denote by ^(t) the mean value of the N coordinates 



^,(T) 



n=l 



( 6 ) 



Proofs. Partial r -differentiation of (2) yields 

Wrr=¥{-\<P"-Yu + E [s\^-0&] 

^ n=\ K=1 



«=i 

hence, via (2.3.6-3d), 

^ ^ n=l n=l 

+ t «(*-#()?(*-#») • (7b) 



We now use, in the last term in the right hand side, the functional equation (2.3.6- 
3), and we get (5), which is thereby proven. 

Exercise 2.3.6.1-L Prove (3) and (4). Hint: see the proof of (5), as given just 
above. 

Exercise 2.3.6. 1-2. Obtain the analogs of (1), (3) and (4) (and observe that (2) and 
(5) are essentially unchanged) if the ansatz (2.3.6-1) is replaced by the following, 
more general, one: 

¥ (x, t) = exp [~(p{x, t)] Y[g[x-^„ (r)] . (8) 

n=l 



Let us now assume that ^^(x,r) satisfy the linear PDE 

^ (^) ¥^ (x, t) + B(t) ¥, (x, t) + C (t) ¥„ (x, r)+D (r) ¥^cr (x, f)+E (r) ¥r (x, t) 



+ F(r)^(x,r) = 0 . 



( 9 ) 






Then (1)^(5) clearly imply that this assumption is compatible with the 
ansatz (2.3.6-1) iff there hold the following equations: 



1A = D^' , (10a) 

INCf = {N-\)D , (10b) 

p=^W-(9'f]+^<p’+ t 

(10c) 



cr.+(E-c<p')c 

= b ~ 9 '+ X {N-o(#;+f')+2Cf;f:]/(4-ij} . (lod) 

Here we have omitted, for notational simphcity, to indicate explicitly the 
T -dependence of all quantities. 

These findings open the prospect to solve the fairly general Newto- 
nian equations of motion (lOd), of course with the restrictions (10a, b,c) as 
well as (2.3. 6-3). Hereafter we focus on the simpler, yet quite interesting, 
model that obtains by setting 

A = B^D=E = F = 0 , C = 1 , (11) 

as well as 

¥Xr) = 0 . ( 12 ) 

Clearly, with these restrictions, (10a) and (10b) are identically satis- 
fied, (10c) yields the constraint 

X . (13) 

while (lOd) yields the Newtonian equations of motion 

X - (14) 

m—\ym^n 
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where the fimctions / (z) and h{z) are of course always characterized by 
the requirement to satisfy the functional equation (2.3. 6-3). Note that the 



condition (12), which itself entails 

, (15) 

is consistent with the equations of motion (14), since these clearly entail 
(see (6) and (2.3.6-3b)) 

= 0 . (16) 
The conditions (11) entail that the PDE (9) take the simple form 
y/„{x,t) = 0 , (17a) 

implying 

y/,{K,T) = yfX^,Q) , (17b) 

y/{x, t) = y/{x, G) + tyr^ (x,0) . (1 7c) 

Hereafter we conveniently set 

^(0) = 0 , (18a) 

^70) = 0 . (18b) 



These initial conditions are consistent with (13), indeed they complement 
this ODE, (13), satisfied by (p{r ) , with the additional conditions required 




!/,(x.o)=-kx.o)|; f:(o)g[x-i.(o)] . (19b) 

jj=i 

Hence from (17c) we get 
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(20) 



r) = (/(j:,0) {l - *■ X! (0) ? (0)] } • 

n=l 



If the function G{z) vanishes at z = 0 , 

G(0) = 0 , (21) 

and has no other zeros, the ansatz (2.3.6-1) entails that the quantities 
|„(r) are the N zeros of y/{x,t ) : 

• ( 22 ) 

Then, via (20), we conclude that the initial-value problem for the Newto- 
nian equations of motion (14) is solved by the following neat prescrip- 
tion: 

Proposition 2. 3. 6. 1-3. The N coordinates ^„(r) are the N roots of the 
following equation in x : 

t #:(0)g[x-f.(0)] = l/r . (23) 

«=I 



Note the neat way the initial conditions, ^„(0) and #^(0), enter in this 
equation. Of course the function g{z) is characterized by the fiinctional 
equation (2.3.6-3), and it has a pole at z = 0, consistently with (2.3.6-2) 
and (21). 

The equations of motion (14) are, however, still polluted by the pres- 
ence of the (a priori unknown) function (p{f) , which is determined by the 
ODE (13) complemented by the initial conditions (18). Since this ODE, 
(13), contains in its right hand side the quantities ^ (r) and (r) , the 
claim that the equations of motion (14) are solvable is moot, or rather, the 
interest of these equations of motion is somewhat questionable. But, via 
an appropriate (minor) modification of the ansatz (2.3.6-1), we indicate 
below (see Sect. 2.3. 6.3) a convenient way to bypass this difficulty, 
namely to determine the ftinction (p{t) directly from the initial data. 

Once the function (pif) is known, the disturbing presence of (p'(j) in 
the equations of motion (14) can be easily gotten rid of, via an appropri- 
ate change of the time-like variable. Meed let us set 

#«(^) = ^„(0. T^ = r{t) , (24) 
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with the function z{t) characterized by the following properties: 



r(0) = 0 , (25a) 

f(0) = l , (25b) 

f{t) + (p'{T)[T{t)Y =0 . (25c) 

It is then easily seen that (14), via (24) and (25), become 

=2 X » (26) 

while (25a) and (25b) entail, via (24), 

f.(0) = x.(0) , (27a) 

^:(0) = x„(0) . (27b) 

On the other hand integration of (25c) yields, using (25a), (25b) and 

(18a), 

r(r)= j dr'exp[^ 2 ?(r')] , (28) 

0 



which, up to a quadrature, provides an explicit relation among t and r . 
Hence t{r), and by functional inversion v{t) as well, can be considered 
known if the function (p{f) is known. 



Proofs. From (24) one gets 
hence, via (14), 

r N 

=#Ur>' + r] + 2 Yj 
which clearly yields (26) via (25c). 



(29a) 

(29b) 

(30) 
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On the other hand (25c) yields 



f(t) / f(t) = -(p'[T{t)] i{t) , (31a) 

hence, via (25a, b) and (18a) 

log[f (r)] = -(p[T{t)\ , (3 lb) 

^(0=Pxp{-4r(0]}, (31c) 

namely 

dt = dr exp[^z? (r)] , (3 Id) 



whose integration, via (25a), clearly yields (28). 



2.3.6.2 General solution of the new functional equation 

The developments of the preceding two Sects. 2.3.6 and 2.3.6. 1 hinge on 
the assumption that ths functional equation (2.3 .6-3), 

g(.x)g(y)=-f (x-y)[g(x)~ g(y)]+h(x-y) + r(x)+r(y) , (la) 

r(z)=^[g'(z) + g^(z)] , ' (lb) 

possess nontrivial solutions. In Sect. 2.3.6.2 we confirm this hypothesis, 
and we find the most general solution of (1), consistent with the parity 
properties (2.3.6-3b,c), 



= , (Ic) 

h{-z) = h{z). (Id) 

Note that, via (lb), the fiinctional equation (la) can also be rewritten in 
the (completely equivalent) form 

f{^-y)[g{x)-g{y)] = ]^{[g{x)-g{y)Y+g'{x) + g'{y)}+hix-y) . (le) 

This version, (le), of the functional equation makes particularly evi- 
dent the validity of the following 
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Remark 2. 3. 6.2-1. If g(z), f(z) and h(z) satisfy the ftinctional equa- 
tion (1), so do 



g(z) = ag(az + b) + c, f(z)=af{az), h(z) = a^ h(z) (2) 

with a,b,c three arbitrary constants. 

In the following we take advantage of this invariance property to al- 
ways write the solutions of the functional equation (1) in the simplest 
form, on the understanding that a generalization of type (2) of the solu- 
tion is always possible. 



Exercise 2.3.6.2-1. Trace the effect diat addition of a constant, say b , to g{z) 
(see (2)), has on the ansatz (2.3. 6-1). Hint: see (2.3. 6-2). 

The fimctional equation (1) possesses of course the, utterly uninteresting, trivial 
solution g (z) = A (z) = 0 , with arbitrary / (z) . We ignore this solution hereafter. 

There is another, somewhat more general, solution, that we also deem trivial, of 
the fimctional equation (1), which also holds for arbitrary / (z) . It reads: 

g(z) = Az , (3a) 

h(z)=2[z/(z)-l]-A^z^/2 , (3b) 

with 2 an arbitrary constant. Hereafter we ignore this uninteresting solution as well. 

Exercise 2.3. 6.2-3. Verify that (3) satisfies (1). 

Exercise 2. 3. 6.2-4. Understand why the solution (3) is of no help to solve the 
Newtonian equations of motion (2.3.6.1-26) with arbitrary /(z) . Hint: note that (3a) 
yields, via (2.3 .6-2), 

G (z) = exp (2 z^/2) , (3c) 

and that insertion of this fimction G(z) in the ansatz (2.3.6-1) yields an expression of 
i!/{x,t) that depends on the #„(r)'s only via the 2 collective coordinates 

p=i,2, ( 4 ) 



(of course #i(r), as defined here, coincides with the center of mass ^(r), see 
(2.3.6. 1-6)). Hence, even when i/r(x,r) is completely known, the individual ^„(z)'i’ 
caimot, in this case, be recovered from it. 
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Exercise 2. 3. 6.2-5. Verify that a nontrivial solution of the fiinctional equation (1) 



reads as follows: 

g{z) = f{z)=lfz , (5a) 

h(z) = r(z) = 0 . (5b) 

As noted in Sect. 2.3.6, with this solution, (5), the treatment of Sect. 2.3.6. 1 be- 
comes closely analogous to that of Sect. 2.3.3, since (5a), via (2.3. 6-2), entails 

G(z)=^z , (5c) 

while (5b), via (2.3.6.1-13) with (2.3.6.1-18), entails 

^fy) = 0 . (5d) 

Exercise 2. 3. 6.2-6. Verify that a nontrivial solution of the functional equation (1) 
reads as follows: 

g{z) = f (z) = cotan (z) , (6a) 

h{z)=0 , (6b) 

r(z) = -l/2 . (6c) 

Hint: use the trigonometric identity (2.3. 5-9). 



Let us again remark that, as already noted in Sect. 2.3.6, with this solution the 
treatment of Sect. 2.3.6. 1 essentially reproduces that of Sect. 2.3.5, since (6a), via 
(2.3. 6-2), entails 

G(z)=sin(z) , (6d) 

while (6b), via (2.3.6.1-13) with (2.3.6.1-18), yields again (5d). 



Proposition 2. 3. 6. 2-7. The most general nontrivial solution of the 
functional equation (1) reads (up to the transformation (2)): 

g{z) = fiz) = az) + Xz , (7a) 

/!(z)=i[r(z)+f^(z)]+A[zf(z)-i]+ii^z==r(z)-|i , (7b) 
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where ^(z)s4'(z|^y,^»') is the Weierstrass zeta fonction, see (A-39) (so 
that = 0 - 7 O’, where <7 = a(zl(u,a}') is the Weierstrass sigma fiinc- 

tion, see (A-38)), and A is an arbitrary constant. 



Proof. We note first of all that, if / (0) is fimite or vanishing (the latter being 
indeed more in keeping with (2.3.6-3b)), (le) with y = x yields 

g'(x) + /z(0) = 0 , (8) 

entailing (3a) with I = -/z(0) . Hence we hereafter exclude the possibility that /(z) 
not diverge at z = 0 (since we stipulated to ignore the trivial solution (3)). 

It is on the other hand clear from (1) that, at least as long as we restrict our con- 
sideration to analytic fimctions, as we hereafter do, / (z) can have at most a first- 
order pole at z = 0 . Hence we set, as z ^ 0 , 

/(z) = /_i/z+/iz + 0(z^) , (9) 

where we have taken account of (Ic). 

We then set, in (le), 

y = x-£ , (10) 

and let 0 . We thereby get 

[/-i Is + fi s + 0{s^)] [gXx)s-^g\x)s^ +jg\x)s^ +0(£^)] 

2 6 

= f"[g'(^)f+g'(.x)fg\x)s + \g’(_x)s^+h(0)+\h‘(0)s^+O(s^) , ( 11 ) 

2 2 4 2 

where we used (Id). Hence, equating the terms of order £^ with ;? = 0,1, 2, we get 



/-I g\x) = g'(x) + h(0) , (12a) 

ff-ig\^) = fg\^) . (12t>) 

7-.«’w+/i?'w=hs'wr+7'(x)+ino) . (12c) 

6 2 4 2 

From (12a) and (12b) we get 

(13a) 
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/z(0)=0, 



(13b) 



and using (13a) we then get, from (12c), 

g’W + 6t’Wr-12/,?'M + 6n0) = 0 , (14) 

hence (see (A-40) and (A-24)) 

g{x)=-!^{x)+Xx (15) 

with 



2 = -/, , 


(16a) 




(16b) 



where we are using the notation of Appendix A (see in particular (A-24)), and we 
have also simplified the expression of g(x) by taking advantage of the freedom en- 
tailed by the transformation (2), see the Remark 2. 3. 6.2-1 and the sentence following 
it 

Since (14) is a consequence of (1), any solution of (1) must also satisfy (14); 
hence (15) can now be considered as an ansatz that includes all possible solutions of 
(1), although of course the fact that (15) satisfies (1) remains as yet unproven. 

Hence we now insert (15), with A an a priori arbitrary constant, into (1), and we 
thereby find that, up to the trivial solutions mentioned above, the most general solu- 
tion of the fimctional equation (1) is indeed given by (15), or in fact, more specifi- 
cally, by (7) (and, more generally, via (2), by (2,3. 6-6)). Indeed the insertion of (15) 
in (la) yields 

^(x)C{y)^2ix^{y) + Xy^{x) + X^ xy = 



- f{x-y)[^{x)-^{y) + X{x-y)]+h{x-y) + k+]^?.^ {x" +y'") 
+^[ax)+C\x)+C(y)+CHy)h4’^a=‘)+yay)] ■ (17) 

We now use (A-59c) to eliminate the product ^ (x)(^(y) , and we thereby obtain 
[f{x-y)-^{x-y)-X{x-y)\(;{x) + lx-<^{y)-Xy] = H{x-y) , (18a) 

H(2)^Kz)~\S\z)+(\z)]yX\^-zax)]-jX^x^ ■ (18b) 

Since the first factor in the left hand side, as well as the right hand side, of (18a) only 
depend on the difference x-y , while the second factor in the left hand side of this 
equation, (18a), does not depend only on this difference, x-y, it is necessary and 
sufficient for the vahdity of (18) that there hold the two relations (7) (also recall 
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(15)). It is thereby proven lhat (7) provides the most general solution of the functional 
equation (1) (up to the trivial solutions mentioned above, and to the transformation 
( 2 )). 

A crucial role, in the proof we have just given, is played by the key relation (A- 
59c). Since we have been unable to locate this formula in the literature, we complete 
our proof, as given above, by reporting a proof of (A-59b,c). 

We take as starting point the formula (A-59a), that is well-known (see, for in- 



stance, <WW27>, Sect. 20.41, example 1, p. 446): 

(Xx)+C(y)+a^+y)+[a^)+C(y)-ax-y)Y=o ■ (19a) 

By performing the square, this can be rewritten as follows: 

^ (x) C(y)=C(x+ y) [c (x) +C(y)J-r(x)~r(y)-r(x+y) . (i9b) 

Here and below we use the convenient short-hand notation 

r(z)=i[aa) + f^(a)] = t<7'(z)/<T(z) . (19c) 

(see (lb)). We now replace y with - y . Since ^ (z) is odd, C (~^) = (^) » see (A- 

41), while clearly y (z) is even, y (-z) = y (z) , we get 

C(x)C(y)=<(x-y)[<^(x)-^(y)]+r(x)+r(y)+r(x-y) ■ (I9d) 



which coincides with (A-59c), that is thereby proven. And (A-59b) obtains by sub- 
tracting (19b) from (19d). 



Remark 2. 3. 6. 2-8. (i) All nontrivial solutions of the fimctional equa- 
tion (1) have the property {a priori far from obvious) 

g{z)=f{z) , (20) 

(see (7a)). Note however that this relation, (20), is not preserved by the 
transformation (2); hence it is possible to obtain, via (2), solutions of the 
functional equation (1) which violate the rule (20). (ii) Iff 2 = 0 , the gen- 
eral solution (7) has the property 

Kz) = ^k'(^) + g-" (z)] = /(z) ; (21) 

this property is also featured by the solution (5), which indeed corre- 
sponds to the general solution (7) with 2 = 0 and C (^) completely degen- 
erate, see (A-55b); it is not featured by the solution (6), which indeed 
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corresponds to the general solution (7) with ;i = -1/3 and 4' (z) degenerate 
(see (A-54c), with a = i, =-l). (in) The 2 special solutions (5) and (6) 
both feature a vanishing h{z), see (5b) and (6b); the general solution does 
not, see (7b), except in the two special cases (5) and (6). 



2.3,6.3 A new solvable many-body problem with elliptic-type 
velocity-dependent forces 

In Sect 23.6.3 we focus on the N -body problem 

N 

Xn =2 Y, , ( 1 ) 

m=\,m*n 

where of course x„=x„(f), x„=dx„{t)ldt and C(.x)^C(x\a}, co') is the 

Weierstrass zeta fiinction,^ see Appendix A. We show below how to solve 
the initial-value problem for this system. The initial data consist of the N 
initial positions, x„(0), as well as the N initial velocities, x„(0), and we 
assume that the initial velocities satisfy the single constraint 

i; i.(0) = 0 , (2a) 

n=l 



entailing that the center-of-mass of the system (1) is initially at rest. 
Since, due to the odd character of ^'(x), ^ (-x) = -4' (x) , (1) entails 



E ^«(o=o 5 

n=l 

hence 

E ^«(o=E 

»=1 n=l 



(3a) 



(3b) 



the condition (2a), constraining the center-of-mass of the system to be 
initially at rest, entails that it remains at rest throughout the motion. 



I 






x„(0 = 0. 



(2b) 
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The motivation for restricting attention to the N -body system (1) with 
the constramt (2) ensues from the treatment of Sect. 2.3. 6.1; and the fol- 
lowing developments are of course also closely related to that treatment, 
although we try to make the presentation below as self-contained as it is 
compatible with the avoidance of excessive repetition. At the end of Sect. 
2.3. 6.3, we extend the treatment to the more general equation of motion 
(2.3.6.1-26) with (2.3.6.2-7a) (which reduce to (1) for 2 = 0 ). 

To solve the problem (1) it is convenient to introduce new coordinates 
(r) such that (see (2.3.6.1-24)) 

, T = T(t), t = t{z) . (4) 

We will choose below the function r{t) appropriately, with the properties 
(see (2.3.6.1-25)) 

r(0) = 0 , ?(0) = 0 , (5a) 

f(0) = l, t'(Q)=l , (5b) 



which clearly entail (see (2.3.6.1-27)) 



#„( 0 ) = ^«( 0 ) 



(6a) 



^:(o)=x„(o) . (6b) 

Here and below dots denote of course t -differentiations and primes r- 
differentiations (or, more generally, differentiations with respect to the 
argument of the ftmction they are appended to). Note that, via (4), the 
constraint (2) entails (see (3b)) 



hence also 



Z f»«=Z 4(0) =Z *.(o) 



n=l 



n=l 



n=l 



(7b) 



with the first equality entailed by (7a) and the second by (6a). 
We introduce now the convenient function 
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(8a) 



= i„(0)4'[:c-i.(0)] . 

n=l 

This is a doubly-periodic elliptic function of the variable x ; it has N 
poles at x = x„(0) with residues -rx„(0), see (A-47); its double periodic- 
ity is guaranteed by the constraint (2a) (see (A-45)); and evidently 



y/{x,Qi) = l 



(8b) 



while the (partial) t -derivative of y/{x,T) , 



= i//,(x,0) = xJO) ^[x-x„{Q)] = y/{^,l)-\ 

n=l 



(8c) 



is clearly as well a (r -independent!) doubly-periodic elliptic function of 
X , with N poles at x = x„(0) and residues -x„(0) ; finally, it is obvious that 



\l/^fx,i) = 0 



(8d) 



We now introduce, in addition to the above (standard) representation 
of the doubly-periodic elliptic function (8a) via its poles and residues, 
another (also standard) representation of this same doubly-periodic ellip- 
tic fiinction, via its poles and zeros: 



^(x,r) =exp 









( 9 ) 



Here of course cr(x) = a(xjc(),G)') is the Weierstrass sigma function, see 

Appendix A, and it is required that the sum of the poles equals the sum of 
the zeros, a condition that is guaranteed by (7b). 



The fact that any doubly periodic elhptic fiinction admit, up to an additive re- 
spectively multiplicative constant, a unique additive representation of lype (8a) in 
terms ofits poles and residues (with the condition that the sum of the residues vanish) 
respectively a unique multiplicative representation of type (9) in terms of its poles and 
zeros (with the condition that the sum of the poles equals the sum of the zeros) is a 
well-known result (see for instance Sect 20.5 of <WW27>). hi our case we elimi- 
nated the ambiguity associated with the choice of the (additive or multiphcative, as 
the case may be) constant via (8a), and therefore the {a priori unknown) constant (p is 
introduced in (9) (^z? is a constant inasmuch as it does not depend on x; it does, of 
course, depend orat , (p = (pit), see (9)). 
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Let us emphasize that the representation (9) does not quite coincide with the rep- 
resentation (2.3.6-1) with 

G(x) = a{x) , (10a) 

which of course corresponds, in the notation of Sect. 2.3. 6.1 and 2.3. 6.2, to 

f(x) = g(x)=4'(x) , (10b) 

see indeed (2.3.6-2) with (A-39) and compare (1) with (2.3.6.1-26). The difference 
among (9) and (2.3.6-1) with (10a) is the z -independent multiplicative factor 

N 

n {o-[^-^„(o)]r , which has little relevance as regards the equation (8d) (or 

n=l 

equivalently (2.3.6.1-17a)) which characterizes the time-evolution. But this represen- 
tation, (9), is quite convenient to solve the initial-value problem for the N -body sys- 
tem (1) with (2), as we now show. 



Indeed we now equate (8a) and (9): 

exp[-^(r)/2]fj [ct[x-^„ (r)]/ cr[x - (0)] } = 1 - r x„ (0) C[x~x„(0)] . (11) 

n=l n-l 

It is clear from this equation that the initial data, x„(0) and jc„(0) , which, 
characterize its right hand side, determine uniquely the N coordinates 
^„(r) (which are just the N zeros of y/{x,z), see (8a)), as well as the 
ftmction (p{z) , that feature in its left hand side; and this determination is 
achieved, via this equation, (11), without having to integrate any differ- 
ential equation. Note in particular that this equation, (11), or, equiva- 
lently, (9) with (8b), entail, via (6a), that (p{z) vanishes at r = 0 , 

^ 2 ?( 0 ) = 0 . (12a) 

We now T -differentiate the logarithm of (9), using (A-39), and equate 
the result to (8c): 



WrM = -X ^;(r)4'[x-^„(r)]} , (13a) 

^ n=\ 

^„(0)rfjc-x„(0)] . (13b) 

M=I n=1 
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Via (8b), (6a) and (6b) this fomula, (13b), clearly entails that also the r - 
derivative of ^(r) vanishes at r = 0 , 



^'(0) = 0 . (12b) 

The r -independence of the left hand side of (13b) (which is less than ob- 
vious; but see the right hand side !) should moreover be noted. 

The next step is to r -differentiate (13a), and to use (8d). The relevant 
computation was detailed in Sect. 2.3 .6.1, hence it is not repeated here. 
The result reads 



= + 2 t . (14) 



This formula coincides with (2.3.6. 1-14) via (10b). 

Moreover, one gets (2.3.6.1-13) with (2.3.6.2-7b) (with 1 = 0): 

=2 t f; KL -#,) , (15a) 

^ i,m=l 

A(z)=i[r(a)+(-^(z)] = i<7'(z)/<T(z) . (15b) 

In (15a) we have omitted the requirement £^m in the sum, since (15b) implies 
^(0) = 0, see (A-47) or (A-46). This ODE, (15a), together with (12), determines in 
principle the fimction ^z?(r) , if the quantities ^„(r) and are known. But, as we 
have seen above, (p (r) is also obtainable, without solving any ODE, directly from the 
initial data (0) , x„ (0) , via (1 1). Hence, in the context of the initial-value problem 
for (1), we hereafter consider (p (r) as a hlo^/^n fimction. 



The final step, in the context of the solution of the initial-value prob- 
lem for (1), is to relate the coordinate |„(r) to the coordinate x„ (t ) . The 

equations to be compared are (14) and (1), with in addition (6). The link 
is provided by (4), with (2.3.6.1-25); note in particular the coincidence of 
(6) with (2.3.6.1-27); as for (2.3.6.1-25c) and (2.3.6.1-28), we refer for 
their relevance and derivation to the treatment in Sect. 2.3.6. 1, without 
reporting neither their expressions nor their derivations here. 

In conclusion: we now see how the initial-value problem for (1) is 
solved. Given the initial data, x„(0) and x„(0), via (11) one gets the N 
coordinates 4(r) (the zeros of (11) !), as well as the fimction (p(r ) ; then. 
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via (2.3.6.1-28), one gets t{v), hence, by ftinctional inversion, t{t) \ and 
finally firom (4) one gets the “particle coordinates” x„ (0 that are entailed 
by (1) with the assigned initial data (0) and x„ (0) . 

Let us now show, as promised above, how the solution of the initial- 
value problem for the (more general) N -body system characterized by 
the equations of motion 

yn='^ Yj ynym\fiyn-ym)-^^{yn-ym)\ , (16a) 

with initial conditions satisfying the restriction 

ZA(0)=o, (16b) 

n=\ 

can be generally reduced to solving the same problem, but with 
1 = 0 : 

= 2 2 x„ x^ /(x„ -X,) , (17a) 

Zi.(0) = 0 . (17b) 

n~\ 

Namely, we now show how, firom the solution of the initial value- 
problem for (17), one can, simply via a change of the independent vari- 
able, evince a solution of the initial-value problem for (16). Let us em- 
phasize that, in (16a), 1 is an arbitrary constant, while the function /(^), 
which appears in both (16a) and (17a), is also, in the present context, ar- 
bitrary, except for the restriction that it be odd. 



f{-z) = -f(z) . (18) 

Note that this restriction, together with the equations of motion (16a) re- 
spectively (17a), entail that the restrictions (16b) respectively (17b) on 
the initial conditions hold in fact for all time: 



N 



Z>’,(0 = 0 , 

H=1 


(16c) 


N 


o 

II 

s 


(17c) 
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Let us indeed relate the coordinate to via the identification 






(19a) 



with 

t=\ldT'QX^{{XI2)Y, [x^(O-^«(0)]} . 
«=1 



(19b) 



These relations clearly entail the identities 



x„(0) = y„(0) , (20a) 

x„(0) = v„(0) . (20b) 

Moreover, if x„ evolves according to (17a), evolves according to 
(16a); and viceversa. Hence to solve the initial-value problem for (16a) 
one solves firstly the initial-value problem for (17a), with the same initial 
data, see (20), and one then uses (19) to get {t ) ; of course to perform 
the last step a quadrature, and a ftinctional inversion, are generally re- 
quired, to get T{t) from (19b). 



Before delving into the proof of the above assertions, let us emphasize that the 
change of the independent variable discussed here, from t to t and viceversa, see 
(19), has nothing to do with the change of independent variable discussed above, see 
(4), in spite of the similarity of the notations used (also there, from t io t , and 
viceversa). 

Proofs. From (19b) clearly 



o 

II 

o' 


(21a) 


Of) = exp{-(2 / 2) Y, \pl (^) - (0)] } 


(22a) 



n=\ 



hence 



r(0) = l 



(21b) 



and 



f(0/[f(0r=-2-2] 

n=\ 



(22b) 
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The prime in the right-hand side of (22b) denotes of course differentiation with re- 
spect to r . Note that (21a) entails (20a) (via (19a)). 

Next, from (19a) we get 

ynit)=KW{t) (23) 

which of course, via (21), entails (20b). 

An additional differentiation yields 

yn (0 = K (r) [f (Or + (r) f (0 , (24) 

and, via (17a) (which must now be seen with dots replaced by primes), as well as (23) 
and (22b), one gets 

N N 

=2 E A ym f^n -ym)-'^ y^ym • (25) 

m=\,m^n m=I 



But, thanks to (16c), the last term in the right-hand side can be rewritten as foEows: 

-2^AE ym ym = ^^E yn ym (yn ~ yj • (26) 

m=l m=l 

Moreover, the term with m = n can be omitted, in the sum in the right-hand side of 
this last equation, since it vanishes. It is thus seen that (25) comcides with (16a), and 
this completes the proof of the assertions made above. 



Let us end Sect. 2.3. 6.3 by emphasizing that the N-body system 
solved herein, see (1), is Hamiltonian. The corresponding Hamiltonian 
function reads 

H(p,^ = Y, exp(^i7„) n > (27) 

n=l m—l,m^n 

with an arbitrary constant and (r{q) = a{q\a),(o') the Weierstrass sigma 
fimction, see Appendix A. 

Exercise 2.3.63-1. Verify that the Hamiltonian equations entailed by 
(27) yield the Newtonian equations of motion (1), of course via the iden- 
tification q„(i) = ^n(l)’ Hint see the treatment of Sect. 2.1.12.1, and use 
(A-39). 

Remark 2.3. 6.3-2. The solvable N -body model (1) does not belong to 
the RS class treated in Sect. 2.1.12 and the subsections following Sect. 
2 . 1 . 12 . 
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Remark 2.3.63-3, The solvable N -body model (1) admits the (com- 
plex) extension characterized by the Hamiltonian (compare with (27)) 



expC^pJ f[ [a(q„-qjy 



m=l,m^n 



(28a) 



and by the Newtonian equations of motion (compare with (1)) 



x„-iQx„=2 x„x^C(x„-xJ , 

m=l,m^n 



(28b) 



which obtain from the Hamiltonian equations of motion entailed by (28a) 
via the identification q„(t) = x„(t) . Here we denote by Q. an arbitrary real 
(nonvanishing) constant (we use the capital letter Q to avoid any confii- 
sion with the semiperiods, o) and cd' , associated with the Weierstrass zeta 
function = C ^') )• 

Exercise 2.5.d.5-4.Verify that (28b) follows from (28a). 

Remark 2,3. 6.3-5. Set 

^«(0=^„P(0] (29a) 

with 

7 {t) = [exp(/ €U)- 1]/ {i D) . (29b) 

Then clearly 



J.(0) = x.(0) , (29c) 

t(0) = 4(0) . (29c) 

and moreover, if {t) evolves according to (1), x„ (0 evolves according 

to (28b), and viceversa. Hence the solutions of the initial-value problem 
for (28b) can be obtained simply by replacing t with 7 (0 , see (29b), in 
the solutions of the initial-value problem (with the same initial data) for 
(1). This clearly entails that all solutions of the Newtonian equations of 
motion (28b), corresponding to the Hamiltonian (28a), are completely 
periodic, with period T = IQ. (or a multiple of it; see, for instance. Sect 
4.5). 
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Exercise 2.3. 6.3-6. Verify by explicit computation the validity of the 
above assertions, and review all previous analogous findings. Hint, see 
Sects. 2.1.12.3, 2.1.12.4 and2.1.13. 

Exercise 2. 3. 6 . 3-7. Generalize the Hamiltonian (27) so that it yields, 
rather than (1), the equations of motion (16a) (with / (z) = 4(z)). Hint, see 
Sect. 2.1.12.1. 

Exercise 2. 3. 6. 3-8. Formulate and solve analogous exercises to those 
written above, but for the more general Hamiltonian introduced in (the 
immediately preceding) Exercise 2. 3. 6. 3-7 and, correspondingly, for the 
equations of motion (16a) (with /(z) = ^(z)). 



2.4 Finite-dimensional representations of differential 
operators, Lagrangian interpolation, and all that 

In previous sections certain remarkable matrices emerged (see for in- 
stance the discussion preceding (2.1.3.3-46), that leading to (2.3.4.1-23), 
the statement following (2.3.4.2-30)): they were defined in a neat manner 
in terms of the zeros of Hermite polynomials or in terms of N arbitrary 
distinct numbers, and they possessed only integer eigenvalues. Clearly 
such findings have a (purely mathematical !) interest of their own, inde- 
pendent of the investigation of many-body problems. In Sect. 2.4 we 
tersely review certain developments on Lagrangian interpolation, finite- 
dimensional (matrix) representations of differential operators and all that: 
these classical mathematical results provide an appropriate context to 
prove and extend the findings about remarkable matrices mentioned 
above. They also provide tools to manufacture many-body problems 
amenable to exact treatments; but such developments are mainly post- 
poned to the next Chap. 3, where they are treated on the basis of a some- 
what more general formulation of Lagrangian interpolation than that pre- 
sented here, which is restricted to a one-dimensional context and to poly- 
nomial interpolation. 

Before delviug, in the next subsections of Sect. 2.4, into the substan- 
tive topics indicated by the titles of Sect. 2.4 and of the following subsec- 
tions, let us again specify the notation which is used below. i\r is a (fixed 
but arbitrary) positive integer, generally larger than unity; all indices 
{n,m,l,j,k,...) run, unless otherwise indicated, fi:om 1 to V; (NxN)- 
matrices are denoted by underlined upper-case letters, N -vectors are de- 
noted by underlined lower-case letters, and the standard rules are used for 



228 




matrix-vector algebra: thus the N -vector v has the N components v„, the 
matrix M has the elements , the N -vectors 

w = M.'Y. ’ H-Y-'M. 
have the N components 

% =E 

m=\ m=l 

and the scalar product among the two N -vectors v and u is defined in 
the standard manner, 

N 

u-v = v-u = Y, . (2) 

n=l 

In the following the dot, in equations such as (la) and (2), will be omitted 
whenever this is unlikely to cause any misunderstanding. 

Finally, in the following, unless otherwise indicated, by the notation 
(or or . . .) we denote N arbitrary distinct numbers (possibly com- 
plex); namely, the properties of the (A^x TV) -matrices which are defined 
below in terms of the N numbers x„ (or or ...) hold for any arbitrary 
choice of these numbers, except for the restriction that they be different, 

if n^m , (3) 

which is hereafter assumed to hold (actually most of the formulas written 
below remain valid, perhaps in modified forms obtained via appropriate 
limiting processes, even if (3) does not hold; but for simplicity we ex- 
clude this possibility hereafter). 



2.4.1 Finite-dimensional matrix representations 
of differential operators 

In Sect. 2.4.1 we report the main formulas which provide a convenient 
finite-dimensional matrix representation of differential operators, exactly 
applicable in the fimctional space of the polynomials of degree less than 
N. 

Let the matrices X and D be defined as follows, in terms of N ar- 
bitrary (but distinct, see (2.4-3)) numbers x„ : 
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( 1 ) 



X = diag(x„), , 

^nm = ^ (x„ -X,)"' +(l-^^)(x„ -xj-' . (2) 

e=lMn 

Let us moreover introduce, for notational convenience, the two N- 
vectors d and b , and the (N x N) -matrix B , also defined in terms of the N 
arbitrary numbers x„ , as follows: 



I , (3) 

m=\,m^n 

K=K(^= Ylix„-xJ , (4a) 

m=l,m^n 

5=5(x) = diag(6.), B^=S^h,. (4b) 



Note that (2) and (3) entail 

. (5a) 

f,D^=2d,, (5b) 

m=\ 

Z ’ (5c) 

m=\ 



e=i,e*n 

while (4a) entails 

K =PnM , (6a) 

where j?^(x) is the monic polynomial of degree X in x having the X numbers x„ as 
its zeros, 

N 

PNi^)=Yl (^~^n) • (6b) 

n=l 

The proof of these formulas is plain; the diligent reader might want to work it out 
in full detail. 




The two (iVx AT) -matrices Z respectively D provide faith&l repre- 
sentations of the (multiplicative) operator x respectively of the (differen- 
tial) operator didx, in the iV-dimensional fimctional space of the poly- 
nomials in X of degree less than N. A more precise formulation of this 
statement reads as the following 

Lemma 2. 4. 1-1. Let /(x) be an arbitrary polynomial of degree less 
than A, 



/W = Z oc,_^x-' =£ c.x' 



(7a) 



and (x) its r-th derivative 

n=r+l 

Now associate to /(x) respectively theA-vectors / respectively 

via the following prescriptions: the n-th component of the A-vectors 
/ respectively are the values that the functions /(x) respectively 
(x) take at the point x„ : 





(8a) 




(8b) 


There holds then the following A-vector formula: 




f'' ^BD' B~' f^iBDBT'y f , r = 0,l,2,- • 


(9) 



This important formula demonstrates that, up to the similarily transformation 
induced by the matrix B , the matrix D, given in terms of the N arbitrary numbers 
x„ by die neat definition (2), provides a representation of die differential operator 
dtdx. In the following two Sects. 2,4.2 and 2.4,3 we will look at this result from 
other angles, and in so doing we will also prove it (in Sect. 2.4.2). This should not 
prevent the diligent reader fi:om trying and proving (9) forthwith. 

Note that, since clearly (see (7)) 

/<*>=0 , ( 10 ) 
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(9) entails that the matrix D is nilpotent, 

. ( 11 ) 

The diligent reader is also advised to try and prove now this nontrivial property of the 
matrix D^, see (2), 



The Lemma 2 A. 1-1 stated above entails the following important 

Proposition 2 A. 1-2. Let A be an arbitrary linear differential operator 
written as follows: 

aXx)(dldxY , ( 12 ) 

r=0 



and let 

A/(x) = F(x) , (13) 

f{x) being a polynomial in x of degree less than N , see (7a) (but note: 
no such condition on F(x) ). There then holds the iV-vector equation 



Af(I)v=F(r)z 



(14) 



with 

(15) 

r=0 



and (see (5)) 

v = BY^u , (16a) 

where u is the iV-vector having all components equal to unity, 

K =1 , . (17) 



so that (see (4)) 



= bY 



N 



(16b) 
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This result provides a simple rule to transform any linear differential 
equation (including non homogeneous ones), valid for a polynomial /(x) 
of degree less than N, into a corresponding iV-vector equation, via the re- 
placement of the variable x with the diagonal (iVxiV) -matrix X, see (1), 
and of the operator of differentiation didx with the {N x N) -matrix D , 
see (2). 

There clearly moreover hold the following two Corollaries. 

Corollary 2.4. 1-3. If for the differential operator A, see (12), there 
holds the equation 

A/(x) = 0, (18) 

/ (x) being a polynomial in x of degree less than iV, see (7a), then the 
(N X N) -matrix A , see (15), has vanishing determinant 

det[4] = 0 . (19) 

Corollary 2.4. 1-4. If the differential operator A, see (12), has the ei- 
genvalue fl, 

AA(x) = a/^(x) , (20) 

and the corresponding eigenfunction, (x) , is a polynomial in x of de- 
gree less than N, see (7a), then the matrix A, see (15), also has the eigen- 
value a, 

, ( 21 ) 

and the corresponding eigenvector is given by the following simple 
rule: 

=faCQv, ( 22 ) 

with V defined by (16) (and of course X defined by (1)), 
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Proofs. The Proposition 2. 4. 1-2 is an komediate consequence of the Lemma 
2.4. 1-1. Indeed, by setting x = in (13), one gets 

I = . (23a) 

r=0 



hence, via ( 1 ), (8b), (9) and (17), 

, (23b) 

where moreover, see (17), (8a) and (1), 

f = fUQu. (24) 

Insertion of (24) in (23) yields, after multiplication from the left by (and using 
the commutativity of the diagonal matrices X and B), precisely (14) widi (15) and 
(16). Tbs Proposition 2.4. 1-2 is thereby proven. 

The Corollary 2.4. 1-4 is just the special case of the Proposition 2.4. 1-2 with 
/W =/a W and F(x) = a/„(x) . 

As for the Corollary 2.4.1-3, (19) is immediately entailed by the formula 

Af(X)v = 0 , (25) 

which corresponds to (14) with F(X) = 0, as indeed (18) corresponds to (13) with 
F(x) = 0. 

Exercise 2. 4. 1-5. Prove the identities 



I 



m=l 









r = 0,l„2,. 



( 26 ) 



with ^ respectively defined, in terms of the N arbitrary (distinct) numbers x„ , 
by (2) respectively (4a). Hint: set /(x) = 1 in (9). 

Exercise 2. 4. 1-6. Prove the identities 



Z 






i^n-^S\K'+bf)=0, 



(27) 



with b^ defined, in terms of the N arbitrary (distinct) numbers x„ , by (4a). Hint, set 
r = 1 in (26) and use (2). 
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2.4.2 Connection with Lagrangian interpolation 

In Sect. 2.4.2 we tersely indicate how the findings reported in the pre- 
ceding Sect. 2.4.1 fit in the context of the standard theory of Lagrangian 
(one-dimensional, polynomial) interpolation, and in so doing we also 
provide a proof of the Lemma 2 A. 1-1. 

Let be N arbitrary distinct numbers, see (2.1-3), and /„ be N as- 
signed values. The problem of Lagrangian (polynomial) interpolation is 
to construct the (unique ! ) polynomial / (x) , of degree less than N (gener- 
ally, of degree N-1), that takes the assigned values f„ at the N points x„ , 



fM=fn 



( 1 ) 



Note the analogy of this formula, (1), with (2.4.1-8a). Also note that, via (2.4.1- 
7a) (which merely reflects the property of /(x) to be a polynomial of degree less 
than N), (1) becomes 

• ( 2 ) 

m=l 

This is a system of N linear equations for the N unknowns a„_j . A necessary and 
sufficient condition to guarantee that this system admit a unique solution is that the 

determinant of the (A x A) -matrix with (nm) -element (x^ not vanish, 

det[(x„)™"']^0 . (3) 

But the Vandermonde identity. 



guarantees that (3) holds (since thex„'s are, by assumption, distinct, see (2.4-3)). 



The standard way to construct explicitly the polynomial / (x) goes as 
follows. Introduce the N interpolational polynomials, all of them of de- 
gree A-1, 

(x) = n ~ > (5) 
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which clearly satisfy the property 

= ■ ( 6 ) 

It is then obvious that 

n=l 



Indeed, clearly /(x) , see (7), is a polynomial of degree (at most) ^-1 (hence, 
less than N ), and, via (6), it satisfies (1). 

The diligent reader will verify that the prescription (7) with (5) 5 delds die same 
result that obtains by solving (2) for the ' s and inserting the result in (2.4. 1 -7a). 



It is now convenient to introduce the (x -dependent) iV-vector q{x), 
whose components are the interpolational polynomials: 



[ 7 W ]„ = qf-i (x) . (8) 

Then the right hand side of (7) can be written, via (2.4.1 -8a), as a scalar 
product (see (2.4-2)): 



fix)=f-q(x)=qix)-f, 



( 9 ) 



and moreover there holds the important iV-vector formula 

(d/dx)q(x)=q{x)~^'D- = q{x)^D^~^ , (10) 



with the (77xiV)-matrices B and D defined by (2.4. 1-4,2). 



Proof. Via (8), (5) and (2.4.1-4a) we write the n-th component of q{x) as fol- 
lows: 

n • (11) 

Hence 

{didx) (x) = q’„ (x) = (b „ )"^ Yl (x-xj , (12a) 
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q'ni^)=bt 









(12b) 



Lw=l J t=\,i^n 



^'n(x)= Z 

i=l,im 



ri(^-^m) 



[(^ - y -(x-x^ y ](x„ - x^ , (12c) 



^n(x)= Z 



t=\Mn 



n n 



(^« -XtY^ 



(12d) 



Yn (x) = Z K\x„-X^)^ [b„ q„ (x) - b, q, (x)] . (12e) 



In the last step we used (1 1); the others were, we trust, clear enough- 

It is now clear, via (2.4.1-4b) and (2.4.1-2), that (12e) can be written in the N - 
vector form 

^(x) = B q(x) , (13) 

where is the transpose of D (note that the antisymmetry of the off-diagonal terms 
in the right hand side of (2.4. 1-2) takes thereby care of the minus sign in the right 
hand side of (12e)). 

Since the transpose of ^ B is 5 D (5 being symmetrical, indeed di- 
agonal, see (2.4,l-4b)), clearly (13) coincides with (10), which is therefore proven. 



Clearly (10) can be iterated, yielding the more general formula 
(dldxY q(x)=q(x)(BDB~^y =q{x)BD^^~^ . (14) 

Hence from (9) we get 

(dldxy f(x)=q(x)-BD’' B-'f , (15) 

which corresponds to the important formula (2.4. 1-9), that is therefore 
now proven. 



Indeed, by setting x = x„ in (15) we get, via (2.4.1-8b), 
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(16) 



and the scalar product in the right hand side coincides with the n -th component of the 
N -vector f , since 

( 17 ) 

(see (8) and (6)). 



Let us end Sect 2.4.2 with some final remarks, which are perhaps 
more notational than substantive, yet may be quite illuminating in con- 
nection with the developments reported in subsequent sections. 

The interpolational polynomials (5) are defined in terms of the N 
numbers , hence they might be conveniently redefined as follows: 

n > ( 18 ) 

m=\,m^n 



where of course the N x„ 's are the N components of the Atvector x . Then 
of course (6) reads 

( 19 ) 

and by setting in (7) / (x) = x™'^ one gets 

, ( 20 ) 

a formula where, for notational convenience, we have replaced x with y , 
and which of course holds as usual for m = . 

In particular, if we now introduce the N arbitrary numbers and set 

y = y„m (20) we get 






( 21 ) 



which can be then written as the following N N -vector equations: 

y-» =2(^,2) , (22) 
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via the definitions 



(m-1) _/ m-1 m-l 

i ”V-^I 5*^2 ?***5*^J\r / 5 

y.-l) , 

IgCZ’^L = n -^^)] • 

Note that (22) entails 

Q(x,^=-L 

\gi^^V =Q_iy,^ , 

Q(^^Q(y,^=Q(x,^ • 

Finally note that (23) entail 

(0) (0) 

' =y^ =u 

where u is the N -vector with unit components, 
M=(l,l,...,l) , 
as well as 

(m-l) -rr(,m-l) 

X -X U , 

(m-l) 



(23a) 

(23b) 

(24a) 

(24b) 

(25) 

(26) 

(27) 

(28) 

(29) 

(30a) 

(30b) 



with the diagonal (N x N) -matrices X and Y defined as follows: 

^nm ^nm J ^nm ~ ^nm y n ' (^ ^) 

Finally let us re-emphasize that all these formulas hold for an arbi- 
trary choice of the IN distinct numbers x„ and y„ (and, in (27), as well 
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of the N numbers z„), and for an arbitrary value of the indices, or expo- 
nents, provided they are in the range 1 , 2 ,..., N (this latter restriction 
is essential !). 



Exercise 2.4.2-1. Prove the identities 

t n / = 1,2 N. . (32) 

n=l m=\,m^n 

Hint: set f{x) = in (7); or see (20), 



2.4.3 Algebraic approach 

In Sect. 2.4.3 we revisit the results of the two preceding Sections, 2.4.1 
and 2.4.2, in a more algebraic setting. 

The main formula of this approach is the matrix relation 

\d,x\=L-J ■ (1) 

Here of course and X are the (XxiV) -matrices defined, in terms of the 
arbitrary N distinct numbers x„, by (2.4. 1-2) and (2.4. 1-1), while / is the 

(iV X iV) -unit matrix, 

. ( 2 ) 

and J_ is the matrix all of whose elements equal unity, 

• (3) 

Let us also introduce the matrix 

P=l!N , (4) 

theiV- vector u with unit components (see (2.4.1-17) and (2.4.2-29)), 

5 (5) 

and N iV-vectors 



240 





^(m) ^ ^ , m = 1,2, , (6a) 

with v=B~^u (see (2.4.1-16)), so that their components read as follows: 



v(")=(xJ'”-V6„=(xJ'”-V| 



1 



m—l 



ii 

i=\Mn 






(6b) 



see (2.4.1-4a) (note that this definition entails 
note of the following formulas: 


v*‘* Hv); and let us take 




(V) 


P-D=lD=0 , 


(8) 


Py^”^=j/"^=0 « = 1,...,N-1 , 


(9a) 


=u, Py^^^=ulN , 


(9b) 


P_u-u , 


(9c) 




(10) 




(11) 



Proofs and comments. The proof of (1) is plain: since X is diagonal, see (2.4.1- 
1), the commutator in the left hand side of (1) has no diagonal part, and this is obvi- 
ously also true of the right hand side, see (2) and (3). As for the off-diagonal part of 
(1), it amounts via (2.4. 1-1), (2,4. 1-2), (2) and (3), to the identity 
(x„ -x^)"^ (x^ -x^) = -1 , The proof of (7), from (4) and (3), is trivial; note that it 
qualifies P as a projector. The proof of (8) is also trivial; indeed, this formula coin- 
cides essentially with (2.4.1 -5c), via (3) and (4). 

Note that (9a) only hold foi n<N (see (9b)). It amounts via (3), (6) and (2.4.1- 
4a), to the sum rule (identity) 

S n ^=1 iv-1. (12) 

11=1 



Indeed, consider the polynomial of degree Nin. z , havmg the N xfs as its zeros. 



N 

Piv(^)=n 



n=\ 



(13) 
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and the N -I meromorphic fimctions 
(PXz) = z"~^ ! Pjf{z), s = \,...,N-l , 



(14) 



whose (only) singnlarities in the complex z -plane are N simple poles at z = with 
residues p„, 

P«=(x„)^-Vp;(x„). (15) 



Clearly (14) and (13) entail that, at large |z| , 

?;,(z) = z'-‘-''[l+0(|z|-‘)] . (16) 

I I “2 

z| when the modulus 

|z| of the complex variable z diverges. This entails 

{iTuiy^ J dz(p^{z)=0 (17) 

c 

if C is a circle of divergmg radius in the complex z -plane. But, by the residue theo- 
rem, see (15), this integral equals the sum in the left hand side of (12), since (13) en- 
tails 



J= fl 



m=l,tn^n 



Hence (17) entails (12) namely (9a), which is thereby proven. 

To prove (9b) one repeats the previous argument, but now with s = N . Then, at 
large |z| , via (13), 



«>„(z)sz''-‘/p^(z) = z-'[H-0(|z|-')] ' (19) 

hence 

(2^0"^ I dz(pj^{z)=l , (20) 

c 

and, proceeding as above, one gets now the sum rule {identity) 

I (*„)""/[ n (z,-xj]=i, (21) 

which, via (6), (2.1.4-4a) and (5), corresponds to (9b). 
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Exercise 2.4.3-L Verify, by direct computation, the validity of (9a) and (9b) for 
N = 2 and V = 3. 

The proof of (9c) is trivial, from (3), (4) and (5). Note that this equation, (9c), 
entails that u is the (right) eigenvector of P corresponding to its unit eigenvalue (P 
of course also has the eigenvalue 0 , with multiplicity N-l). Hence the action of the 
projector P on any iV-vector w is to yield the component of w in the direction of u , 

P}v = (u-^u. ( 22 ) 

Note that (9b) entails that all the vectors with « < V, see (6), are orthogonal to 



=0, n = l,...,N-l . (23) 

There remain to prove (10) and (11). The latter is a trivial consequence of the 
definitions of X, see (2.4. 1-1) and of see (6). But note that this formula, (11), 
only holds for n<N; indeed is not defined, since (6) only holds for 

m = 1,...,V. Of course one might define y^”^ for arbitrary values of m via (6), and 
then (1 1) would trivially hold for arbitrary values of n ; this would, however, not be 
the case for (10), see below, and it is therefore preferable to limit the deJBnition of the 
vectors y^”^ to the N values n = 1,..., V, since, in any case, there can only be N inde- 
pendent V-vectors (indeed, as we see below, the W-vectors y^"^ , n = l,...,N, pro- 
vide generally a complete basis in the fiinite-dimensional vector space of V-vectors). 

The simpler way to prove (10) is to note that it is merely a special case of (2.4.1- 
9) (which has been proven in the preceding Sect. 2.4.2). 

Indeed for 

/ (x) = (p^ (x) = x""’ , (24a) 

via (2.4.1-8a), (2.4.1-4b) and (6) one gets 

= , (24b) 



as well as (using additionally (2.4.1-8b) with r = 1 ) 

5 - 7 ® =(„-l)v^”-') . (24c) 

But then, multiplication of (2.4. 1-9) (with r = 1) by (from the left) yields, via 
(24b) and (24c), precisely (10), which is thereby proven. Note that the condition 
n = l,...,N , required for (10) to hold, corresponds precisely to the requirement that 
/ (x) , see (24a), be a polynomial in x of degree less than N, which is essential for 
the validity of (2.4. 1-9). 
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The two key formulas (10) and (1 1) correspond to the two elementary 
relations 

{didx) (p„ (x) = {n-l) (p^_, (x) , (25) 

= 5 (26) 

vahd for the set of functions (simple powers) 

= « = 1 , 2 ,... . (27) 

This underscores the correspondence among, on one side, the {NxN)- 
matrices D respectively X, and, on the other, the operators dIdx re- 
spectively X . Of course (25) and (26) hold for all positive integer values 
of n , while, as we have seen, in the finite-dimensional framework of the 
iV-vector space spaimed by the N A^-vectors , see (6), (10) indeed holds 

for all values of « in the range from 1 to N, while (1 1) only holds for the 
first N-l iV-vectors with n = l,...,N -I, because the vector is 
not defined. Likewise, to the commutation relation 

\dldx,x\ = \ , (28) 

there corresponds, see (1) and (4), the (XxiV) -matrix formula (see (1) 
and (4)) 

[D,X] = /-JV£ , (29) 

with the projector operator P, see (4), (3) and (7), characterized by the 
properties (9). 

To complement the interpretation of the N Af-vectors as a basis in 
the finite-dimensional A^-vector space, let us introduce the N A^-vectors 
orthonormal to the N A^-vectors : 



There hold then the following formulas: 

m=n 



(30) 



(31a) 
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(31b) 



with u defined by (5) and the coefficients related to the x^'s via the 
formula (see (2.4.1-6b)) 

= Z yrn • (31c) 

n=l m=0 

Note that (3 Ic) entails 

r»=i, (31d) 

and that (3 lb) is merely the special case of (3 la) with « = iV^ , see (5). 

Let us now introduce the (A/^xiV)-matrices V and U via the (stan- 



dard) definitions 




i=u*n 


(32) 


U., =«!"’= I , 

t=n 


(33) 


and let us then note the following formulas: 




UV=VU=l , 


(34) 


n,m=l;n>m 


(35) 


n,m=\;n>m 


(36) 




(37a) 


]/''^D=u-D = 0 , 


(37b) 


• X =X • f „_j u, n = 2,... ,N , 


(38a) 




(38b) 



245 




(UDD„=rtS, 



(39) 



(UXV) nm ^ ^ l,.,.,iV 1, (40a) 

(UXD^=-r._, . (40b) 



Proofs. The main result to be proven is the consistency of (31a) with (30), 
namely validity of the sum rale 

z i )"“■•/[ n . ('»!) 

l=l s=n 

which corresponds to (30) via the definitions (3 la) and (6) of and . To this 
end we exchange the order of the two sums in the left hand side of (41), and use as 
main tool the identity 

Z n = p^Q,...,N-l , (42) 

^=i j=\,M 

which coincides with (12) (for p = 0,...,iV - 2 ) and (21) (for p = N-l). We note that 
the exponent of in (41) ranges firom m=l to N -l + m-n, and consider firstly 
the case 

n>m . (43) 

Then clearly (42) is applicable, and (41) becomes 

'Z rs^s,N^n-m=^nm , W 

s=n 

which is clearly satisfied (see (43) and (3 Id)). There remains to prove (41) for 
n<m . (45) 

To this end we use the equality 

(46a) 

s=n 5=0 



which is implied by the definition (31c), namely by the fact that is a zero of the 
polynomial p^(x). 
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(46b) 



N 
s=Q 

Via (46a), the formula that remains to be proven reads 

tr,t n -^y)]=0 • (47) 

^=0 i=l 

But this is implied by (42), since the exponent of in (47) ranges from the minirmim 
value =m-n-l (which is certainly in the range 0 < < V - 2 , see (45)) to 

the maximum value =m-2 (which is also in the range 0 < < V-2 , see 

(45)). Hence (3 1) is proven. 

The definitions (32) and (33) are imphed by (6) and (31) with (2.4. 1-1) and (5); 
and, via these definitions, (34) coincides with (30) (note that the co mmutativ ity of F 
and U_ is entailed by their being each others inverse). 

The vahdity of (35) is imphed, via (32), by the Vandermonde identity (2.4.2-4), 



together with the obvious identity 

n n ■ (48) 

n,m=\,n^m n,m=l;n>m 

The vahdity of (36) follows from (34) and (35). 

The vahdity of (37a) is imphed by the identity 

. (49) 

Indeed, via (10) and (30), its right hand side yields 

= . (50a) 

For n = 1,..., N -r-l one can, using again (30), rewrite this formula as fohows: 

= . (50b) 

Hence, from (49) and (50b), 

(w^”^ = « = 1,...,V-1 , (51) 



and this equation, which holds for the entire set of values of m, m = 1 ,..., V, entails 
(37a), which is thereby proven. 

As for (37b), it coincides, via (3 lb) and (5), with (2.4.1-5c). 

The proof of (38a) is analogous: for m = -1 , 
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where the last step is only applicable for n = . Hence 

= (52b) 

If an iV-vector is orthogonal to all tiie vectors y^'”^ except , it must, see (30), be 
proportional to =u (see (31b)). Hence 

• X - «, n = 2,..., iV . (53) 

To compute the scalar , we take the scalar product of this equation with u. This 
yields (see (5), (31a) and (2.4. 1-1)) 

= Z |i (54) 

OT=1 L S=n s=n-l 

Clearly (53) with (54) imply (38a), which is thereby proven. 

The proof of (38b) is analogous, and is left as an exercise for the diligent reader. 
Finally, (39) and (40) are immediate consequences of the definitions of the 
(NxN) -matrices V_ and U_ in terms of the iV-vectors y^”^ and , see (32) and 
(33), of (10) and (11) (or, likewise, of (37) and (38)), and of (30). 



It is also of interest to display some formulas involving the "number" 
(or "counting") (N x N) -matrix N , defined as follows: 



N = XD , (55a) 

Z +0-~^nm)Xn • (55b) 

i=lMn 

They read: 

={n-l)v^"^ , (56) 

N_ = N_^ = (n - 1) , (57) 

UNIT' =V~^NV = UNV = diag(« -l;n = 1,..., X) . (58) 



Proof. (55b) follows from the definition (55a) and (2.4.1-1,2). (56) and (57) are 
immediate consequences of the definition (55), and of (10) and (11). Likewise, (58) 
follows from (56) and (34). Beware of a notational awkwardness: 
^ = (n — 1) ■f"'’ , hence X = (iV-1) y*'^^ (note: ) . 
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Note that (56), (57) and (58) entail that the (iVxiV) -matrix N has the 
first nonnegative integers, as its eigenvalues. This is the 

counterpart of the property of the operator 

H = x(d/dx) , ( 59 ) 

to have the nonnegative integers as eigenvalues, and polynomials (indeed, 
simple powers) as eigenfimctions, 

Nx"-'=(«-l)x”-\ n = l,2,... . (60) 

Let us emphasize that this property of the (N x N) -matrix N holds for 
any arbitrary choice of the N distinct numbers x„ . Hence any variation of 

these numbers corresponds to an isospectral deformation of this matrix, 
as displayed by the formula 

my) = m^^K(^[W(y,x)]-' . (61) 

Here we have introduced the two iV-vectors x respectively y , of (arbi- 
trary but distinct) components x„ respectively y „ , we have indicated by 
N(x) respectively N(^ the (N x N) -matrices defined by (55) in terms of 
the (N components of the ) iV-vectors x respectively y , and we have 
introduced the (iVxA/^) -matrix W(y,x) defined in terms of the two N- 



vectors x and y as follows: 

K(y,x)=K(y)U(^= KM kMV = UM . (62) 

Let us also record the following formulas: 

n hn-^i)i{yn-yt)] , (63) 

fc(v,^]-'=fc(x,3;)] , (64) 

K(^X)=I , (65) 

K(^y)K(y,z)-K(x,z) . ( 66 ) 
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Proofs and comments. The eigenvalue equation (60) is a trivial consequence of 
the definition (59). Likewise, (61) is an immediate consequence of (62) and (58) 
(which ought to be rewritten with U,N,V replaced by U,(x),N(x),V(x) respec- 
tively u(y),K(y)>K(y))- 

The explicit expression (63) of the (M x N) -matrix W(x,^ in terms of the (N- 
components of the) two iV-vectors x and y is less trivial. To obtain it we note that 
(62), (32) and (33) entail 



lK(^y)L=X n > (^ 7 a) 

J=l l=\Mn k=j 

with the coefficients Yk=Yk^ related to the N components of the iV-vector x via 
(3 Ic). We now exchange the order of the two sums: 

fe&>:)L=[ n (3'» 

1=1, k=l J=l 

=[ n (yn (4 -yt)/(x„ -y„) , (67c) 

e=l,fen k=l 

\K(^y)L =l(yn ~^m) n (^« -3^^)rZ (y'n -xt) , (67d) 

l=l,e^n k=0 

=[(yn -xj n -ye)Vll (Jn -Xl) . (67e) 

^=l,fera e=i 



In the last step we used (3 Ic) (with x = y„ , and with x = x^ which yields a vanishing 

contribution). It is now clear that (67e) coincides with (63), which is thereby proven. 

The other formulas, (64), (65) and (66), are immediate consequences of the defi- 
nition (62); it is, however, far fi:om trivial that they are satisfied by the (NxN)- 
matrix whose elements are given by the explicit formula (63) in terms of the 2 W ar- 
bitrary numbers x„, . 

This formula, (63), as written, requires that all the numbers x„ and y„be differ- 
ent; it also holds, if this requirement is violated, provided appropriate care is taken to 
treat the ratio of vanishing factors. 



Two limiting cases of (61) deserve explicit display: 



8N(x)/dx,=[N(x), 



(68a) 
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with 



(S) -S.)(x, -X,)-' = -S^)D^-, (68b) 

W = , (69a) 



with 

M = VU = -~^U = disig\x-D\-XD . (69b) 

In (68), the (#xiV) -matrices and D are constructed with the N 
numbers x„, see (55), (68b) and (2.4. 1-2). Likewise, in (69) the {NxN)~ 
matrices N^MjV_,ll,D, are constructed with the N components x„ of the 
iV-vector x (see (55), (69b), (32), (33) with (31c) and (2.4. 1-2)) which is 
however now assumed to depend (in some arbitrary manner) on the pa- 
rameter t, x = x(t); and the superimposed dot denotes of course differen- 
tiation with respect to this parameter. Note the analogy of (69a) with a 
Lax equation, see (2.1-2); this is elaborated upon in Sect. 2.4.5.3. 



Proofs. To obtaia (68) we set, in (63), 

yj=Xj+5j^dXj, (70a) 

where A: is a fixed integer in the range firom 1 to iV, while j takes all values in that 
range, namely 

Ti Vz yk-\ yk ~^k ~^^k’ Vit+i ~^k+i’"‘’ ys (70b) 

It is then easily seen that 

KmiXj +Sj, dxf) = 5 ^^ [d„, -(1 + J„,)(x„ -x,)/(x„ -X, -dxf)] 
^C}^^5„JS„,^dxJ{x,^-dx^-x^) , (71a) 

hence, in the limit of infinitesimal dx ,^ , 

KmiXj +Sj,dx,) = S„^ {s„, +(l + Sj[l+dx,/(x„ -xj]}. 
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Km {Xj +5jj^dXj^)=5^^+ dXj, (x„ - X;t) ^ fem (1 -S„k)-Q-- Snm)SnkVo{ {dXj,f ], 

(71c) 



namely 

W{xj +5j^dXk) = L-dxj^ (^ + 0[ {dx^^f ], (72a) 



as well of course as 

[K{^j+Sj,dx,)Y =I + dx^M^'‘^ (x) + C^{dx,f ], (72b) 

with (j^ defined by (68b). Insertion of (72) into (61) yields clearly, in the limit 
of infinitesimal dx/^ , (68), which is thereby proven (the second equality in (68b) is of 
course entailed by (2.4. 1-2); note that only the off-diagonal terms of D enter in Ihe 
right hand side of (68b), since for m = A: the factor vanishes). 

To prove (69), we set in (61) 

X = x(f), y = x(t+dt)=x(t) + x(f)dt . (73) 

We assume of course dt to be infinitesimal, hence here and below we neglect con- 
tributions of order {d f)^ or higher. It is then clear that, via (62), (61) yields (69a) 
with 

M = -VU , (74a) 

or equivalently, see (34) 

M = VU , (74b) 

which correspond to the first two equalities in (69b). To get also the last, we t- 
differentiate the definition (32) of V_ , getting 



V„^=(m-l)xAx„r-^ /b„-(bJbJV„^ , 


(75a) 




-[ Z (K ~ ~ \V^ , 


(75b) 


V =x f 1 -\x-D] V , 

rnn n L — — In L — — in nm ’ 


(75c) 


namely 


F = {X^-diag[x^]}F . 


(75d) 
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To go from (75a) to (75b) we used (6) and (2.4.1-4a); from (75b) to (75c), we used 
(10) and (2.4.1-2); from (75c) to (75d), we used (2.4.1-1). Insertion of (75d) in (74a) 
yields, via (34), the last of the (69b), which is thereby proven. 

The reader will ponder on the correspondence among (68) and (69). {Hint: set 
dx = xdt). 



Let us end Sect. 2.4.3 by noting that, while the results reported herein 
have been described and proven self-consistently, they can just as well 
(indeed, perhaps more easily) be obtained from the results reported in the 
preceding Sect. 2.4.2. A key formula to establish the connection is the 
relation 

= , (76) 

see (63), (2.4.2-24) and the definition (2.4. 1-4) of the (iVxiV) -matrix 
B (^ . We urge the diligent reader to purse in some detail the connection 
among the results reported in Sect. 2.4.3 and those reported in Sect. 2.4.2. 



2.4.4 The finite-dimensional (matrix) algebra of raising 
and lowering operators, and its realizations 

In Sect. 2.4.4 we revisit tersely the results of previous Sections, and in 
particular of the preceding Sect. 2.4.3, in the context of the well-known 
formalism of raising and lowering operators. 

Let y and m be two orthonormal sets ofW-vectors, 



Note that, for the moment, we are not committed to any particular reali- 
zations of these iV-vectors, although of course the main realization we 
have in mind, see below, is that given in the preceding Sect. 2.4.3, see 
(2.4.3-30). 

Let us also introduce, as in the preceding Sect. 2.4.3 (see (2.4.3- 
32,33), the two (A/^xiV) -matrices V_ respectively H, associated with 
these sets y respectively u : 



F'„ =v 



(m) 



(2a) 



=u 

nnt 






(2b) 
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so that, see (1), 



uv=vu=^l . (3) 



We then introduce the "lowering” (iV^xiV) -matrix L, and the "rais- 
ing" (iVx AT) -matrix via the following formulas: 





(4a) 




(4b) 


L = l/ u = , 


(5a) 




(5b) 



The formulas (4) respectively (5) specify how the (iV^xiV) -matrices L and R 
act on the complete sets of vectors respectively ; hence they provide com- 
plete definitions of tiiese (NxN) -matrices. Note that L acts, from the left, as a low- 
ering operator on the set of iV-vectors , see (4a), but it acts, from the right, as a 

raising operator on the set of iV-vectors see (5a); hence its transpose iJ acts, 
from the left, as a raising operator on this set, see (5a). The converse is true for the 
raising operator R and its transpose ^ , see (4b) and (5b). Of course, in the special 
case in which the two sets of orthonormal iV-vectors coincide, =y^"^ there hold 

the (equivalent) relations L=^ , R-lJ . 

Exercise 2. 4. 4-1. Prove that (5) is consistent with (4). Hint', compute the scalar 
products -A-y^"^ respectively using (1), (4) and (5). 



Clearly the (iV^xA/^) -matrices L and R are given, in terms of the iV- 
vectors y and u , by the formulas 

i..=z U-DK.hUj. , (6a) 

j=l j=2 



R. 



=E 

y=i 






=E 

/=i 






and they are nilpotent. 



(6b) 
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( 7 ) 



l/=.R^=0 . 

It is also convenient to introduce the "counting" (NxN) -matrix N, 

K=K-L, ( 8 ) 

as well as the "projector" {N x N) -matrix , 

(9) 

which, acting form the left respectively from the right, projects on the 
highest vectors, respectively (see (13a, b) below). 

There hold then the following relations: 





(lOa) 




(10b) 


N=^V’6iag(ri-l;n = l,..,,N)-U, 


(11a) 


UKK = diag(« -l;n = 1,..., N) ; 


(11b) 




(12a) 


(LLKJDnm ~ ^n,m+l ’ 


(12b) 




(13a) 




(13b) 


[ pW j2^pW. 


(13c) 


pWp^ppW 


(13d) 


N = N =(N-l) ; 


(13e) 


[LKhL, 


(14a) 


[R,K]=-p, 


(14b) 
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(14c) 



LR = (N + I)(l-P^''^)=l + N-NP^''\ 

[Ll]=L-Kl^''^ . (14d) 

There moreover hold the following Propositions. 

Proposition 2. 4. 4-2. The matrix , 

M<«=^+|; U (15a) 

s=0 p=l 

has the same eigenvalues as the matrix N , namely the &st N nonnegative 
integers: 

m(^)v(^)(”) = (n -1) (15b) 

with 

^(i)(«) aWv('”V(m-l)!. (15c) 

BI=1 

The coefficients in (15a) are arbitrary (except for the requirement 
that the sums ^ c^p{N-iy converge), and the coefficients in (15c) 
are determined recursively by the triangular relations 

{n-m) =(n-l)!^ («-!)" 

5=0 



+ Z c^,^-m(^-l)% m = n-l,n-2,...,l. (15d) 

C=m+l s=0 

Here, and always below, a sum vanishes if the lower limit exceeds the 
upper limit. 

Proposition 2. 4. 4-3. The matrix 

M"’=iV+|; 2 C,, rr, (16a) 

i=0 p=\ 



has the same eigenvalues as the matrix ^ , namely the first N nonnegative 
integers: 
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(16b) 

with 

vW("Uv(”)+ I; (16c) 

m=n+l 

The coefficient in (16a) are again arbitrary (except for the require- 

00 

ment that the sums {N-\)'c^p converge), and the coefficients in 

5=0 

(16c) are determined recursively by the triangular relations 

00 CT-1 00 

(«-m)AW=j; c„.,(«-l)*+2 i’f’E m = « + l,n + 2 N. 

5=0 l=n+\ 5=0 

(16d) 

Proposition 2 A. 4-4. The eigenvalues p of the generalized eigenvalue 
equation 

{6) {6) = // {6) {6) (17a) 

are independent of 6, provided the two (iV^xiV) -matrices hP^\9) and 
are defined as follows: 

(^) = E S X M \i^P ~ L" R" K\ r =1,2 . (17b) 

5=0 p=0 q=0 

Here the coefficients are independent of 0, but otherwise arbitrary, 

00 

except for the requirement that the sums ^ converge. 

s=0 

Proofs and comments. (10) follows from (8) and (4), (5). (11) follow from (10) 
and (2). (12) follows from (4), (5), (2) and (1). (13a, b, c) follow from (9) and (1); 
(13d) follows from (4a) and (13a), which entail Lv^"^ =0 for n=l,...,N, and 
likewise (13e) from (5b) and (13a), which entail RP^^^ =0 for n = \,...,N , 
(14a,b) follow from (4a,b) and (10a); (14c) from (4b), (4a), (10a) and (13e); (14d) 
from (8) and (14c). 

The Propositions 2. 4. 4-2 and 2. 4. 4-3 are consequences of the "triangular" char- 
acter of the operators respectively , and the diligent reader will easily ver- 
ify them, namely the validity of (15d) and (16d). 
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FinaEy Proposition 2.4A-4 is proven by setting in (17a), 



v"’(^)=Z y‘” . (18) 

n=l 

and then noting that, due to the structure (17b) of {6) and {0 ) , insertion of 
(18) into (17a) yields for the coefficients ^-independent (linear) equations. 
Hence these coefficients are, as our notation indicates, themselves 6 -independent, 
and it is likewise 0 -independent the associated "secular equation" (i.e., the condition 
that the determinant of the coefficients of these linear equations for the vanish, 
so that a nonvanishing determination of the coefficient p^f^ exist). And it is of course 
this "secular equation" that determines the A eigenvalues // of (17a), as the iV roots of 
a polynomial in p of degree A. 



A trivial representation of the matrix algebra of lowering and raising 



operators reads as follows: 




in) 

m m nmi 


(19a) 


v=u=L , 


(19b) 


^nm ^ ^n,m-\ ’ ^nm ^ n,m+\ 5 


(19c) 


N = dia.g(n-l;n = l,,..,N) . 


(19d) 


All other representations can be obtained fi*om this one via similarity 
transformations (see (11) and (12)). 

Less trivial is the representation, featuring N arbitrary parameters , 
that is yielded by the results of the preceding Sect. 2,4.3 via the identifi- 
cation 


L = D , 


(20a) 




(20b) 


N=RL=XD , 


(20c) 



with ^ and X defined by (2.4. 1-2,1) and 



258 





(21) 



i=\Mn 

consistently, via (9), with ( 2 . 43 - 6 ) and (2.4.3-31b,5). Let us emphasize 
that this entails validity of all the formulas written above, in Sect. 2.4.4, 
of course with these definitions, (20), of the -matrices L, R and 

N as well as the definitions (2.4.3-6) respectively (2.4.3-31) of the N- 
vectors respectively . 

The diligent reader will ponder and verify, being aware of the difference among 
the two projectors, P (see (2.4.3-4,3)) and (see (21)): although both annihilate 



(acting ffom the left) all N -vectors with n<N, 

n = l,...,iV-l , (22) 

and both satisfy the equation characterizing a projector, see (2.4.3-7) and (13c), they 
generally act differently on the highest vector , 

Pv^^^=N-^u, (23) 

( 24 ) 

(see (2.4.3-9b) and (13a)), as well as on the vector = u (see (2.4.3-5,31b)), 
Pu=u , (25a) 

P^^\ = Nv^^ (26) 

(see (2.4.3-9c) and (21), (2.4.3-5)). Also note that, while clearly (see (21)) 

«(") , (27) 

and of course (see (25a), and note that P^ = P , see (2,4.3-4,3)) 

uP = u , (25b) 



there is no simple formula for P analogous to (27), namely displaying the effect of 
P acting ftom the right on (rather than only on = u , see (25b)). There are, 
however, two simple formulas relating P and P ^^^ : 

pW p _ pW ^ p pW _ p ^ ( 28 ) 
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as the dihgent reader will verify directly from their definitions, (2.43-4,3) and (21), 
using the identity (2.4.3-21). This last relation, (28), is indeed instrumental, as the 
diligent reader will check, to verify, via (20), the consistency of the commutation re- 
lations (14d) and (2.4.3-29). 

The diligent reader will also verify the consistency of the two equalities in (20c), 
as well as the related identity 

£”i = 0 . (29) 

which is in fact essentially identical, via (9), (2.4.3-31b,5) and (20a), to (2.4.1-5c). 

Exercise 2. 4.4-5. Is there a special choice of the N numbers which entails 
pW =p 7 Hint see (2.4.5. l-2h). 



Other convenient instances of (A^ x ly) -matrices L and R satisfying 
the algebra of lowering and raising operators can be associated with spe- 
cial choices of the N numbers x„ , for instance according to the following 
methodology. 

Recall the standard relations satisfied by Hermite polynomials (see 



Appendix C), 

[x{dlck)-]^{dldxY ]^„-i W = («-!) (x) , (30a) 

dx)H^_,{x) = {n-l)H^_^{x) , (30b) 

[lx-{dldx)]H^_,{x) =iT„,i(x) , (30c) 

and define the set of N N -vectors via the following rule: 

, (31) 

of course with X and y defined by (2.4. 1-1) and (2.4.1-16). 

Now apply Proposition 2. 4. 1-2 and thereby get the following N- 
vector counterparts of (30): 

, (32) 

=(„-!) v'"”-’ , (33) 
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(2X-^ 



, n = l,...,N-l , 



(34a) 



(2Z-2)v™*’=H^(X)v 



(34b) 



The relations (30) are of course valid for all positive integer values of n, 
n = 1,2,... ; the definition (31) applies instead only for n = and likewise (32) 

and (33) hold for n=l,...,N, as implied by Proposition 2.4.1-2 and by (31). As for 
(34a), it only holds, as indicated, for n = l,...,iV-l, and it is replaced, for n = iV , by 
(34b) (consistently with Proposition 2 A. 1-2 and with the validity of the defimtion 
(31)for n=l,...,A). 



As implied by the treatment of Sect 2.4.1, all these formulas are valid 
for any arbitrary choice of the N distinct numbers . Let us now assume 
that these N numbers coincide with the N zeros of the Hermite 
polynomial of order N , 



i^.(xD = 0 . (35b) 

(Note that in Sect 2.3.4. 1 we denoted these numbers simply as , see for 
instance (2.3.4.1-15)). Then the right hand side of (34b) vanishes, see 
(2.4. 1-1) and (35b), hence (34) can be replaced by 

It is then clear, by comparing (33), (36) respectively (32) with (4a), 
(4b) respectively (10a), that the following identification becomes justi- 
fied: 





(37a) 


L=-D , 
- 2“ 


(37b) 


R = (2X-^ , 


(37c) 


iV = XD--D" . 


(37d) 
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Note that, while we got (37d) by comparing (32) with (10a), this formula, (37d), 
is also consistent with (37b), (37c) and (8). 



In conclusion, all the results given above, including in particular 
Proposition 2. 4. 4-2, 2. 4. 4-3 and 2. 4. 4-4, are now applicable with the as- 
signments (37) of (with (31)), of L, of R and of N, of course with X 
and D given by (2.4. 1-1) and (2.4. 1-2), the N numbers being now 
uniquely identified (up to permutations) by the condition to coincide with 
the N zeros xlp of the N -th Hermite polynomial see (35). Recall 
that these N numbers satisfy the N nonlinear equations (see (2.3.4.1-13)) 




m=l,m^n 



(38a) 



hence they entail, see (2.4. 1-2) and (2.4. 1-3), 





(38b) 




(38c) 




(38d) 




(38e) 




(38Q 




(38g) 


N = (N-l)l-M , 


(38h) 


t [xr-^rV-Q-s..)[xr-xT\-^ . 


oo 



Proofs. (38b) respectively (38c) are merely (2.4. 1-3) and (2.4. 1-2) with (35a) and 
(38a). (38d) is implied by the following formulas: 
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( 39 ) 



H,ix) = 2"f[ [x-x^!!^\= 2’’ p,(x) , 

n=l 



N N 



/f;(x)=2"2 n (^-4'")=2V;(x) , 

n=l m=\,m^n 


(40a) 


= n fc">-x<i'>]=2V;,(4"') = 2*'6. , 


(40b) 


H'„(x) = 2NH„_,(x) . 


(40c) 



The first of these, (39), is entailed by the normalization of Hermite polynomials and 
by (35b) (see also (2.4.1-6b)); (40a) obtains by differentiation fi’om (39), and (40b) 
firom (40a) (see also (2.4.1-6a)); (40c) is (30b) with n = N-¥\. And clearly (40b) and 
(40c) entail (38d), via the definition (2.4.1-4b) of with (35a). (38e), (38Q respec- 
tively (38g) are immediate consequences of (31) with (2.4.1-1), (35), (2.4.1-16) and 
(38d), of (37b) with (38c), respectively of (37c) with (2.4. 1-1) and (37c). Finally 
(38h) follows from (37d) and (2.4.1-5d) with (38b), (35a) and (38c), which entails 

+ i -'■rV Ul~S„) [.f > -xTT ■ (41) 

This indeed yields (38h) with (38i) via the following additional formula, 

I [>:f’-xf>]-'={2(l^-l)-[>^fT}''3 , (42) 

m=\,tn*n 



valid for the zeros of Hermite polynomials, as proven below (and reported in Appen- 
dix C). Clearly (38a) yields 







(43a) 




^ r 1 r 1 




I Yf'-^YYf'-rY . 


(43b) 












m=\,m^n 



m=l,m^n 



(43c) 

(43d) 
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k"'] =3 t [xr-^L">]-^+2 ± [xr-xL"t‘4"> . (43e) 

m=\,m^n m=l,m^n 

k't=3 t [4‘^-xI->}-^-2(N-V) + 2[4‘^Y . (43f) 

ff!=l,ni5in 



The steps to get (43b) and (43c) are plain; to get (43d), we exchanged the dummy 
indices m and ^ in tbe last term; to get (43e) we used (38a); to get (43f) we replaced, 
in the last term in (43e), with (x^^^ -x^^^)+x^^^ and used again (38a). Since 
(43 f) comcides with (42), our proof is completed. 

Exercise 2.4A-6. Obtain analogous results involving the zeros of other classical 
polynomials, for instance Laguerre or Jacobi instead ofHermite, or even some appro- 
priate combinations of such polynomials. Hint: see <C81a>. 



2.4.5 Remarkable matrices and identities 

In Sect. 2.4.5, or rather in Sects. 2.4.5. 1, 2.4.5.2, 2.4.5.3 and 2.4.5.4, we 
obtain and report a number of formulas which follow from the results of 
the preceding sections. These findings correspond to specific implemen- 
tations of some of the relations written above, in which the relevant 
(iVx A/) -matrices and N -vectors are expressed either in te rms of N arbi- 
trary numbers or in terms of N specific numbers (say, the roots of certain 
polynomials, see above and below). 

There is clearly a large number of results of this kind that are implied 
by the findings detailed above. Our presentation below is rather terse; the 
results we report are a small subset of those which can be easily obtained 
by these techniques; the alert reader is welcome to derive others. We have 
selected for presentation, in the first place, those results which reproduce 
(and complete) findings that had previously emerged from the study of 
integrable many-body problems on the line (mainly from their behavior 
near their equihbrium configurations), as well as those which appeared 
particularly neat (an aesthetic criterion). These results, in addition to their 
intrinsic mathematical interest, are likely to have applicative relevance, 
for instance to test the accuracy of computer programs to invert or di- 
agonalize matrices, as well as didactic uses, for instance to concoct exer- 
cises when teaching matrix algebra. This approach also yields many 
identities, mainly in the nature of explicit evaluation of sums, or their 
transformation into products. Again, only a representative selection of 
such results are presented below, and the alert reader will have no diffi- 
culty (indeed, some fiin) in deriving others. 
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Some of these findings, as well as others gleaned from the hterature, 
are also presented in user friendly form in Appendices C and D, in the 
hope that they will be eventually taken over and included in compilations 
of mathematical formulas such as, for instance, the standard reference 
text by I. S. Gradshteyn and I. M. Ryzhik, now edited by Alan Jeffrey, 
which has already made some progress in this direction (see Sect 15.823 
of<GRJ94>). 



2.4.5.1 Matrices with known spectrum 

In Sect 2.4.5. 1 we exemplify techniques to manufacture remarkable ma- 
trices with known spectrum, and we exhibit some such matrices (see also 
Sect. 2.4.5.4). Analogous results are reported, in user-friendly form (but 
without detailing their origin) in Appendix D. 

Of course a technique to get such matrices is to start from a known 
diagonal matrix and then undiagonahze it via a similarity transformation. 
This, however, does not, as a rule, yield a remarkable matrix having a 
neat expression in terms of several parameters, be they arbitrary numbers 
or well-defined numbers characterized by some definite rule (for instance, 
to be the N roots of a classical polynomial, or to satisfy some other alge- 
braic equation, see below). 

The prototype of remarkable matrices having a known spectrum is 
given by the observation that the {N x N) -matrix ^ , explicitly defined in 
terms of N distinct, but otherwise arbitrary, numbers x„ by the neat rule 
(2.4.3-55b), 



= ^nrn K E > (1) 

has the first N nonnegative integers, 0,1,;.., AT -1, as its eigenvalues, see 
(2.4.3-56). 

A more general result of this kind is entailed by Propositions 2. 4. 4-2 
and 2.4.4-S of Sect. 2.4.4, of course associated with the representation 
(2.4.4-20) of the (iVxA^) -matrices L, R and D. 

These results hold for any arbitrary choice of the N distinct numbers 
x„ . For special choices of these numbers, one obtains additional results. 
For instance, let 

x„ = exp (liTunlN) , (2a) 
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entailing 



— (iV - 1) exp(-2 iTrnIN) , (2b) 

2 

D_=exp(-2iarB/iV)[i(iV-l)^_+(l-^,j{l-exp[2;»(»!-«)/iV]}-'], (2c) 



b„=N exp(-2 ijcnl N) , (2d) 

v„ = iV"^ exp(2 iTrnIN) , (2e) 

_ jy-1 exp(2f w/TV) , (2f) 

= X^~'” u, =QX^{-li7umnl N) , (2g) 

£'"’=£> , (2h) 

i“fi, =exp(-2i>TB/iV)[i(iV-l)^„+(l-5,„){l-exp[2/;r(m-re)/JV]}“‘ ] 

(2i) 

£=£(!-£) . fl^=-(l-5„)exp(2,>K/iV) , (21) 

iV»=^(A'-l)'5«+a-^-){l-exp[2<>(m-«)/iV]}-' . (2m) 



Proofs. The numbers (2a) are the N -th roots of unity, hence 

Piv(^)=n (^-^„) = ^^-l • (2n) 

n=l 

This entails 

p'^{x)^Nx^-^ , (2o) 

hence, via (2.4.1-6a), 

=iV'exp[2z;r(iV-l)n/#] , (2p) 

which coincides with (2d), that is thereby proven. (2e) is then entailed by (2.4,l-16b), 
(2f) by (2.4.3-6b) with (2a) and (2d), and (2h) by (2.4.4-21) with (2e) and (2.4.1-4,3). 
We then note that (2.4.3-56) with (2.4.3-55), (2a) and (2f) entail the identity 
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( 3 ) 



^ [exp(2z;rn/iV)-exp(2i;r^/iV)] ^[exp(2z;rKm/iV)+exp(2z;^K-^/iV’)] 

= {n-\) QXT^li7nn{n-\) I N\ , 

which, for K = , via (2a) and (2.4. 1-3), yields (2b), that is thereby proven. Then (2c) 

is entailed by (2.4. 1-2), (2b) and (2a), likewise (2m) is entailed by (2,4.3-55), (2b) and 
(2a), while (2i) is a simple copy of (2.4.4-20a), and (21) is entailed by (2.4.4-20b), 
(2h) and (2a), 

There finally remains to prove (2g). This is also easy, since a comparison of (2n) 
with (2.4.3-31c) entails that all the coefficients vanish except for y^ =-l and 
y^=l (see (2.4.3-3 Id)), hence (2.4.3-3 la) yields (2g), which is thereby proven. 



We now set 



A = {N-l)l-l]r"NX (4a) 

and, firom (2m) and (2a), we get for this (iVx AT) -matrix the neat expres- 
sion 

Am =(i-‘^«;«){l + ^‘cotan[(w-/n);r/ A^]} . (4b) 



Proof. From (4a), (2m) and (2a) one gets 

=-2(l-<y„^) exp[-2z;r(n-m)/A/'] {l-exp[2z;^(n-m)/A/']}"^ , (5a) 

=-2(l-<y„„j) exp[-z;r(/z-m)/A^] N\-&L^\^i7u{n.-m)lN\]~^ 

(5b) 

A„m = / (t “ ^nm ) ( cos[;t (n-m)IN ]— i sin[;r (n-m) 1 7v\ }/sin[;7- (n.-m)IN\ , (5c) 

and this clearly entails (4b). 



Since the matrix ^ has the N eigenvalues 0 , 1 ,..., at -1 , it follows firom 
(4a) that the matrix A, defined by the neat formula (4b), has the N ei- 
genvalues -{N- 1), -{N- 3),..., {N - 3), (A^ - 1) , The diligent reader will write 
out the corresponding eigenvectors, and will also note the identities en- 
tailed by the insertion of the explicit expressions (2) in, say, the formulas 
fi'om (2.4.4-lOa) to (2.4.4-14d). 
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Two other (iV x iV) -matrices which both possess the first N 
nonnegative integers, « = as their eigenvalues, are defined in 

terms of the N zeros x’f'* of the Hermite polynomial see (2.4.4- 

35), as follows: 

/[4"’ -X™] , (6) 

M. =.5. t [xr -xft -x™]- . (?) 

e=l,l^n 



The matrix (6) coincides, via (2.4.4-38a), with (2.4.3-55); the corresponding ei- 
genvalue equation is (2.4.3-56), with (2.4.S-6) and (2.4.4-35). 

The matrix (7) coincides with (2.4.4-38i); its eigenvectors are easily obtainable 
from (2.4.4-38h), (2.4.4-38e) and (2.4.4-lOa). 

Both these matrices, (6) and (7), can be written in other, equivalent, forms, by 
using (2.4.4-38a) and (2,4,4-42). 

Exercise 2.4.5. 1-1. Obtain analogous results in terms of the zeros of other classical 
polynomials, for instance Laguerre and Jacobi, instead of Hermite. Hint see <C81a>. 

Exercise 2.4.5. 1-2. Obtain more general results by taking advantage of the three 
Propositions 2. 4. 4-2, 3, 4. 



2.4.S.2 Matrices with known inverse 

In Sect. 2.4.5.2 we point out that the results reported above provide the 
possibility to manufacture remarkable matrices whose inverses can be 
exhibited in explicit form. Such matrices might be usefiil for didactic 
purposes or to test the numerical accuracy of computer routines to invert 
(NxN) -matrices, a task which is far from trivial for large N . In this brief 
Sect. 2.4.5.2 we merely focus on the prototypical example given by the 
(NxN) -matrix see (2.4.3-63). A variation on this same theme is 

provided in Sect. 2.4.5.4. Analogous results are displayed, in user friendly 
form (but without detailing their origin) in Appendix D. 

The (77 xiV) -matrix and its inverse, are defined by the for- 

mulas 

[ K(y,^ ]run = + (^ “ ) (j"« -^^)] W„(y,^ , (la) 

{[ K(y,^ ^0--S„J{yn -^n)Ky„ -^J] w„(x,j;),(lb) 
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where 



m=i,tni^n 



Here the IN numbers x„,y„ are arbitrary. 
For instance fox N = 2 





f yi -^2 
yi-yz 


3^1 

3^1 -3^2 


=(^1-3^2)”' 


-^2 


3^1 -^1" 




y^-Xi 

^2-3^1 


3^2-^! 

3^2 -3^1 J 




^^2-3^2 


-3^2y 



[ r = 



■yi 



X, -Xo 



^2-3^2 



Xt -X, 



V-^2 



X1-X2 

x2-yi 



=(Xi -X2)"' 



"xi-y2 
.3^2 -^2 



X2-XJ 



^1-3^1" 
3^1 -^2> 



(Ic) 



(2a) 



(2b) 



Exercise 2.4.5.2-1. Verify that the product of (2a) and (2b) yields the unit matrix. 

Exercise 2. 4. 5. 2-2. Write explicitly the matrices W(^y) and W(y,^ for V = 3 , 
and verify that their product yields the unit matrix. 



2.4.S.3 A remarkable matrix, 

and some related trigonometric identities 

In Sect. 2.4.S.3 we display some formulas associated with a specific 
(VxV) -matrix, which is merely another avatar of the (VxV) -matrix dis- 
cussed in the preceding Sect. 2.4.S.2 and features a known spectrum as 
well as a known inverse, and moreover entails several nontrivial trigono- 
metric identities. These results are displayed, in user friendly form (but 
without detailing their origin) in Appendix D. 

Let the (N x N) -matrix be defined by the neat formula 



n [sin(<3„-6»,)/sin(^„-^,)] , 



(1) 
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the (NxN)-matnK B(^a) be defined by the formulas 

B(^a) = R(0+aS , (2a) 

Yl , (2b) 

i=lMm 

and the N N -vectors (0 be defined by the simple rale 

rf>(0=exp[z(2m-iV-l)^„] . (3) 

(Beware: do not confiise this matrix R(^,^ with the “raising” matrix in- 
troduced in Sect 2.4.4). 

There hold then the following formulas: 

mi)=L , (4) 

R(9,])E.(vS=K(^S , (5a) 

P=12,... , (5b) 

[ 1(9,^ ]'^ =M,9) , (5c) 

r^'”^(£)=^(£,0/'"^(0, m=\,...,N ; (6) 

m0) = / , (7) 

, (8a) 

I(^«i)^(^ar,)- -5(^a^) = 5(^ai+a2+-"+«p) , P=l,2,..., (8b) 

\ma)V=me,-a) , (8c) 

5(^a)r^'")(^ = 4(a)r('">(0 , m = \,...,N , (9a) 

X^(a) = exp[i(2m-N-l) a] , (9b) 

trace[S(^, a)]= sin(A^a) /sin(a) , (10a) 

trace[5(^ai)5(^«2)---5(^a^)]=sm(iV5^ aJ/sin(J^ aj, ^= 1 , 2 ,..., (10b) 
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det[5(^flr)]=l . 



( 11 ) 



The eigenvalue equation (9) entails that the N eigenvalues \(a) of 
B(^a) are independent of 6^ see (9b), while its N eigenvectors 
are independent of a, see (3). Hence any change of the vector 0 entails 
for Bj^d) an isospectral deformation, as detailed by the following iden- 
tities: 

!(£,«)= • (12) 



By writing out some of the matrix or vector equations written above 
one gets nontrivial trigonometric identities, such as: 



E n [sm(^„-^^+Qr)/sm(^„-^„)] = sin(iV'a)/sin(a), 



n=l m=\,m^n 



(13a) 



P \ N N 



s=l l«j=l j 



= sm{N'^ aJ/sin(E^ aj , =n^, p =1,2,3,... ; 



(13b) 



E cos[5(0„-^„+a) [sm.{e„-e^+a)IMe^-ef\ = l , 

tn=\ 

s = N-\,N-3,N-5,...,l01 Q\n = \,...,N, (14a) 

E -^«. +«)] n [sm(^„-^^+«)/sin(^„-^,)]=0 , 

m=\ i=\,i^m 

s = N-l, N-3, N-5,...,l or 0; «=l,...,iy ;(14b) 



fl [sin(^.-^y)/sin(^^-^y)]N fl -^^)] 

n = l,...,N;m=l,...,N ; 






(15) 



z 



n [sin(ft -Vj)/sin((7, -7^.)] 

J 



n = l,...,N; m = l,. 



N . 



Yl [sm(7j,-0,)/sm(ff)„-0,)] 

k=l,k^m J 



= 1 



5 



(16) 
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The identity (13a) features the N arbitrary numbers the (more 
general) identities (13b), of which there is one for each positive integer 
value of p , feature the N arbitrary numbers 0„ and the p arbitrary num- 
bers a/, the identities (14a) and (14b), of which there are altogether 
N{N+l) if N is odd and if N is even, feature the N+\ arbitrary num- 
bers (9„ and a; the identities (15) feature the IN arbitrary numbers 
0„,(p„\ the identities (16) feature the 1>N arbitrary numbers 
While all these identities, as well as the other formulas written above, 
hold for any choice of the arbitrary numbers they feature, they may re- 
quire an appropriate interpretation of ambiguous expressions (of type 
0/0 ) if some of these arbitrary numbers coincide. 



Proofs. The (iVx/V) -matrix and the iV -vectors /'”^(©, r^”'^(£) are 

related to the {Ny.N)-mdtm. Q{y,x) and the iV -vectors see (2.4.2-24) 

and (2.4.2-23), by setting 

=exp(2/^„), yf=exp{2i(pj , (17a) 

which entail, as the diligent reader will readily verify, the simple relations 

= , (17c) 

with the diagonal (iVxiV) -matrices X and F defined by (2.4.2-31). 

It is then immediately seen that (4), (5c) respectively (5a) correspond to (2.4.2- 
25), (2.4.2-26) respectively (2.4.2-27) (with =exp(2z77„), see (17a)), and that (6) 
corresponds to (2.4.2-22). 

Then (5b) follows trivially firom (5a); (7), (8) and (12) follows, via (2a) , firom (4) 
and (5); (9) follows firom (6) and the identify 

+ a) = (a) (18) 

entailed by the definitions (3) and (9b); (10) and (11) follow firom (9). 

As for the identities, they correspond merely, via (1), (2) and (3), to the explicit 
expressions of some of the matrix and vector equations written above: (13a,b) corre- 
spond to (10a,b), (14a,b) to (9a,b), (15) to (5c), (16) to (5a). 
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2.4.5.4 Matrices satisfying “fake” Lax equations 



In Sect. 2.4.5.4 we mainly call attention to the identity (2.4.3-69), that we 
rewrite here in the “Lax form” 

L = [LK] ( 1 ) 

with 

Lnm=^nm^n Z ~ ^ ^ ^ nm)^ni^n ~ » (2) 

e=l,i*n 

^nm = Snm Z ~ X, - (1 - 5 ) X„ (x„ ~ X, )"‘ . (3) 

i=U*n 



Clearly here we assume the N arbitrary quantities x„ to depend (ar- 
bitrarily!) on a parameter t, x„ =x„(0 , and the superimposed dot denotes 
of course differentiation with respect to this parameter t. (Beware: do not 
confuse this matrix L with the “lowering” matrix of Sect. 2.4.4). 

Let us recall that the (NxN) -matrix L, see (2) and (2.4.5. 1-1), has the 
first N nonnegative integers as its eigenvalues; it is therefore automati- 
cally isospectral with respect to any change of the parameters x„ that de- 
fine it. Hence it is not at all surprising that it satisfy a Lax equation, see 
(1): indeed any matrix satisfying a Lax equation, see (1), is isospectral (its 
eigenvalues do not depend on the parameter r), and if a matrix L is iso- 
spectral (namely, if its spectrum does not depend on a parameter t), then 
one can always associate to it a Lax equation, see (1). 

Let us re-emphasize that (1) with (2) and (3) is an identity, hence cer- 
tainly devoid of any “dynamical” content. 

It is however easy to manufacture a Lax equation which is only satis- 
fied if the quantities x„(t) evolve in some definite manner. Indeed con- 
sider the Lax equation (1) with (2) but with, instead of (3), 

Z V„(x) (x„ -X„)“' , (4) 

where the N -vector v(^ is some assigned N -vector-valued fimction of 
the N -vector x of components x„ . It is then clear, see (3) and (4), that 
validity of the Lax equation (1) with (2) and (4) corresponds to vahdity 
of the “equation of motion” 
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x = v(j^ . 



(5) 



The Lax equation has thereby acquired a dynamical content! But it would 
of course be silly to expect that the (completely arbitrary!) equations of 
motion (5) be integrable, because one can associate to them the Lax equa- 
tion (1) with (2) and (4). Indeed the spectrum of L does provide N con- 
stant of the motion, but these are merely numbers (the first N. nonnegative 
integers!), rather than nontrivial functions of the quantities x„ . 



2.4.5.S Determinantal representations of polynomials 
defined by ODEs or by recurrence relations 

In Sect 2.4.S.5 we outline techniques based on the results of previous 
Sections, whereby determinantal representations are exhibited of poly- 
nomials defined by ODEs or by recurrence relations. 

The first type of results is exemplified by the following 

Proposition 2.4.5. 5-1. Let the polynomial P^(x), of degree p<N , 
satisfy the ODE 



AP,(x) = 0 



( 1 ) 



with 



A = ^ a^(x) (dldxY 

j -=0 



( 2 ) 



There holds then the formula 

P,(x)Q,_^(x) = 6s:i{QC_-x)A+£i , (3) 

with Q^_p{x) a polynomial of degree N-p and the (i^xiV) -matrices A 
and A’ defined as follows: 



4=1; (4) 

r=0 

^=2 ra^QQp:-^ , (5) 

r=l 
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where Z and D are the (ZxZ) -matrices defined by (2.4. 1-1,2) in terms 
of the N arbitrary numbers x„ . 

Corollary 2. 4. 5. 5-2. Any polynomial of degree Z in x, that 

satisfies the linear ODE (1) with (2), admits the determinantal represen- 
tation 

P„(x) = c„det[(£-xM+£] , ( 6 ) 

with Z, A and Z defined as above. 



Proofs. Let z be a zero of P^ (x) , 

^,(^) = 0 , (7) 

and define the polynomial, of degree p-\, 

Pp-i (^) = Pp (^) I (.x-z) , (8a) 

so that 

P^{x) = {x-z)P^_fx) , (8b) 

hence 

{dldxyP^{x) = [{x-z){dldrY +r{d!dry-^ Ji’p-Ax) • (8c) 

To the ODE, (1) with (2), satisfied by P^(x) , there therefore corresponds the follow- 
ing ODE satisfied by (x) : 

[(x-z)A+A']P,_,W = 0 , (9) 

with A defined by (2) and 

A' = ^ r afx) {did xy-^ . (10) 

r=l 

Hence, via Corollary 2.4. 1-3, one concludes that 
det[(Z-z)i+Z] = 0 . (11) 
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The left hand side of this equation is a polynomial of degree N m z , and we just 
proved that it has the property to vanish whenever z is a zero of the polynomial 
Pp (x) , see (7). This entails (3). The Proposition 2. 4. 5. 5-1 is thereby proven. 

As for the Corollary 2. 4. 5. 5-2, it is merely the special case of Proposition 
2. 4. 5. 5-1 with p = N. 



Let us now consider a set of polynomials P^ (x) characterized by re- 
cursion relations of the following type: 

Pp^x (x) = [a(p)x+/l (p)] Pp (x)-pr ip) Pp-I (x) , P = l,2,..., (12a) 

Po(^) = l , (12b) 

Pi(x) = a(0)x + y5(0) . (12c) 

We moreover assume, for definiteness (but this is hardly relevant), that 
the coefficients a{p), f3{p) and y{p) are polynomials in p . 



Our restriction here to three-term recurrence relations of this type, see (12), is 
motivated by the well-known fact that all sets of orthogonal polynomials satisfy (in- 
deed, are characterized by) such recurrence relations. It is left for the diligent reader to 
extend the method outlined below to sets of polynomials characterized by more gen- 
eral recursion relations. 



There holds then the following 

Proposition 2A.5.5-3. Let z be one of the N zeros of the polynomial 
of degree N , P^{x ) , determined by the recursion relations (12): 



P^(z) = 0 



( 13 ) 



Then z is an eigenvalue of the generalized eigenvalue equation 

[m® {6) -zM}^'^] wfO) = 0 , (14) 



where 

(6) = exp(— r <9) L— 0(JSt) + exp(i 0) r(N) R , (15a) 
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(15b) 



and the three (iVxiV) -matrices L, R, N satisfy the algebra of “lowering”, 
“raising” and “counting” operators, see Sect 2.4.4. The eigenvector w(0), 
see (14), is given by the formula 

= exp(i«fi)P,_,(z)v<”> /(«-!)! . ( 16 ) 

n=l 

Here, above and below 0 is an arbitrary parameter, and the N -vectors 
are those that provide the basis for the action of Z, ^ and N, see 
(2.4.4-4)and(2.4.4-l). 



Proof. To prove Proposition 2. 4.5. 5-3 it is sufficient to verify that the N -vector 
(16) satisfy the generalized eigenvalue equation (14) with the definitions (15) of 
{0) and . Indeed, via (2.4.4-4) and (2.4.4-lOa), the left hand side of (14) 
yields 

2] exp(z n 0) P„_i (z) { exp(-z 0) (n - 1) 

«=i 

-;9(k-1)v"> +exp(i^) r(K) v'"" -z a(B-l) v‘"> }/(«-!)! 

= Z ( [exp(i n0) v“ /(«-!)!]{ P, (z) -[/?(«- 1) + z a(n - 1)] f,_, (z) 

n=I 

+ (/?-!) r(n - 1) P „_2 (z) }) - [exp(z iV^) / (N - l)l] P^ (z) , (17) 

and this clearly vanishes thanks to (12) and (13). 



Corollary 2. 4. 5. 5-4. The polynomial P^{x), characterized by the re- 
cursion relations (12) (with p = \,,..,N -1), admits the determinantal repre- 
sentation 

P^(x) = c^det[M®(^)-xM^'^] , (18) 

with the {N X N) -matrices (0) and defined by (15) in terms of the 
“lowering”, “raising”, respectively “counting” (iVxiV) -matrices Z, R re- 
spectively K, and of the arbitrary “angle” 0 . 
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Proof. It is analogous to that of Proposition 2.4.5.5-1: the right hand side of (18) 
is a polynomial of degree iV in x, and Proposition 2.4.5. 5-3 (see in particular (14)), 
together with Corollary 2.4. 1-2, entail that this polynomial vanishes whenever its 
argument, x , coincides with a zero, z , of the polynomial P^^(x) , see (13). Hence this 

polynomial, up to a (nonvanishing) multiplicative constant, coincides with P^(x), see 
(18). 



To implement the Propositions and Corollaries given above any rep- 
resentation can be used for the (A^xA^ -matrices X and as well as L, 
R and N. In particular, one can use the representations of these {NxN)- 
matrices in terms of N arbitrary numbers x„, see (2.4.4-20) with (2.4.1- 
2,1) as well as the representations that correspond to special choices of 
these N numbers, see for instance (2.4.4-38). 



Exercise 2.4.5.5-5. Obtain explicit representations for the classical polynomials 
(Hermite, Laguerre, Legendre, Gegenbauer, Jacobi), as implementations of Corollar- 
ies 2.4.5. 5-2 and 2.4.5. 5-4. Hint: see <C84b>, <C85a> and <C85d>. 

Exercise 2.4.5. 5-6. Prove the neat formula 

(x) = 2^ det [x , (19a) 

= cos(^) xf ^ sin(^z?) [ xf ^ -xf ^ • (19b) 

Here x^f'^ are the N zeros of the Hermite polynomial of order N , see (2.4.4-35b, 
38a). Hint: see (18), and use the representation (2.4.4-38) of L, R and Note that 
this formula, (19), is trivial for ^ = 0 , but nontrivial for mod(;r) : indeed the 
fact that the eigenvalues of the matrix M{cp) coincide, for all values of q ) , with the 
N zeros x^^^ of the Hermite polynomial of order , is a nontrivial finding origi- 
nally discovered as a by-product of the study of certain integrable many-body prob- 
lems on the line, see Exercise 2.1. 3.3-5. 
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2.5 Many-body problems on the line solvable 

via techniques of exact Lagrangian interpolation 

The main idea underlying the approach pursued in Sect. 2.3 and in its 
subsections, in particular in Sects. 2.3.3 and 2.3.4, is based on the nonlin- 
ear mapping relating the N coefficients c„(t) of a (monic, time- 

dependent) polynomial of degree N in ;c, to its iV^ zeros (t), see (2.3- 

1). In Sect. 2.5 we outline an extension of this approach, that follows 
naturally from the techniques of exact Lagrangian interpolation described 
in Sect. 2.4 and in its subsections. The new idea is to exploit the (nonlin- 
ear) mapping that relates the coefficients of a (monic, time-dependent) 
polynomial of degree iV in x to the values that this polynomial takes at 
N points x„ (0 . The same kind of idea is exploited, in a more general 

context (nonpolynomial, multidimensional), in the next Chap. 3; hence 
the presentation given here is mainly an introduction (which indeed cor- 
responds to the chronological unfolding of these developments) to the 
treatment given in the following Chap. 3. 

For definiteness let us consider again a (monic, time-dependent) 
polynomial of degree N m x, 

, ( 1 ) 



that satisfies the linear PDE (2.3-2). As noted above, the time evolution 
of this polynomial, namely the time evolution of its N coefficients (t ) , 
is solvable via purely algebraic operations; indeed, as we saw in Sects. 
2.3.4. 1 and 2.3 .4.2, in some subcases of the linear PDE (2.3-2), charac- 
terized by the vanishing of some of the 11 constants it features, this time 
evolution can be exhibited in explicit form; otherwise to get it one must 
solve the system of N linear ODEs with constants coefficients (2.3. 3-8), 
which amounts to the purely algebraic task of diagonalizing and inverting 
an (NxN) -matrix. 

Let now x„ (t) indicate N (a priori arbitrary) points, and /„ (0 the N 
values that the polynomial y/{x,t) takes at these N points x„ {f) : 

fnil) = ¥[Xnit)A . ( 2 ) 

It is then convenient to introduce the following polynomial: 

f{x,t)^\ir{x,t)-Y{ • (3) 
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It is clear that this polynomial in x is of degree less than N (see (1) and 
(3)), and that there holds for it the relation (see (2) and (3)) 

fWmhfM ■ (4) 



The fact that / (x,t) is a polynomial of degree less than N entails the applica- 
bility (see (4) and (2.4.1.8a)) of the (exact) Lagrangian interpolation formalism of 
Sect. 2.4, which shah indeed be exploited below. In that formalism the choice of the 
N points x„ , as well as that of the N values /„ , is arbitrary. Here these quantities 

depend on t, x„ = x„ (i) , f„= f„ (0 , but this of course is no impediment to the use 

of the Lagrangian interpolation formalism. 

In the following, for notational simplicity, we often omit to indicate explicitly the 
r -dependence of x„ and /„. 

Let us emphasize the difference of the present approach from that of Sect. 2.3. 
Clearly the new treatment given herein reduces to the previous one for the special 
assignment 

/„(0 = 0 . ( 5 ) 



The requirement that the polynomial (1) satisfy the linear PDE (2.3-2) 
entails N relations, among the IN quantities x„ and /„ and their time- 

derivatives, that can be written in explicit, and fairly compact, form, as 
we show below. The structure of this system of N coupled ODEs looks 
as follows: 

(*) + !; M™©/.]} 

m~\ 

+ k™(x)/„+M™(x)i,+X M™ a/, 

m=l ^=1 



m=l 



^r®/,=o 



( 6 ) 



The 10 quantities M, variously decorated with superscripted and sub- 
scripted indices, are nonlinear fiinctions of the N coordinates x„ , as indi- 
cated by our notation, see (6); their explicit form is given below (see 
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(16)), after we complete this preliminary outline of the new approach 
used in Sect 2.5. 

This system of N ODEs, (6), is of course insufficient to characterize 
the time evolution of the 2N quantities /„, x„; to determine this evolu- 
tion completely, N additional relations among these 2N quantities must 
be posited. The choice of these relations remains our privilege; it opens 
the possibility to manufacture a large collection of dynamical systems. 
Only some of these are discussed below; the alert reader is welcome to 
consider other possibilities. Of course, as noted above, the particularly 
simple prescription (5) reproduces the class of models discussed in Sect. 
2.3 and in its subsections. 

According to the nature of these additional relations, introduced to 
completely determine the 2 AT quantities f„(t) and x^(t), one obtains a 

dynamical system characterized by equations of motion that are solvable, 
or one that features equations of motion which lack complete solvability, 
yet are amenable to a treatment that significantly facilitates their study. 
Let us outline two examples, one of each kind. 

Consider firstly the assignment 

fni^)=(Pnh^)\ 5 ( 7 ) 

where (p„ are N (arbitrarily) chosen fimctions of the N “particle coordi- 
nates” Insertion of (7) into (6) yields a system of N second-order 
ODEs, which can be easily solved for the “accelerations” x„ (being linear 
in these quantities), so that it take the Newtonian form 

• ( 8 ) 

In this manner one manufactures solvable N -body problems (generally 
featuring many-body forces, see below), the solution of which can indeed 
be achieved, via purely algebraic operations, by inserting (7) into (2). 

A different technique to manufacture Newtonian equations of motion 
for the “particle coorinates” x„ sets C = 0 in (6), so that this become a 
system of first-order time-evolution ODEs for the N particle coordinates 
X . Then one recovers a set of second-order time-evolution ODEs, which 
can again be easily cast in the Newtonian form (8), for the “particle coor- 
dinates” x„ , by supplementing (6) with relations, say, of the following 
kind: 

= (0,4(0] . (9) 
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The (arbitrarily chosen) fimction depends now on the "particle coordi- 
nate” x„ and also on the corresponding "veloaty” One has thereby 
manufactured again an N -body problem, see (8), the solution of which, 
while not being now reducible to a purely algebraic task, is nevertheless 
much simplified, compared to the task of solving the Newtonian equa- 
tions (8) (a system of N nonlinear coupled second-order ODEs), since it 
is reduced, via the insertion of (9) into (2), to solving N decoupled first- 
order ODEs (however, these ODEs are generally neither linear nor 
autonomous, hence generally they are not integrable). Below we will also 
consider certain cases in which the function in the right hand side of 
(9) is chosen to depend (appropriately!) on all the coordinates x^{t) rather 
than only on x„(0 , = ^„(x(r),x„(t)) . 

To summarize; the idea is again to consider N quantities, for instance 
the N coefficients c„ {t) , see (1) and (2.3-2), the time evolution of which 
is determined by easily solvable (linear) equations, and to then introduce 
via a nonlinear mapping, for instance that induced by (2) and (7) or (9) 
with the N fimctions (p„ or assigned according to our choice, N “par- 
ticle coordinates” x„ (0 , whose time-evolution is then nonlinear yet solv- 
able or at least to some extent treatable. It is remarkable that, via this 
procedure, one obtains time-evolutions, for the N “particle coordinates” 
x„ {t) , which are characterized by a system of nonlinear ODEs that can be 
explicitly displayed and can be fairly naturally interpreted as the Newto- 
nian equations of motion of an N -body problem. 

Let us now implement the scheme we just outlined. To this end we 
need a more explicit version of (6). This requires a straightforward, if te- 
dious, calculation, whose starting point are the N relations that obtain by 
evaluating the PDE (2.3-2) at the N points x„ : 

+ [ E-{N-\)D^X^ ]\J/Xx„,t) +[D^+D,X„^D^xI 
+[ 4 +4x„ +A^xl+A^xl ]yr^{x^,t)+[ Bq +B^x„ -2(N-l)A^xl ]yr^{x^,t) 



-[N{N-l){A^-A,x„) + NB,]Y{x„,t) = Q . (10) 

The task is now to express all the quantities that appear in these N 
equations, whose significance we trust to be self-evident, in terms of the 
2N quantities f^, x„ and their time derivatives, taking as starting point 
the N relations (2), as well as the fact that the function f{x,t), being a 
polynomial of degree less than N m x, can be expressed, together with 
its X -derivatives, in terms of the N values, /„, it takes at the N points 
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x„ , see (2) and (4), via the (exact) formulas that emerge from the Lagran- 

gian interpolation technique, as reviewed in the preceding Sect 2.4. 

The relevant formulas read as follows: 



m=l,m^n 



(lla) 

(llb) 

(llc) 

(lid) 

(lie) 



r, 



= Z /i‘’“ 2 -(Ilf) 



Here we have introduced the two quantities and via the conven- 
ient definitions 



b~'f 

w ^ ^ m J m 



(12a) 



/■W=6 ym^) b~' f 

J n n / -* V=— ynm m J m 



(12b) 



where of course the -vector b = b(j^ and the (iVxiV) -matrix D = D(j^ 
are defined by (2.4. 1-2, 3 ,4): 

K= II ( 1 ^^) 

D„„, = Yu + (1 - ^nJC^n ~ • (^^b) 
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Proofs. (11a) coincides with. (2). To prove (11b) we x -differentiate (3), getting 



N 

n=\ 



n 



m=\,m^vt 



(14a) 



we then set x = x„ , and use (2.4. 1-9, 8b) (with r = 1) and (2.4.1-4a) or (13a). 

We then note that y/^{x,t) is a polynomial of degree less than N , hence, via 
(2.4. 1-9) with r = l, 

N 

> 0 S ^nm ¥, , t) • (14b) 



We then insert (1 lb) in this formula, and use (2.4.1-5b), getting thereby (11c). 

We then /-differentiate (1 la), getting thereby 

¥t > 0 + ¥x ,t) = f„ ; (14c) 

via (1 lb) this yields (1 Id). 

Likewise, /-differentiation of (1 lb) yields 

¥.t (^n .0+4 ¥jc. (x, ,0=4+ . (14d) 

We now use (1 Ic), as weE as the formula 

N 

4=4 z (x„-xj/(x„-xj , (15) 

m=\,m^n 



which is clearly implied (via logarithmic /-differentiation) by (13a). There thus ob- 
tains (1 le), which is thereby proven. 

Finally, /-differentiation of (1 Id) yields 

?^«(x„./)+4^^".^(x„,0=4-4[4+/S^]-4[4+/?] • (i4e) 

Via (1 le) and (15) this yields (1 LQ, which is thereby proven. 



Insertion of (11) into (10) yields the following formula, 
which provides the more explicit realization of (6) we need: 

4{^[-4+2 Z 4 -xj]-Ex„ +4 +4x„ -2(N-l)A^xl 

m=l,m^n 
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m=l,m^n 

+ 2(^0 +4 x„ +A2 xl + Aj x\) ] } 

+ c|/.+x./W-24/i‘4i.V?']+MA^-l)D2^j[^^ -i. /L"] 

+[D„ + A^. ff]+{B, + B,x, - 2 (iV-l) 42 :;]/W 

+[A + 4^.+4*4^3^J]/]"-[^(Jv-i)(4-4j:,)+a^^.]/.=o > (16) 

where and are of course defined by (12), h„ by (13a), and we 
omit to indicate explicitly the time-dependence. 

As explained above, this system of N coupled ODEs for the 2iV 
quantities x„ , /„ iJiust now be supplemented by N additional relations. 

Let us consider firstly relations of type (7), that yield solvable models. 



In particular let us set 

/„(t) = /?[x„(0,^] , (l'7a) 

where h(x,t) is a (possibly time-dependent) polynomial in x, of degree 
less than N but otherwise arbitrary. Note that this entails, via (12) and 
(2.4. 1-9) (which is now applicable), 

f^^=K{x„,t) , (17b) 

» (17c) 

while (17a) entails (indeed, independently of any restriction on h{x,t), 
other than its differentiability) 

fn=K{x„,t)+x„h^{x,,t) , (17d) 

/„ =^«(^«>0+2x„/z^(x„,t) + x„/z,(x„,0+x"/Z;^(x„,0 , (17e) 

and (17b) entails 

• (17f) 
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Insertion of these expressions in (16) yields, after several cancella- 
tions and via (13a), the following "equations of motion": 

Cx„+^x„=5o+5iX„-2(iV-l)4x„"+ Y, 

m=\,mitn 

•[ 2C X„x„-(x„ +X^)(f>o + A - A iK ^K^n) 

+ 2 (Ag +4 X„ ^n) ] 

+ {^K(^n’0-^[ ^-(^-1)A^« ]^,(^»0 + [ A+A^n+A^n ]^:cf(^nrO 
+ [ +^j X^ +^2 ] ^rc (^nsO '^[ A "*■ A ■~2(# — 1)^ X^ ] C^n>0 

-[ni^-l)(A,-A,xJ-^NB,]h(x„,t)} fl(x„-xj-^ . (18) 



These equations of motion are of Newtonian type, see (8); the product 

N 

ri ~^m)^ =K^ (see (13a)) which multiplies the curly bracket in the right 

hand side indicates however the presence of “many-body forces”. On the other hand 
the presence of the arbitrary polynomial h{x,t) , which is only restricted by the re- 
quirement to be of degree less than N , entails a significant generality. 

Of course for h{x,t) = 0 this system, (18), reduces to (2.3.3-2), 



The solution x„ (0 of these Newtonian equations of motion are the N 
roots of the polynomial equation, of degree N in x , 

y/{x,t) =h{x,t) (19a) 

namely 

¥[Xn(f)A=^[^nit)A (19b) 

where \{/{x,t) is the monic polynomial, of degree N in x, determined by 
the linear PDE (2,3-1) (which features of course the same 11 constants, 
Ag,A^,A^,Aj,Bg,B^,C,Dg,D^,D^,E that appear in (18)), with the initial con- 
ditions, yr{x,Q) and yrXxfi) , entailed by (19b) (note that (19a) only holds 
for X = x„ (t ) ), 
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Let us indicate how to obtain from (19b) the initial data y/{xSi) and (x,0) , 

First of all we note that (19b), evaluated at r = 0 , 5 delds 

¥ k (0). 0 ] =/z [x„ (0), 0 ] , (20a) 

and its r -derivative, evaluated at ^ = 0 , yields 

V, k(0),0 ]= -X. (0) k(0),0 ]+ h, k(0),o ]+i. (o) k k(o),o ] . (20b) 

There are now two (equivalent) routes to determine the (monic, iV'-tii degree) 
polynomial y/{x,Q). We can focus on the polynomial ^(x,0)-x^, the degree of 
which is clearly less than N , and which clearly takes the N values 
^^k(0)J0]~k(0)]^ at the N nodes x„(0) . Hence, by applying the standard theory 
of (exact, polynomial) Lagrangian interpolation of Sect. 2.4 to this polynomial we get 
(via (2.4.2-7,5) and (20a)) 

(ir(x,0) = x"+f; {Ak(0),0]-[*.(0)f}n {[*-x„(0)]/[x.(0)-*,(0)]}. 

n=l m=\,m^n 

(21a) 

N 

Alternatively, we can focus on the polynomial y/(x,Q) - n [^-^„(0)1 , also of 

n=l 

degree less than N . Then via (2.4.2-7,5) and (20a) one gets 

!<'M) = n [i-*,(0)]+|; *k(0),0] n {[x-x,(0)]/k(0)-x.(0)]} . (21b) 

n=l n=l m=l,m^n 

The two equivalent formulas (21a) and (21b) provide explicit expressions of the 
monic polynomial (of degree N) in terms of the initial data x„(0) of the 

many-body problem (18). 

Exercise 2.5-1. Verify the equivalence of (21b) with (21a). Hint note that the 
Lagrangian interpolation formula (2.4.2-7), applied to tiie polynomial (of degree less 

N 

thanV) (x-x„)-x^, yields the polynomial 

n=l 

n \^n n (21c) 

n=l n=\ m=l,m^n J 

Likewise, since is a polynomial of degree N -I, there holds the for- 

mula (see (2.4.2-7)) 
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(22a) 



¥t o)=Z y^t k (0). o] n { [^ - (0)]/ k (0) - (0)] } • 

n=\ m=l,m^n 

Here the N quantities ^^jk(0),0] can be obtained from (20b), but to use this for- 
mula we need the N quantities ^^^;^k(®)’®l' obtain them we use the fact that 
yr(x,G)-x^ is a polynomial of degree N -I, hence (via (2.4. 1-9) with r = l, and 
(20a)) 

r,[^,(0),o]=Ar[x.(0)]"- 

+S 6.k(0)]0„fc(0)]{6„b(0)] r‘{Ak(0),0]-[:.„(0)]*'}, (22b) 

m=I 

with D(^ respectively b(^ defined of course by (13b) respectively (13a). Insertion 
of (22b) in (20b) yields an exphcit expression in terms of the initial data, x(0) and 
i(0) , of y/f [x„ (0),0 ], which can then be inserted in (22a) to yield finally the ex- 
pression of the polynomial y/^ (x, t) at the initial time ^ = 0 in terms of the initial data, 
x(0) and x(0), of the iV -body problem (18): 

= { A,k(0),0]+i.(0){ A,k(0),0]-JVk(0)f-‘ 

n=\ 



-t «’,b(0)]o-fc(0)]{ r{Ak(0),o]-k(0)f } } }• 

m=\. 

■ n { t-*,(0)]/k(0)-^,(0)] } • (22c) 

(Alternatively, as we did above, we could have exploited the fact that 

N 

^^(x,0)-JJ [x-x„(0)] is also a polynomial of degree less than N (as well as 

n=l 

yr(x,0)-x^), obtaining thereby an equivalent version of (22b) (equivalent in just the 
same sense as (21b) is equivalent to (21a)), hence an equivalent version of (22c). The 
diligent reader will write it out explicitly. 



This completes our general discussion of the technique to solve 
(18).The dihgent reader, before proceeding to the examples given below 
(and others (s)he may wish to invent), is urged to ponder on the differ- 
ences, and similarities, among (18) and (2.3.3-11) (including the devel- 
opments that led to these equations and the techniques to solve them). 
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Let us now display a few special cases of (18), including as well some 
systems of first-order ODEs. These are all solvable models. 



N 



m=\,m*n 


(24) 


N 

K =-ax„+b (x„-xj-^ . 

m=\ym^n 


(25) 


N 

x„ = -ax„ + [iV g^(xj -x„ g'^ (xj] JJ (x„ -x^)-' . 

m=l,m*n 


(26) 


N N 

Y, KKHP^n-xJ+b Yl ix„-xj-' . 


(21) 



m=\,m^n m=l,m*n 



N N 

x„=-ax^+2 X x„x„/ {x„ -xJ + [Ng^ (x„ )-x„g'^ (x„ )] ]J • 

(28) 

In these equations a and b are two arbitrary constants (which could be 
rescaled away; but we prefer to keep them), and (x) is an arbitrary 
polynomial of degree N (or less; of course for g^{x) = b!N (26) becomes 
(25), and (28) with a = 0 becomes (27)). 



Exercise 2.5-2. Show that the solutions of the mitial-vahie problem for the system 
of N first-order ODEs (24) are the N roots of the following simple polynomial 
equation in x : 

n [x-xM = i‘ ■ (29) 

n=\ 

Hint: sqX h{x,t)-bt , E = l and all other constants to zero in (18), to check that with 
these assignments it reduces to (24); then use (2.3-2) with these same assignments, 
(entailing \fr{x,t) = v^(x,0)), as well as (19) and (21b). 

Exercise 2.5-3. Show that the solutions x„ {t) of the initial-value problem for the 
system of N first-order ODEs (25) are the N roots of the following polynomial 
equation in x : 

x^ c^{Q) Qxjg{-mat) x^~"' =b!{aN) , (30a) 

m=\ 
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where tiie N constants c^(0) are of conrse the solutions of the system of N linear 
equations for these constants that obtain by setting in (30a) ? = 0 and 
x = x„ (0) , n = l,...,N ; or equivalently, and more explicitly in terms of the initial 
data, that the coordinates x„ (f) are the N roots of the following polynomial equation 
in x: 

x^+exp(-aOZ {6/(«^-k(0)f) n { [^ - (0) exp(-a0]/ [x„ (0) - x^ (0)] } 

«=1 m=l,m^n 



= n [^-^„(0)exp(-aO] 

n=I 

+ exp(-a0E [^KaN)] Y[ { [x - x^ (0) exp(-ct0]/ k (0) “ (^^)] }=b/{aN). 

n=l m=\,m^n 

(30b) 

Hint: set h{x,t) = bl(aN), E = l, - -a and all other constants to zero in (18), 
and check that with these assignments it reduces to (25); then insert the same assign- 
ments in the PDE (2.3-2) and solve it, eitiier via Ihe ansatz (1) or directly by the 
method of characteristics using the initial value y/{x,Q ) , see (21a,b); finally use (19a). 
The identity of the two expressions that are equated to bl(aN) is of course guaran- 
teed by (21c) (verify!). 

Exercise 2.5-4. Show that the solutions x„{t) of the initial-value problem for the 
system of N first-order ODEs (26) are the N roots of the following polynomial 
equation in x : 

+Z exp(-ma0 x^"'” =[ g^{x)-rx^ ] la , (31a) 

OT=1 

where the constant y is defined by the requirement that the polynomial 

= [ gNi^)-r \la (31b) 

have degree less than N {g^ (x) being a polynomial of degree N , or less), and the 
N constants (0) are of course the solutions of the system of N linear algebraic 
equations for them that obtain by setting in (3 la) t = 0 andx = x„(0), n = l,...,iV; or 
equivalently, and more explicitly in terms of the initial data, that the solutions x^ (?) 
are tiie N roots of the following polynomial equation in x : 

Nr y. N 

x^ +Qxp(-at)'^ {^/(aiV)-[x„(0)]"'} {[^-^»(0) exp(-a?)]/ [x„(0)-x^(0)]} 
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(31c) 



N 

= Yl [^-^„(0)exp(-«0] 

w=l 

+ exp(-aO Y, [b n { [^ “ (0) exp(-a0] / [x„ (0) - (0)] } 

n=l m-l,m^n 

= [ gM(x)-rx^ ]la , 

where the constant y is of course defined as above, see (31b). Hint: set 
h (x, t) = h (x) , with h (x) defined by (3 lb), E = 1, =-a and all other constants to 

zero in (18), and check that with these assignments it reduces to (26); then proceed as 
suggested above, see the hint d&Qi Exercise 2.5-3. 

Exercise 2.5-5. Show that, for any initial condition, the solutions x„ (t) of the 
system of N ODEs (26) with a = -y>Q tend, as t -> co , to the zeros of the polyno- 
mial (x) (of degree N , or less): 

^,( 0 -^ 4 “’- = 0 . ( 32 ) 

t->co 

Hint: see (31a). 

Remark 2.5-6. This result, (32), suggests a technique to compute numerically the 
N zeros of any polynomial (x) , of degree N : by integrating numerically the first- 
order system (26), with a = -y (of course with y identified by the requirement that 
h(x) , see (31b), be a polynomial in x of degree less than N ; and with the overall 
sign of the polynomial adjusted so that y <0 hence a > 0). 

Exercise 2.5-7. Show that the solution of the initial-value problem for the system 
of N second-order ODEs (27) are the N roots of the following polynomial equation 
in x: 



n=\ L m=l J 

fl [x-x,(0)] = ^P/2 . (33) 

w 

Hint: verify that (18) becomes (27) if one sets h(x,t) = bt^ 12, C = l and all other 
constants to zero; then solve (2.3-2) (with this assignment), using the initial data 
i//(x,0) and (x,0) as given by (21b) and (22c); finally use (19a). 

Exercise 2.5-8. Show that the solution of the system of N second-order ODEs 
(28) are the N roots of the following polynomial equation of degree iV^ in x : 
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(34) 



^ {c„ (0) cos[(m df^t] + {m a) (0) sin[(m df^t \ } x^~"' 

m=\ 

= [ gN{d)-rx^ ]la , 

where the constant y must be adjusted so that the polynomial in the right hand side of 
this equation, (34), have degree less than N (g^ (x) being a polynomial of degree 
N , or less), and the 2N constants c^(0),c^(0) are determined in terms of the initial 
data, x„(0),x„(0) , by the requirement that the N equations that obtain from (34) by 
replacing x with x^(t ) , as well as their / -derivatives (another N equations), are sat- 
isfied at ^ = 0 (the first set of N equations is a system of N linear algebraic equa- 
tions for the N constants (0) , with known coefficients and known inhomogeneous 

terms; and, after this system has been solved, the second set yields an analogous sys- 
tem of N linear algebraic equations for the N unknown constants c^(0)). Hint: 

verify that (18) becomes (28) if one sets h{x,t) = \ g^{x)-y x^ \l a , 
By = -a, C = 1 and all other constants to zero; then, via the ansatz (1), solve (2.3-2) 
with this assignment of the constants; finally use (19a). 

Exercise 2.5-9. Display the effect on (24 )h-( 28) of the trivial rescaling transfor- 
mation 

x„(0 = a#„(r), (35) 

with a, p arbitrary constants. 



Exercise 2.5-10. Show that the Newtonian N -body problem 

N 

Z [^K+i^+d)x2l , (36) 



with a an arbitrary constant, is partially solvable, since it possesses the 
solution given by the (a -independent!) recipe (29), where the N con- 
stants x„(0) coincide of course with the initial positions of the N particles 
and can be assigned arbitrarily, while, for this solution, the N initial ve- 
locities ir^(O) are given by the prescription 



i.(o)=6 n k(o)-*»(o)r > 

m=\,m^n 



( 37 ) 



with b an arbitrary constant. Hint: differentiate logarithmically (24) and 
use the identity (2.4.1-27). 
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Exercise 2.5-11. Noting that, for a = 0, the equations of motion (36) coincide 
with (2.3.4.2-17) (with a = 0), show that the recipes (29) and (2.3.4.2-21) yield the 
same result when (37) holds. Hint: insert (37) in (2.3.4.2-21) and use the identity 
(2.4.2-32); or note that, for a = 0 , (36) coincides with the completely solvable equa- 
tions of motion (2.1.10-1). 



Exercise 2.5-12. Show that the following two Newtonian N-body 
problems are partially solvable, and exhibit the corresponding (class oQ 
solutions: 

N 

x„=2(x„+a) Y, [«^„+(l+«)^;n+(l+2a)a]/(x„-x^) , (38) 

m=l,m^n 

respectively 

x„ =-2ax„-a^x„ 

N 

+ 2(x„+axJ Y • (39a) 

m=l,m*n 

Here a and a are 2 arbitrary constants. Note that, for a = -1/2, this sys- 
tem, (39a), takes the neater form 

=-(N + l)aX„ -Na^X„ -{x^+axj Y -^m) • (39b) 

Hint: set x^{t) = x„{t) + at respectively x „(0 = x „(0 exp(a0 in (36); then 
eliminate the tildes! 

Remark 2.5-13. For a = 0 and arbitrary a these two N-body prob- 
lems, (38) and (39), are of course solvable (indeed, for a = 0, (36) is itself 
solvable: it is a special case of (2.3. 4-6), (2.3.4.2-34), or see directly 
( 2 . 1 . 10 - 1 )). 



Exercise 2.5-14. Show that solutions x„(0 of the following two (quite 
different !) Newtonian 3 -body problems, 

x„ =-26" (x„ -x„^i)~" (x„ -x„_i)"" [ (x„ -x„^i)"' +(x„ -x„_i)"' ] , (40) 

K =-2x^ (2x„ -x„^i -x„_,)/6 , (41) 
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where of course « = 1,2,3 mod(3), are provided by the 3 roots of the fol- 
lowing cubic equation in x : 

[x-Xj( 0 )][x-x 2 ( 0 )][x-x 3 ( 0 )]=Z>f . (42) 

Here the 3 quantities x„(0) are of course the 3 initial positions of the 3 
particles, and they can be assigned arbitrarily, while, for these solutions, 
the 3 initial velocities x„(0) are given by the prescription 

i,(0) = i[;c.(0)-x„.(0)]-[x.(0)-;c.,,(0)]-' . (43) 

Hint: consider (24) with N = 2>, time-differentiate it (most conveniently 
logarithmically), and use it again appropriately to get (40) and (41); then 
use (29) with N = 3. 

Remark 2.5-15. The two partially-solvable 3 -body problems (40) and 
(41) feature forces that are translation-invariant; (40) features velocity- 
independent 3 -body forces; (41) features velocity-dependent 2 -body 
forces. 

Exercise 2.5-16. Show that solutions x„(0 of the following three 
Newtonian 3 -body problems, 

x„=-a^x„+ab (x„ (x„ -x„_i)~‘ 

-2b^ (x„ (x„ -x„_i)"' [ (x„ -x„J-' +(x„ -x„_i)"' ], (44a) 

x„ =ax„ +2 a^x „ -2 (x„ +ax„f ( 2 x„ -x„^j ~x„_,)lb, (44b) 

x„ = ax„ + 2 fl" x „-2 (x„ +ax„f [ (x„ +(x„ -x„_i)“' ] , (44c) 

where of course « = 1,2,3 mod(3), are provided by the 3 roots of the fol- 
lowing cubic equation in x : 

[x - Xj ( 0 ) exp(-a t)] [x - x^ ( 0 ) exp(-a f)] [x - X 3 ( 0 ) exp(-a O] = [^/(3 a )\ • 



l-exp(-a0X n {[^-^«(0)exp(-aO]/k(0)-x^(0)exp(-aO]}[. (44d) 

n=l m=l,m^n 
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Here the 3 quantities x„(0) are of course the initial positions of the 3 
particles, and they can be assigned arbitrarily, while, for these solutions, 
the 3 initial velocities x„(0) are given by the prescription 



K (0) = (0) + ^ n t (0)] ' • 

m=l,m^n 



(44e) 



Hint: as for the preceding Exercise 2.5-14, but with (24) respectively (29) 
replaced by (25) respectively (30b). 

Remark 2.5-17. The three partially solvable Newtonian 3 -body 
problems (44a,b,c) feature forces that are not translation-invariant; (44a) 
features velocity-independent 3 -body forces; (44b) and (44c) feature ve- 
locity-dependent 2 -body forces, and the latter (that does not feature the 
constant b , that can therefore be chosen arbitrarily in (44e)) is remarka- 
bly similar to, yet quite different from, (2.3. 4-6), or equivalently (2.3. 4.2- 
34) (with AT = 3 and, say, a = a, p = p = = 2a). 



Let us now consider a second family of models, those that obtain by 
positing (9) rather than (7), after having set, in (16), 



C = 0 , (45) 

so that these ODEs, (16), become of first-order: 

K {-Ex„ +5o +5, x„ -2(iV-l)4 xl 



+ 2 £ {A^+A,x„-^A^xl+A^xl)l{x„-xj] 

+ E[h-^nfn h[S,+B,x„-2(_N-l)A,xl ]/W 
+ [A,->-A,x,+A,xl->-A,xl ]/pl-[jV(JV-l)(4-4;cJ + iVS, ]/,=0.(46) 
To obtain this equation we did also set in (16), for the sake of simplicity, 

£>o=A=-D2=0 ■ (47) 

In (46) of course we are using again the definitions (12) and (13), and we 
again omit for notational simplicity to indicate explicitly the time de- 
pendence. 
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Let us now set 



fn (0 = f^n K (0 + h [x„ (O] , (48a) 

where ii„ are iV arbitr^ constants and h{x) is an arbitrary polynomial 
of degree less than N . 

Then (48a) entails 

= , (48b) 

as well as (see (12) and (2.4. 1-9) with r = 1,2) 

/“=A,6.|; , (48c) 

m=i 

+ . (48d) 

m=l 



Here of course the N -vector b = b(^ and the (NxN) -matrix D = D(^ are 
defined by (13) (see also (2.4. 1-2, 4a, 5d)) and primes denotes derivatives 
with respect to the argument of the fimction they are appended to. 

Insertion of these relations in (46) yields the following system of 
Newtonian equations: 

Efi„x„= [iV(# -1)(^2 -* 4 x„) + iV5 1 ] [n„x„ +h{x„) ] 

-[4 +4 -2(iV'-l)4 x] ] h\x„)-[A^ +4 +4 +4^« ] 



+ K(^ {E 4-4 -4 +2(AT-1)4 xl 



N 

“2(4 "•‘4 ■*'4 "^4 ^n) (^B “^»i) 



^H.[EK-B,-B,x,^2(N-\)A,xI ] D^xjb,(x) 



- ft ( A + 4, X. + A a:," + 4 ) Z (2^ )_ i. / 2’. © } 



(49) 
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Exercise 2.5-18. Write out the more general equations that replace (49) if the 
simplifying condition (47) does not hold, and/or the polynomial h , see (48a), is as- 
sumed to depend on time, h = h (x, t) . 



Let us now consider a few examples; the alert reader will try out 
many more. 

The initial-value problem for the {translation-invariant) Newtonian 
equations of motion 

il X =X • 
r^n n n 

•[ n + Z n [{^n-^l)l{^m-^i)]]] (^0) 

is solved by the following prescription: x„ (t) is the solution of the (non- 
differential) equation 

TL {[x„{t)-y„V[x„iO)-y^]Y^=Q^p{tfMn) , (51a) 

m=l 

K=f[b>,-y,r' , (51b) 



where the N constants are determined, in terms of the initial data 
x„ (0), x„ (0) , by the N algebraic equations 



n • (51c) 



Proof. It is easily seen that the system (50) corresponds to (49) with E = \ and all 
other constants equal to zero. Hence the corresponding PDE, see (2.3-2), reads 

y/fx,t) = 0 (52a) 

entailing 

y/{x,t) = \if{x,Q) . (52b) 

Hence, from (48a) and (2) we conclude that 
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(53a) 



N 

MnK(f)=Yl ] » 

m=l 

where we have conveniently introduced, in the right hand side of this equation, a ge- 
neric monic polynomial of degree N in x^{t ) , by displaying explicitly its N zeros 

(this polynomial is independent of the index n, and of the time t\ it coincides 
with ?^^[x„(f),0]-A[x„(f)], with ^(x) both arbitrary and irrelevant, since this polyno- 
mial, /e(x) , of degree less than N , neither features in the equations of motion (50) 
nor in their solution, see (51)). 

These N constants, , are then defined by (53) at ? = 0 , namely by (51c). 

There then remains to integrate (53). To this end, using the standard “partial- 
fi’actions decomposition”, namely the identity 

n = E (54) 

m=l m=l 



with defined by (51b), we rewrite (53) in the form 

l^n(0-y^ . (53b) 

m=l 

Then, via a trivial quadrature, one gets (51a), which is thereby proven. 

Let us emphasize that, while in general the approach based on the ansatz (9) does 
not yield completely solvable models, in this case we were able to reduce the solution 
to a purely algebraic task, see (51). 

Remark 2.5-19. Clearly the equations of motion (50) entail that, if x„ (0) = 0 , 

then x„ (0 = 0 j x„ {t) = x„ (0) . Hence any particle that is initially (or at any time) at 

rest always remains at rest. However, its presence does affect the motion of the other 
particles. 

Exercise 2.5-20. Investigate how the method of solution of the model (50) must 
be modified if one or more of the N particles do not move. Hint, begin by under- 
standing the iV = 2 case. 



The next example we report is characterized by the Newtonian equa- 
tions of motion 

= Nafi^x^ +(iV-l)acx„ ^Nad-bc + ix^ -ax„ -b)- 

+ T. (x„-xj-^{x„-x^ n (55) 



298 




with a, b, c, d arbitrary constants (for a=b = c = 0 this model reduces to 
the previous one, see (50)). We claim that its solution is provided by the 
solutions of the following uncoupled first-order ODEs: 

+ c X„(t) + d = {x„(0-x„(0)exp(a0 + (6/a)[l-exp(a0 ]} 



AT 

+ exp(aO 2 [ju„x^(0) + c xJ0) + d ] • 

m=l 

• n [{^«(0-^AO)exp(aO + (^/«)[l-exp(aO]}/R(0)-^£(0)}] • (56a) 

Note however that these ODEs are not solvable by quadratures, because 
they are not autonomous. 



Proofs. We begin by noting that (55) obtains from (49) by setting 
h{x) = c x-vd, B^^b, B^= a, E = l and all other constants to zero. Hence the cor- 
responding PDE, see (2.3-2), reads 

i/rfx,t) + (a x+b) y/^(x,t) - N a y/{x,t) = Q (57a) 

entailing (as can be easily verified) 

i//(x, t) = exp(N at) i^(x exp(-a t) + {b I a)[ exp(-n ^) - 1 ] , 0) . (57b) 

But, from (3), 

5^^(x,0)=n [x-x„(0)]+/(x,0) (58a) 

n=l 

hence, via (2.4.2-7,5), (4) and (48a) with the above assignment of h(x ) , 

^i^(x,0)=fj [x-x„(0)] 

n=\ 

+ Z (0) + c x„ (0) + £/] ][[ { [x - X, (0)] / [x„ (0) - X, (0)] } . (58b) 

n=l l=\,l*n 

Now insert this expression, (58b), of y/{x,Qi) in (57b), set x = x„ (?) in die resxilting 
equation, get thereby an explicit expression for ^^^[x„(^), t ], and finally use (2) with, 
(48a). After some trivial steps one obtains (56a), which is thereby proven. 
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Exercise 2.5-21. Show that (56a) can be rewritten in the following two equivalent 
forms: 

E-n (0 + c exp(a ] 

N 

= n {^«(0-JC;„(0)exp(aO + (^>/a)[l-exp(ar) ] } 

m=\ 

N 

+ exp(aO Y, [fimKi^) + cx^{Qi) ]• 

m=l 

• n [ {x„(0 -x^(0)exp(at) + (6/«)[l-exp(a0 ] }/{x^(0) -x^(0)} ] , (56b) 

{ x„ (0 { 1 - exp[ a (iV - 1) ^ ] }{bla) QX^{aNt) [l-exp(-ar) ]} 

N 

+ j[l-exp(aiVr)] = { x„ (0 - (0) exp(a t) + {bla)[l- exp(a t) ] } 

m=l 

N N 

+ exp(aO Y !^n K (0) fl [{^«(0- (0) exp(ar) 

ffi=l 

+ {bla)[\- exp(a r) ] }/ {x„ (0) - (0)} ] . (56c) 

Hint use the identities 

n = r = 0,l , (59) 

m~l 

which correspond to (2.4,2-7,5) with /(x) = x'' (see also (2.4.2-32)). 

Exercise 2.5-22. For a = 0 (55) becomes independent of d , while (56a) seems to 
still depend on d . How can this be ? Hint: see (56b, c). 



Let us finally return to (46), but let us now supplement these evolu- 
tion equations, (46), by positing 

fn it) = K |x(0] [ //„ x„ (0 + X„ (0 ] , (60) 

where of course bj\x{t)] is defined by (13a) and the IN quantities //„, ?/„ 
are arbitrary constants. 
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One gets thereby the following Newtonian equations of motion: 



K (^-1)(A -4 (A« K +Vn 

N 

+ Z (^n-Xmy'l(Mr,+Mn,)Kx^+V„X„X^+Vn,X^K] 

m=l,m^n 



-[B,+B,x„-2iN-l)A,xl][l+ Z (^n-^mT\MnX„+JU^X^+TJ„X„+?]^xj] 

m=A,m*n 

1 ^ 

[4 4 4 4 J Z ~^m) 

m=\,m*n 



■[2+ 2 (x„ -X,)"' (//„ x„ +//„ x^ +//^ X, +7„ x„ + 77 ^ X, + 7 , X,) ] . (61) 

l=l;im,m 



Proofs. The ansatz (60) entails 

N 

fn =4 \PnK +(a„ 4 +^«^J Z (4 -4)/(^« ’ (62a) 

m=l,OT?tK 



m=\,m^n 



r 

J n 









m=l,mrin 



(62b) 



N 

• Z - (62c) 



The first of these formulas, (62a), follows by ? -differentiation firom (60); the second, 
(62b), follows firom (12a) via (60) and (13b); the third, (62c), follows firom (12b) via 
(60) and (2.4.1-5d,3). Insertion of these formulas in (46) yields (61), which is thereby 
proven. Note that, for notational simplicity, we did set, in (46), 



E = \ 



(63) 



The Newtonian equations of motion (61) feature, in addition to the 
2N arbitrary constants ii^ and ? 7 „, the 6, also arbitrary, constants 
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These Newtonian equations of motion feature only 
one-, two- and three-body forces; the latter are missing if 
Aq =Ai = A^ =Aj =0 . They are invariant under translations 
(x„ ^ + Xq , = 0) iff =4 = ^2 = 4 = = 0 ; they are invariant under 

rescaling of the dependent variables (x„^cx„,c = 0) iff 
Ao =Ai =A^ =Bq =0; they are invariant under rescaling of the independent 
(“time”) variable a = 0) iff ^ =4 =4 =4 =5^ =5j =0, ?/„=l, 

in which case (61) becomes simply 

N 

Z • (64) 

m=l,m^n 

The Newtonian equations of motion (61) are not solvable; our treat- 
ment only guarantees that this set of N coupled second-order ODEs can 
be reduced to the following set of N coupled first-order ODEs: 

l^nKit) + Vn^n{t)=¥[Xn(f)A fl (65) 

(see (60), (2) and (13a)), where, as explained above, the monic polyno- 
mial of degree iV in x, can be considered known (see (1), and 

(2.3-2) with (45) and (47)). However, in the equal-particle case, 

In =n 5 ( 66 ) 

the equations (65) are themselves solvable, hence in this case the many- 
body problem (61), whose equations of motion then read 

//x„ =(l-77)x„ + [AT(iy-i)(4_4x„) + iy5i](//x„+;7xJ 

N 

+ Z (^n 4 +7(^„ +X„, xj] 

m=\,m^n 

-[5o+5,X„-2(iV-l)4x^]{l+ Y. -^n,y' ViiK +^«,) +7(^„ +xj] } 

- Uo + X„ + 4 xl + 4 xl\ Y -XmA • 

m=l,m^n 
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(67) 



i=\;(^n,m 



is itself 5o/vaZ?/e. 



To prove this assertion, we must show how to solve the system of N ODEs 

N 

|//X„(0 + 77^„(0] Y[bnit)-^mit)\=W{^n^t) , (68) 

m=l,m^n 

namely (65) with (66), when yf(x,t) is a known monic polynomial of degree N in 
X , see (1). To this end we introduce the monic polynomial, say ^(x,t ) , of degree N 
in X, which has the N coordinates x„(t) as its N zeros: 

N 

^(x,0 = n t~^«(0] • (69) 

n=l 

It is then clear that 

-// ^,(x,0+?/[x^^(x,0-A^i?^(x,0] = ?(^(x,0-x^ . (70) 

hideed clearly both sides of this equations are polynomials of degree less than N in 
X , and they clearly coincide, thanks to (68), at the N points x = x„ . 

Exercise 2.5-23. Prove this result Hint see (2.3.2-1,8,12). 

But the linear PDE (70) can be easily solved, for instance by setting 

y/ (x, t) = x^ + (0 > (71) 

m=l 

and then by noting that (70) and (1) entail 

-liCrn-rimc^=c^ (72a) 



namely 



c«(0 = C;«(0)exp[-77mt///]-// ^ 



^df (t') exp [-7]m(t- 1') / //] . 
0 



(72b) 



Here the coefficients (t) can be considered known, being related by (1) to the 
known polynomial y/{x,t). 
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Then, once the polynomial \jf{x,t) has been determined (via (70) with (71)), the 
coordinates x„(f) are just its N zeros, see (68), hence their determination reduces to 
the purely algebraic task of finding the zeros of a given polynomial 



We end Sect 2.5 by proposing two exercises, thereby hinting at for- 
ther developments. 

Exercise 2.5-24. Extend the treatment given in Sect. 2.5 by assuming 
the polynomial y/{x,t) not to be monic, namely by assuming that it has the 
form 



y/ (x, t) = Co(t)x^ + J^ (0 x^ 



(72) 



instead of (1). Hint: see <C86a>. 

Exercise 2.5-25. Extend the treatment given in Sect. 2.5 by assuming 
the polynomial see (1), to satisfy a more general evolution equa- 

tion than (2.3-2), albeit one that preserves the property to be solvable by 
algebraic operations (for instance, a linear evolution equation analogous 
to (2.3-2) but with the space derivatives replaced by finite differences). 
Hint: see <C85e>. 



2.N Notes to Chapter 2 

The idea of a Lax pair, see (2.1-2), was introduced by P. D. Lax <L68>, 
to identify integrable evolutions in the context of the study of nonlinear 
(partial differential) evolution equations. The first application of this idea 
to integrable dynamical systems (i.e., ODEs rather than PDEs) was made, 
independently and more or less simultaneously, by S. V. Manakov 
<Man74> and H. Flaschka <F74a, F74b>, both of whom applied it to the 
integrable Hamiltonian one-dimensional many-body problem with expo- 
nential “nearest-neighbor” interaction (“Toda lattice”) introduced by M. 
Toda <T67, T81>, whose integrability was first noted by M. Henon 
<H74>. 

The ansatz (2. 1.1 -2,3) for a Lax pair was introduced in <C75>, as a 
generalization of the specific Lax pair (2.1. 2-6,7) introduced by Juergen 
Moser <Mo75> to demonstrate the integrability of the one-dimensional 
problem of N equal particles on the line interacting pairwise with repul- 
sive forces inversely proportional to the cube of their mutual distance, see 
Sect. 2.1.3. This model with inverse-cube forces had been previously in- 
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troduced and solved in the quantal context (perhaps the first time that a 
quantum many-body problem has been treated before its classical coun- 
terpart) in <C71>; for this reason it is often referred to as the “Calogero- 
Moser” system. 

The fiinctional equation (*), see (2.1.1-16), as well as its general so- 
lution, see Sect. 2.1.4, were introduced in <C75>. This was the first ap- 
pearance both of fimctional equations and of eUiptic fiinctions in the 
context of classical many-body problems integrable via the Lax-pair ap- 
proach. See also Appendix B. 

A proof that the iV eigenvalues of the Lax matrix (2. 1.1-1) Pois- 
son-commute if the function a{q) satisfies the functional equation (*), see 
(2.1.1-16), was first given by A. M. Perelomov <P77> (this proof is also 
reported in Sect, 3.2 of <P90> and in Chap. 2 of <H92>). 
S. Wojciechowski, more or less simultaneously, gave an independent 
proof of the Poisson-commutativity of the N symmetric invariants A j see 
(2.1-10) <W77>. 

The result (2. 1.3. 1-5) was firstly obtained, for arbitrary N , in the 
quantal context (“no diffraction”) in <C71>, and in the classical context 
by J. Moser <Mo75>. For N = ?> it had been previously discovered in the 
quantal context by C. Marchioro <Mar70> (who also solved the problem 
in the classical case, but did not publish the result). Actually the solvabil- 
ity of the classical one-dimensional problem of 3 particles interacting 
pairwise with inverse-cube forces had been, much earher, noted by C. 
Jacobi <J1866>. (This phenomenology — namely, the fact that no new 
asymptotic momenta emerge from the interaction, in spite of its nonlinear 
nature — is sometimes characterized by the adjective "solitonic"; to un- 
derstand the origin of this language see the literature on "solitons", for 
instance <CD82> and the references quoted there. There is of course 
more to this than just semantics: see for instance <C78a> and the litera- 
ture quoted there). 

The OP technique of solution (see Sect. 2.1.3.2 and also subsequent 
sections) was introduced by M. A. Olshanetsky and A. M. Perelomov 
<OP76a,c>, <OP81>. It is reviewed in several textbooks, see for instance 
Chap. 3 of <P90> and Chap. 1 of <H92>; for a seminal, more group- 
theoretical, treatment see <KKS78>. It is sometimes called “the projec- 
tion method” <P90>. The explicit solvability of the model of Sect. 2.1.3 
had been first shown by J. Moser <Mo75> (see also <AMM77>, 
<Mo80>). 

The A-body problem on the line with a harmonic interaction in addi- 
tion to pair inverse-cube forces, see Sect 2.1.3.3, was also introduced and 
solved firstly in the quantal context <C71>. The equispaced character of 
the corresponding spectrum motivated the conjecture <C71> that all mo- 
tions of the corresponding classical problem be completely periodic with 
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period T, see (2.1.3.3-17). The first proof of this result (see (2.1.3.3-18)), 
and of the integrability of this model in the classical context, is due to 
D. C. Khandekar and S. V. Lawande <KL72> for iV = 3 , and to M. Adler 
<A76, A77> (see also <P76> and <OP76a>) for arbitrary N. The trans- 
formation (2.1.3.3-22) relating the two classical problems with and with- 
out harmonic interactions was discovered by A. M. Perelomov <P78>. 
The connection among the equilibrium configuration of the classical N- 
body problem of Sect. 2. 1.3.3 and the zeros of the Hermite polynomial of 
order N, see (2.1.3.3-37), was pointed out in <C77b>. This finding is par- 
ticularly intriguing because Hermite polynomials are closely connected to 
the eigenfimctions of the quantal harmonic oscillator problem. Properties 
of the zeros of the classical polynomials such as (2.1.3.3-44) were origi- 
nally discovered in the context of the study of integrable many-body 
problems on the line via the technique of Sect. 2.3, hence for a more de- 
tailed discussion of this type of results see below the notes on Sects. 2.3 
and 2.4 (see also the notes on Appendix C and Chap. 3). 

The general solution of the functional equation (*), see (2.1.1-16), 
was firstly exhibited in <C75> and proven in <C76a>. This result was 
also proven, more or less simultaneously, by A.M. Perelomov <OP76b> 
and by S. I. Pydkuyko and A. M. Stepin <PS76>. 

The integrability of the model treated in Sect. 2.1.5 was firstly noted 
in <C75> and <CMR75>; its explicit solution was firstly given in 
<OP76c>. The factorization property, entailing the formula (2.1.5-44) for 
the asymptotic shifts of the scattering trajectories in the N-hodj case, is 
due to P. P. Kulish <K77>. S. Wojciechowski introduced and solved 
<W84> a generalization of this model, characterized by the additional 
presence of an external exponential potential (see also Sect. 3.5 of 
<P90>). 

The model treated in Sect. 2.1.6 was introduced and treated in the 
quantal context by B. Sutherland <S71, S72>, and is therefore generally 
referred to as “Sutherland model.” 

For the (more or less explicit) solution of the model, see (2.1.4-32), 
with elliptic interactions, see <K78>, <K80> and <GP99>. 

The trick (2.1.7-27) to generate a model involving particles of two 
different types was introduced in <C75>; in this same paper the possibil- 
ity was indicated to generate, in an analogous manner, a model involving 
different types of particles, starting fi:om the integrable Hamiltonian 
(2.1.4-32) and taking advantage of the periodicity of the Weierstrass 
fimction p(z\ (o,co') . The behavior of the many-body system characterized 

by the Hamiltonian (2.1.7-28) was investigated by M. A. Olshanetsky and 
V-B. K. Rogov <OR78>. 

The possibility described in Sect. 2.1.7 to generate Lax pairs com- 
posed of matrices of size 2N, 4N, 8N and so on was pointed out in 
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<C76b>; as indicated there, the same trick can be used as well in the 
context of the more general integrable model of Sect. 2.1.4. 

The results of Sect. 2.1.7 based on symmetrical duplications on the 
(real) line can be given a group-theoretical significance in terms of root 
systems associated with semisimple Lie algebras <OP76b>, <OP81>, 
<P90>; this development yielded, over time, a large body of additional 
findings by many contributors (we list here a few recent references: 
<DHP98>, <BCS98>, <BCS99>, <BS99>, <BST99>, <KST99>, 
<BMS2000>, <CFS2000>). The idea of duplications involving some kind 
of complexification was introduced in <CF92> (but see also <C86b>, 
<C86c>). The treatment of “infinite duplications” given in Sect. 2.1.7 is 
patterned after those of <C93b> and <C97d>; in particular, the observa- 
tion that led to (2.1.7-54) was originally made in <C93b>. 

The “reduction” trick used in Sect. 2.1.7 to get the model with near- 
est-neighbor interactions, see (2.1.7-57,60), was taught to me by Simon 
Ruijsenaars; perhaps it was discovered simultaneously by him and by Bill 
Sutherland (see the parenthetical remark after eq. (Ll.l7) of <R94a>). 
This exactly treatable model was introduced by M. Toda <T67>, and is 
therefore generally referred to as the “Toda model” (sometimes as the 
“Toda lattice”: the nearest-neighbor character of the interaction suggest 
that the more natural context for this model is to investigate nonlinear 
lattices <T81>). 

The ansatz (2. 1.8- 1,2) for a Lax pair (as well as the functional equa- 
tion (**), see below), were introduced in <BC87>. 

The fake Lax pair (2.1.9.1-12, 13) is taken from (Sect. 3.3 oQ 
<C84b>, and the fake Lax pair (2.1.9.1-1,14), as well as the Hamiltonian 
(2.1.9.1-17), are taken from <CF2000a> (see also Sect. 2.4.5.4). For the 
notion, and several examples, of fake pairs in the PDE context, see 
<CN91>. 

The solvable Newtonian equations of motion (2.1.10-1) were proba- 
bly introduced for the first time in <C78a>. The remarkable nature of this 
system has been underlined by attributing to it the status of "goldfish” 
<C99b>. 

The treatments of Sects. 2.1.10.1, 2.1.10.2 and especially 2.1.10.3 are 
largely patterned after <CF2000a>. 

The fimctional equation (**), see (2.1.8-19) and (2.1.11-1), as well as 
the functional equation (2.1.11-23), were introduced, and solved, in 
<BC87>, whose treatment is closely followed in Sect. 2.1.11; see also 
<BC90> and <BB97b>, and Appendix B. 

The RS model discussed in Sect. 2.1.12 was introduced by Simon 
Ruijsenaars and Harald Schneider <RS86>; it has been extensively stud- 
ied by many authors, and especially by S. Ruijsenaars, who has written 
many original contributions, as well as review papers and lectures notes. 
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been emphasized in the original paper introducmg it <RS86>, and in sev- 
eral subsequent publications (see for instance <R87>, <R94^); it has 
been questioned by H. Braden and R. Sasaki <BS97>. 



The treatment of Sect. 2.1.13 owes much to <C97d>. The results 
based on symmetrical duplications (mentioned in the paragraph before 
(2.1.13-9)) have a group-theoretical underpinning in terms of root sys- 
tems of Lie groups (see above, re Sect. 2.1.7; also this development 
yielded, over time, a large body of additional findings). The system 
(2.1.13-24) was firstly introduced by M. Bruschi and O. Ragnisco 
<BR89>. 



this book) see <RB96>. 

The integrable many-body model characterized by the Hamiltonian 
(2.1.16-19) was introduced by R. Camassa, D. D. Holm and J. M. Hyman 




fi-om 2.1.14 to 2.1.16.1. 



The many-body model treated in Sect. 2.2 was introduced in <C95c>. 
For a treatment of a quantized version of this model see <CvD95>. Other 
treatments, which emphasize the group-theoretical structure underlying 








some results reported here are not contained in <C78a>. The generalized 
treatment of Sect 2.3.6 and its subsections is new, except for Sect 2.3. 6.3 
that follows <CF2000b>. 

The treatment of Sect. 2.4, including all its subsections, is mainly 
based on <C84b>, but some results were previously given, or are more 
folly elaborated, in <C81a>, as well as <C80a>, <C80b>, <C80c>, 
<BC81>, <C81b>, <C81c>, <C82a>, <C83a>, <C83b>, <C83c>, <D83>, 
<C84a>, <C85a>, <C85c>, <C85d>, <CF85>, <D85>, <C86b>, <Ca86>, 
<C88>, <BCP90>. 

The main idea on which the treatment of Sect 2.5 is based was intro- 
duced in <C85e> and <C86a>; the results in Sect 2.5 are mostly new. 

Various portions of the material treated in Chap. 2 have been cov- 
ered in review papers, lecture notes, conference proceedings and books, 
see for instance <C78b>, <C80a>, <C81c>, <C82c>, <C85b>, <C86b>, 
<C92>, <C95a>, <C97d>, <FG76>, <H92>, <Mo80>, <OP81>, <P90>, 
<T81>. 
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3 iV-BODY PROBLEMS TREATABLE VTA 

TECHNIQUES OF EXACT LAGRANGIAN 
INTERPOLATION IN SPACES OF ONE OR 
MORE DIMENSIONS 



In the first part of Chap. 3 we describe a version of the (exact) Lagran- 
gian interpolation technique, which is more general than that outlined 
above (see Sect. 2.4.2) on two counts: it is not restricted to a one- 
dimensional environment (namely, it is not limited to considering fonc- 
tions of a single, scalar, variable), and it is not restricted to a polynomial 
functional space (namely, it is not limited to using polynomials as basic 
building blocks). Then, in the second part of Chap. 3, we indicate how 
this generalized technique of interpolation can be utilized to manufacture 
solvable iV-body problems in spaces of one or more dimensions: we dis- 
cuss a general technique to do so, including a few variations on this 
theme, and we exhibit several examples. 

These techniques of (exact) Lagrangian interpolation can also be ex- 
ploited to identify remarkable matrices and related identities and to treat 
certain problems in numerical analysis (for instance to solve numerically 
eigenvalue problems in S -dimensional space); moreover, certain findings 
closely connected with these developments are instrumental to uncover 
and to prove certain theorems in elementary geometry. A (terse) survey of 
these results is confined to Appendices D, E and F. 



3.1 Generalized formulation of Lagrangian interpolation, 
in spaces of arbitrary dimensions 

Notation. We denote by a superimposed arrow vectors iu S -dimensional 
space, say r : in particular, for y = 2, r={x,y) is a 2 -vector (the envi- 
ronment is the plane), for S = 3, f = (x,y,z) is a 3 -vector (the environment 
is the ordinary space we inhabit). Let be a positive integer, and j„(?), 
n = , be N ftmctions; we assume they are assigned once and for 
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all (althou^ we retain the option to choose them, as well as iV , at onr 
convenience), and we refer to them as “seeds”. Let r„, n = be N 

different points in S -dimensional space, if n /w ; in the following 

we refer to them as “nodes”. 

As we will soon see, it is moreover convenient to introduce N- 
vectors respectively (iVxAT) -matrices; these quantities are denoted by un- 
derlined lower-case respectively upper-case letters, say u for the N - 
vector whose N components are the N numbers u„, n = l,2,...,N, respec- 
tively U_ for the (A^xiV) -matrix whose elements are the numbers 



IS 

III 








( U 

'-'n 


Un - 


U, 


u = 
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1 






u,^ - 


U, 



(la) 

(lb) 



The N components of an N -vector , as well as the elements of an 
(A'^xiV) -matrix, might themselves be 5 -vectors. For instance we use be- 
low the convenient notation 

F = (Fj,F2,...,r^) (2) 

to indicate the N -vector whose N components are the N nodes 
r„,n = l,2,...,N . Of course F is both an S -vector-valued N -vector 
(namely, an N -vector whose N components are y -vectors) and m N- 
vector-valued S -vector (namely, an y -vector whose S components are 
N -vectors). Likewise for (N x N) -matrices: for instance in the following 
it will be convenient to use the diagonal (NxN) -matrix whose N diago- 
nal elements are the N nodes, 

R = diag(F„;^ = 1,2, F„ . (3) 

Again, R is both an y -vector-valued (iVx at) -matrix (an (A'^xiV) -matrix 
whose elements are y -vectors; of course in this particular case, the off- 
diagonal elements all vanish), and a (diagonal) {NxN) -matrix-valued S - 
vector (an y -vector whose y components are (iVxA/^) -matrices; in this 
particular case, diagonal (NxN) -matrices). 
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Let us emphasize that the choices of the N seeds ^„(r) and of the N 
nodes remain our privilege ~ choices to be done, in the context of this 
treatment, once and for all; as indeed the choice of the positive integer 
N >1-- and that we assume that these choices are done independently 
(namely, the N seeds s^(r) do not depend on the N nodes r^). But we 
hereafter assume that these choices guarantee that the (NxN)- 
determinant 



A(^,r2,...,r^) = det[5„(r„) 



^1(^2) >^2(^2) 









( 4 ) 



does not vanish: 

. (5) 

Let now /„, « = 1,2,...,A^, be N given numbers. The problem of (gen- 
eralized) Lagrangian interpolation is then formulated as follows: to find a 
function f{r) of the S -vector r that possesses the following two proper- 
ties: (i) f{r) is a linear superposition (with constant, namely f- 
independent, coefficients) of the N seeds s„(r). 



m='tKs.(ry, ( 6 ) 

m=I 

(ii) the N values that /(F) takes at the N nodes F„ coincide with the 
N assigned values /„, 



fiK)-fn, « = . (7) 

It is clear that this problem always admits one, and only one, solution. 
Indeed setting F = F„ in (6) and using (7) one gets 



Z KSmirn) = fn > n = l,2,...,N , (8) 

m=l 

and the condition (5) guarantees that this system of N linear equations 
for the N unknowns admits one and only one solution. 
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T his solution could be easily written out, but we prefer to display di- 
rectly an expression for the “interpolating fiinction” /(F) characterized 
by (6) and (7). To this end we introduce N “interpolational functions” 
defined as follows: g^"\r\r) is the function that obtains by first 

replacing, in the n-th line of the determinant A©, see (4), the node F„ 
with the variable f, and by then dividing by the determinant A© itself: 



(F|r)=A(i^ F„_i , r, F„^j ) / A(Fi F^ F^ ) 



sfrj " 




















5i(F) • 




/ 
























■ SnQ'n) 



The notation ^*""^(F|F) is used to indicate that these interpolational functions of the 
( S -vector) variable F also depend, as implied by their definition, on the choice of the 
N nodes F„ , whose N values are encoded in the S -vector-valued N -vector F . Let 
the dihgent reader now pose and ponder on the different significance of the variable 
F and of the N nodes F„ , whose values are encoded in the S -vector-valued N - 
vector F and which enter, as it were parametrically, in the definition of the N inter- 
polational functions g^"^(F|F) , see (9). As entailed by this definition, these N inter- 
polational functions (F|F) also depend, of course, on the choice of the set of seeds 
[s^{r)',n = 1,2 ,. In the foEowing the explicit indication of the dependence on F 
is sometimes omitted, namely we sometimes write q^"^ (F) in place of q^"^ (F|F) , 



It is now clear that the N functions q^”\r\f) possess the following 
two properties: (i) q^"\r\f) is a linear combination, with constant (i.e., F- 
independent) coefficients, of the N seeds 

q^"\r\f)=Y, s^{r) n=l,...,N; (10) 

m=l 
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(ii) vanishes for r =F^ with m^n, and takes the value unity at 

= . ( 11 ) 

Hence an explicit expression of the interpolating ftinction /(F) , char- 
acterized by (6) and (7), reads 

/(f)=E fn • (12) 

n=\ n=l 



The standard formulas of Lagrangian polynomial interpolation, see 
Sect. 2.4.2, obtain from those given above for S = 1 (one-dimensional 
space) and for the following choice of the N seeds: 

s„(x) = x^-\ « = 1,2,...,AT . (13) 

In this special case the determinant A = A(xi,x 2 ,...,x^), see (1), becomes 
the Vandermonde determinant^ 

A(xi , ..., x ^ ) = det[ (x„)'”“^ ] , (14a) 

and it admits therefore the factorized representation 

A(x,,...,x^)= Yi^x„-xJ ; (14b) 

n,m=:\;n>m 

hence the “interpolational functions” ^^"^(x|^, see (9), become the poly- 
nomials (2.4.2-S) (of degree iV-1): 

q^"\x\^^q^;\(x)= n [(^"^«)/(^«~^-)] • (1^) 

m=\,m^n 



Exercise 3.1-1. Show that any redefinition of the seeds via a linear (invertible) 
transformation, 

's„{7) = Yj , ( 16 &) 

m=l 
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Let us now assume that the set of N seeds s„(r) is closed under the op- 
eration of (partial) differentiation, namely that the S partial derivatives 
of every seed can he expressed as a linear superposition (with constant 
coefficients) of the seeds themselves: 

Vs.(?)=i s,(r)V_, (1) 

m=l 






while the set of 5 seeds 



= (4) 

do not. 

Exercise 3. 1.1-1. Prove these statements, and compute see (1), for the sets 
(2) and (3). 

Let us however emphasize that our treatment can be extended to the case when 
the set of seeds is not closed under differentiation, as we show below towards the end 
of Sect. 3.1.1. 



It is now clear that the following formula holds: 

V (r\f) =Y,(1 ^"'^ ©, n = l,...,N, (5) 

m=l 

of course with q^"\r\F) defined by (3.1-9) and with the (mn) -th. 

element of the 5' -vector valued constant (iVxiV) -matrix D(f). Note that 
the property of D to be constant refers to its independence firom the vari- 
able r ; D{f) depends instead, of course, on the choice of the N seeds 
s^r) and, as our notation emphasizes (and in contrast to V, see (1)) on 
the N nodes , indeed there clearly holds the (important) formula 







( 6 ) 



Occasionally, in the following, we omit to indicate explicitly the depend- 
ence of D(r) on r , namely we write D instead of D© . 



The proof of (6) is immediate: set f = in (5) (but be carefiil: before doing this 

you should rename the dummy summation index in the right hand side !) and use 
(3.1-1 1). Then (for notational convenience) exchange the two indices n and m . 

Exercise 3. 1.1-2. Compute the matrices ^© for the sets (2) and (3). 
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It is now clear that the S components of the (i\r xi\r)-matrix-valned 
5 -vector 5(f) provide faithM (NxN) - matrix representations of the op- 
erators of partial differentiation in 5" -dimensional space, in the following 
sense. Let us associate to every function that admits the representation 
(3.1-6) (to which our consideration is hereafter restricted) the N -vector 
f, whose N components are the N values, see (3.1-7), that the fimction 

f(r) takes at the N nodes 

/=w,A /(v» . (7) 

It is then easily seen that there holds the N -vector formula 

/.=L>.(D/ , (8a) 



which features, in the left hand side, the N -vector f associated to the 
fimction f^(f) = df(f)!dx (i.e., to the partial derivative, with respect to the 
X -component of the S -vector F , of the function / (F) ), 

L = ifx (fi I fx (^2 ).-, f )) , (8b) 

and, in the right hand side, the (iV^xiV) -matrix D^(f) (i.e., the x- 

component of the (A^xA^) -matrix-valued 5 -vector 5(f), see (6)), acting 
on the N -vector /. Here of course x stands for any component of the S - 
vector F , indeed a more general version of (8) reads as follows: 

= , (9a) 



or equivalently (see (3.1-4)) 



[v/(f)] 



=Z o„© /.=!; /(?.), 



(9b) 



^ n m=\ 



The proof of these equations is immediate, since (3.1-12) entails 



V/©=Z /. v?'->(F|E) 



( 10 ) 



hence, via (5), 
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( 11 ) 



v/(F)=j; f„ X (F|D . 



m=l ^=I 



Setting now r =r^, and using (3.1-11), there obtains (9b), which is thereby proven. 



One can then state the following 

Proposition 3. 1.1-3. Assume that there hold the following partial dif- 
ferential equation: 



A/(f)=0 , (12) 

with the linear differential operator a defined, in self-evident notation, by 
the formula 



*= I d-^o^'^-ldx’dyOdz’'- , (13) 

a.p.r,- 

where a,/?,f,...are of course nonnegative integers. There then also holds 
the N -vector formula 

Al = Q , (14) 

with the N -vector/ defined by (7) and the (AxiV) -matrix A defined by 
the formula (see (14)) 

4= Z [ £.0 ]• [ ^0 I' [ 5^0 ]'■•■■ (15) 

a,p,y,... 

obtained by applying to the operator a, see (13), the substitution rule 
r=>R, d/dx=>DJf}, didy ^ D^if),... . (16) 

Here we are of course using the definition (3.1-3) of the (A^xA^)- 
(diagonal) matrix-valued S' -vector R, as well as the definition (6) (see 
also (9)) of the (A/^xA^)-matrix-valued S' -vector D = D(f) (and of course 
respectively Dy are the x -component respectively the y -component 

of the S' -vector D). 
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Of course the validity of this Proposition 3. 1.1-3. is predicated upon the fact that 
/(r) be a linear combination (with constant coefficients) of the N seeds s^{r) (i.e,, 
that it admit the representation (3.1-3)), and moreover that the set of seeds s^{r) be 

closed under differentiation. Note that this entails that all functions obtained from 
/(r) by (multiple) differentiation are also expressible as linear combinations (with 
constant coefficients) of the N seeds, hence they also admit representations of type 
(3.1-6). This clearly entails tibat (9) can be iterated, namely that there also holds the 
more general formula (in self-evident notation) 






-^- = { [ ^0 ]“ [ ^0 ]" [ DJf) ]’■•••/ }„(17) 



where the notation in the right hand side denotes of course the n -th component 
of the N -vector u . 

The proof of Proposition 3. 1.1-3. is then immediate: set r = in (12) with (13) 

and use (3.1-12) and (3.1-3) to get (14) with (15). 

Remark 3. 1.1 -4. The commutativity of differentiations with respect to different 
variables which may be expressed, say, as the operator identity 

= 0 , (18) 



entails that a corresponding formula, say, 

= (19) 

hold for the {N x N) -matrices D^,Dy. Here of course x and y stand for any two 
components of the S -vector r . 

Exercise 3. 1.1 -5. Check the validity of this formula using the solutions of Exer- 
cise 3. 1.1-2. 



Clearly Proposition 3. 1.1-3 entails that, to every partial differential 
equation of the general form (12) with (13) satisfied by a function admit- 
ting the representation (3.1-6), there corresponds an N -vector equation, 
immediately obtainable via the substitution rule 

r=>R , V=^3Cr) , f(f')=>f . (20) 

This also entails the following 
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Corollary 3. 1.1-6. If the differential operator A, see (13), possesses 
the eigenvalue a , 

A /'">(?) = a /"(?) , (21) 

and the corresponding eigenfunction /“(?) belongs to the functional 
space spanned by the N seeds (namely, it admits the representation (3.1- 
6)), then the (A/^ x A/^) -matrix A, see (15), also possesses the same eigen- 
value a, 

( 22 ) 

and the corresponding eigenvector is related to the eigen&nction /^“^(r) 
by (7), 

/'“>(?,)) • (23) 

It is instructive to consider the relationships of these results with those 
of Sect 2.4. 

In the one-dimensional case (5 = 1), and for the choice (3.1-13) of 
seeds, the {N x N) -matrix 

(24) 

has the explicit representation 

D=B D , (25) 

with the (A^x AO -matrices B respectively D defined by (2.4.1-4b) respec- 
tively (2.4. 1-2) in terms of the nodes = x„ ; likewise 

R = X , (26) 

with the {N X N) -matrix X_ defined by (2.4.1-1). 



Proofs. The validity of (26) is an immediate consequence of the definitions (3.1- 
3) and (2.4. 1-1). 

As for (25), it follows from (6) and from the expression (3.1-15) of ^Ji(x) . In- 
deed this entails 
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(27) 



dqi\{x)!dx= Y, H ~Xj)] , 

i=\,l^n j=\,j^n,l 



namely, via (6) and (24), 

^mn= z Cx„-x,)~^ Yl [Cx„,-xp/(x„-xp] . (28) 

i=L,i^n J=1,j^n,l 



Hence, for n = m, 

Z Cx„-x,)-^=<=i)„„ (29) 

(see (2.4. 1-2,3 ,5)), while foin^m 

fl ~ ^ j) ! i^n ~ ^ j)] ^ (30a) 

y=l,yV«,m 

. (30i>) 

D,^=bA.b-' . (30c) 

To get (30a) from (28) we noted that the product in the ri^t hand side of (28) van- 
ishes unless f = m ; to get (30b) we used the definition (2.4.1-4a) of bn , while to get 
(30c) we exchanged the indices n and m and we used the definition (2.4. 1-2) of 
(with n^m). 

It is now clear, via the definition (2.4. 1-4) of the diagonal (iV x iV) -matrix 5, 
that (29) and (30c) coincide with (25), which is thereby proven. 



Since the (77 xiy) -matrices B and X obviously commute (they are 
both diagonal!), the formulas of Proposition 3. 1.1-3, see (12), (13), (14) 
and (15), can now be rewritten, using (24), (25) and (26), as follows: 



A/(x>0 , 


(31) 




(32) 


V V 

4/=o , 


(33) 


4=E o“ , 


(34) 



a—0 
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f=tf . 



(35) 



It is thus seen that, in the (one-dimensional) case of standard Lagrangian 
(polynominal) interpolation, an equivalent transformation rule from linear 
differential equations to N -vector equations involves the replacement 

d/dx=>^ /(x)=>5 ^ / , (36) 

with the matrices X and D defined as in Sect. 2.4, see (2.4. 1-1) and 
(2.4. 1-2). 



The advantage of the rule (36) over the (one-dimensional version of the) rule (20) 
resides in the simpler expression of the {N x N) -matrix D in terms of the N nodes 
see (2.4. 1-2), as compared to the analogous expression of the (iV x iV) -matrix 
3=D,see (24), in terms of the N nodes x„ , see (25) with (2.4. 1-4), 

As we will see in some of the examples given below, there are also other cases in 
which a similarity transformation, analogous to (25), generated by a diagonal matrix, 
is instrumental in yielding a convenient simplification. 



Before ending Sect. 3.1.1 two important points must be made, and a 
useful (final) remark. 

To derive the results reported above (in Sect. 3.1.1) we assumed the 
functional space spanned by the N seeds 5„(r) to be closed under dijfer- 
entiation, see (1). It is important to note that a (finite-dimensional) 
(A X A) -matrix representation of the operator of differentiation can be 
usefully introduced even if this condition does not hold, and that even in 
such a case some formulas remain valid precisely as they have been 
written above, while others remain valid afi:er appropriate modifications, 
and others are not valid at all. It is indeed clear that the crucial formula 
(9) (of course, in both its avatars, (9a) and (9b)) remains vahd, together 
with the fimdamental definition (6) of 5© . 



Proof. Differentiation of (3.1-12) yields 

V/(r) = |; , 



(37) 
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and by setting in this fomula f = r^ one obtains precisely (9) with (6), (Note that we 

simply reproduced here the proof of (9) given above, which indeed does not require 
the set of seeds to be closed under differentiation). 







and by setting r = in tifaiis formula we get (38) with (39), Of course this formula, 
(38) with (39), is as well valid in the case treated above (of a seed space closed under 






Ogr’ 0 = [ ]“ [ ^0 ]'’ [ ^0 ]'■••• , (41) 

where the (integer) exponents a,P,y,' • • in the right hand side indicate of course ar- 
bitrary {positive integer) powers. Note that in this formula, (41), the ordering of the 
{N X N) -matrices in the right hand side is irrelevant, since these matrices commute, 
see (19). On the other hand (19) does not necessarily hold if the seed space is not 
closed under differentiation, but it must be replaced by, say, 

D%>‘\r)=D<f‘KrJ , (42) 



4 I 




It is also obvious that Proposition 3. 1.1-3 and Corollary 3. 1.1-6 re- 
main valid even if the seed space is not closed under differentiation, pro- 
vided the definition of the (NxN) -matrix A is modified to read (instead 
of(15)) 

( 43 ) 

a,/},r- 

of course with defined by (39), Clearly this formula, (43), re- 

duces to (16) whenever (41) holds. Of course, for the validity of Proposi- 
tion 3. 1.1-3 (or Corollary 3. 1.1-6), modified as we just indicated, it re- 
mains essential that the fiinction /(f) that satisfies (12) (or the fiinction 
that satisfies (21)) live in the fimctional space spanned by the N 
seeds ^„(f) , namely admit the fundamental representation (3.1-6). 

This completes our discussion of the notation, and properties, of fi- 
nite-dimensional (iVxA() -matrix representations of the operators of dif- 
ferentiation in the (more general) context of N -dimensional seed spaces 
which are not closed under differentiation. 

The second observation relevant to the introduction of finite- 
dimensional (A^xiV) -matrix representations of the differential operator V 
focuses on the following special form of the interpolational functions: 

^(”)(Flf)= Yl ye(r-l^i)l<Pi(rn-n)\ 5 (44a) 

l=U:itn 

where the N functions ^z?/f) are arbitrary, except for the crucial condi- 
tion to vanish at the origin. 



<Pn(9)=(Pnil) 




(44b) 



which is clearly sufficient to guarantee the fundamental property (3.1-11) 
of these interpolational fimctions ^^”^(f|0, see (44), hence validity of 

(3.1-12) with (3.1-7), namely validity of the standard interpolation for- 
mula 



/(f)=Z 



n=\ 



( 45 ) 
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Before proceeding to investigate the finite-dimensional (A^ x N) -matrix representa- 
tions of the differential operator V entailed by the interpolation formula (45) with 
(44), let us pause to inteqect two remarks. In the first place it must be noted that, ex- 
cept for some very special choices of the seeds (r) and correspondingly of the 

fiinctions (p^ir), see (44), the interpolation formula (45) is generally inconsistent 
with the fimdamental representation (3.1-6) of /(f) in terms of the seeds J„(f), if 
one requests that the seeds s^(r) be independent of the (choice of the) nodes / . Note 
that, while the assumption that the seeds ^^(f) are independent of the (choice of the) 
nodes is perhaps implied by our notation, it is in fact not required for the validity 
of the results reported above. But, as we shall see, it plays a crucial role when these 
findings are used to manufacture many-body problems amenable to exact treatments, 
see below. 

Secondly, let us emphasize fiiat in the prototypical case of polynomial Lagrangian 
interpolation in one-dimensional space, corresponding to the choice of seeds (3.1-13), 
the interpolational polynomials g^”^(x) do indeed take the factorized form (44), see 
(3.1-15). 




Proof. From (44a), by logarithmic differentiation, 

l-\Mm e=\X*m,l 

hence, for F=r^ , 

V^^'”^(F,|D= Z ]l(Pi{r„-ff)} , (48b) 

while, for r=f with rm^m, 

V^^"'^(r„|D={[v^2?„(0)]/^„(F,-F„)} n [(Pii^n-rdlfPiirm-n)] , (48c) 

l=l,l^n,m 

since only the term with l = n contributes to the sum in the right hand side of (48a), 
due to (44b). Clearly (48b) and (48c) yield, via (6), precisely (46), which is thereby 
proven. 

Clearly via the definition 

5©=diag[y5„(r);«=l,...,iV], , (49) 

there holds the formula 

D(r)=5(r) DffJ (50a) 

with 

“ “I ^ r 

hirj =5„„ Z { ^9i{h-h)\l(Pi{K-rd } 

Anm l=i,l*n 

+ (l-^..){ [v^„(0)]/^,(r„-F„) } . (50b) 

Note that both the {N x N) -matrices ^{f ) , see (50b), and DQ) , see 
(46), become diagonal if V^27„(r) (in addition to ^„(F), see (44b)) van- 
ishes at F = 0 , 
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We end Sect 3.1.1 with the following 

Remark 3J.1-8. Let the (iVxiV) -matrix D(f) be the finite- 
dimensional (A^xiV) -matrix representation of the differential operator V 
associated with the set of seeds {s„(r), n = 1 , 2 ,..., } . Consider then the set 
of seeds 

s;(r)-w(r) 5„(r), «=l,2,...,iV , (53a) 

where w(F) is an arbitrary “weight fimction”, only restricted by the con- 
dition not to vanish at any of the nodes, 

w(rj^0, « = 1,2,. ..,7V , (53b) 






with the two diagonal (hence commuting) {N x N) -matrices and 
V_(f) defined by the following simple rules: 



r© = diag[w(Fj], W„^(F) = S^^w{rJ , 


(55) 


F(r) = diag{ [v w(F„ )] / w(F„ ) }, [ Vw(F„ ) ] / w(r „ ) , 


(56a) 


where of course 





Vw(r„) = Vw(r) 



r=r„ 



(56b) 



Proof. Let the interpolational functions (r|0 respectively (r|^ be asso- 
ciated with the set of seeds {s„(r), n = respectively (is„(r), n = see 

(53). There then follows immediately, from the definition (3.1-6), that they are related 



as follows: 

= [w(r) / w(r„ )] q^"^ (r |r) . (57) 

Hence, by logarithmic differentiation, 

[ (r |r) ]/q^"^ (r|r) =[ Vq^"^ (r |Q] / q^'‘^ (r[^ + [ Vw(F) ] / w(f) , (58) 

entailing, via (57), 

Vq ^"^ (^|D = [ (F|F) ] [w(r ) / w(r„ )]+{[ Vw(r) ]/ w(F„ ) } q^”^ (F|^ . (59) 

It is then clear, via (3.1-11) (which of course holds as well for the interpolational 
functions (r\f) ), that there hold the following relations: 

= + [ ^w(^J ]/w(^n) > (60a) 

• (60b) 



These relations, via (6), entail (54) (with (55) and (56)), which is thereby proven. 
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3.1.2 Examples 



In the following Sects. 3. 1.2.1, 3. 1.2.2 respectively 3. 1.2.3 we exhibit the 
expressions of the (iVxiV) -matrices that provide, according to the treat- 
ment of Sect. 3.1.1, finite-dimensional (iVxiV) -matrix representations of 
the operators of differentiation. These examples correspond to specific 
choices for the dimensionality S of ambient space (we limit our consid- 
eration to y = 1, S = 2 respectively S = 3), and, in each of these cases, to 
specific choices for the number N of nodes (which of course coincides 
with the dimensionality N of the functional seed space), and to specific 
identifications of the N seeds. 



3.1.2.1 One-dimensional space (5 = 1) 

In Sect. 3. 1.2.1 we focus on one-dimensional ambient space (5 = 1), 
hence denote the nodes by , and the independent variable by x . In the 
preceding Sect. 3.1.1 we used, for the specific (one-dimensional) case of 
polynomial Lagrangian interpolation, the notation 5, see (3.1.1-30), for 
the (one-dimensional) version of the (JsfxN) -matrix , to avoid confii- 
sion with the (iVxTV^) -matrix D introduced in Sect. 2.4.1, see (2.4. 1-2) 
and (3.1.1-25). In Sect. 3. 1.2.1 we stick generally to the notation D=D{^ 
for the one-dimensional version of the {N x N) -matrix D(f) , except when 
we consider an example (see the next-to-last one treated below) that in- 
cludes the standard case of (one-dimensional) Lagrangian polynomial!) 
interpolation as a subcase. 

We start firom an elementary example: 

N = ^j(x) = exp(x), s^ix) = exp(-x) . (1) 

In this case the seed space is clearly closed under differentiation. The 
corresponding expression of the (2x2) -matrix D(^ providing a (2x2)- 
matrix representation of the differential operator didx, see (3. 1.1-6), 
reads: 



f cotgh(x; -x^) 






(l/sinh(xi “^2) 



-1/ sinh(xj -X 2 )^ 
-cotgh(xi -Xj) ^ 



( 2 ) 
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Proof. 



A(Xj,X2) = 



exp(xi) exp(-Xi) 

exp(x2) exp(-X2)] 



= 2sinli(Xi -X 2 ) ; 



(x|^ = sinh(x - X 2 ) / sinh(Xi - X 2 ) , 
q (x|^ = - sinh(x - Xj ) / sinh(xi - X 2 ) ; 
qf (x|;^ = cosh(x -xf)l sinh(Xi -X 2 ) , 
qf^ (x|^ = - cosh(x - Xi ) / smh(xj -X 2 ) . 



(3) 

(4a) 

(4b) 

(5a) 

(5b) 



Here (3) has been obtained from the definition (3.1-4) with (1); (4) from (3) via the 
definition (3.1-9); (5) by differentiating (4), and it yields directly (2) via (3. 1.1-6). 

In the fimctional space spanned by the seeds (1) the operator K=d/ dx has the 
eigenvalues ± 1 : 

{d / dx) exp(±x) = + exp(+x) . ( 6 ) 



Hence Corollary 3. 1.1-6 entails that the matrix D(x) , see (2), also have these eigen- 
values, +1 respectively -1, with eigenvectors (exp(xi),exp(x 2 )) respectively 
(exp(-Xj),exp(-X 2 )). 



Exercise 3. 1.2-1. Check this. 

Exercise 3. 1.2-2. Check explicitly that the choice of seeds 

(x) = a exp(x) + b exp(-x), s^ (x) = c exp(x) + d exp(-x) , (7) 

with a, b, c, d arbitrary constants {ad ^ be) , yields the same (2 x 2 ) -matrix , see 
(2), indeed the same interpolational functions (x|^ , see (5) (see Exercise 3.1-1). 



Next, we consider the following choice of seeds: 

N = 3; (x) = 1, 52 W =exp(x), ^ 3 (x) =exp(-x) . ( 8 ) 

Also in this case the seed space is closed under differentiation. The corre- 
sponding (3x3) -matrix D ( 2 ^ reads: 

^(^ = (A/2)-'- 
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Proof. 



1 1 1 
A(x,,X 2 ,X 3 )= exp(xj) exp(x2) expCxj) , 

exp(-Xi) exp(-x2) exp(-X3) 

A(xj , X2 , X3 ) = 2[smh(x^ - X2 ) + smh(x2 ~ ^3 ) + sinh(x3 - X; )] , 

(x[^ = [sinli(x - X2 ) + smli(x2 - X3 ) + sinli(x3 - x)] 

/[ sinli(xi — X 2 ) +sinli(x2 — X3) + sinli(x3 — Xj) ]; 

(■^|a) ~ [cosh(x - X2 ) -cosh(x - X3 ) ] 

/[ sinll(Xj -X2) + sillll(X2 -X3) + sMi(X 3 -Xj) ], 

(if (^1 |a) = [cosh(xi - X2 ) - cosli(xi - X3 ) ] 

/ [ sinh(xj - X2) + sinli(x2 - X3 ) + sinli(x3 - Xj ) ] , 



(if (•^2 |a) = [1 ~ cosh(x2 - X3 )] / [ smh(x^ - ^2 ) + sinli(x2 - X3 ) + sinli(x3 - Xj ) ] . (14) 

We trast the derivation of these fomiiilas to be self-evident, as well as the derivation 
of (9) with (10) from these formulas and the analogous ones obtainable from these by 
appropriate permutations of the relevant indices. 

Exercise 3. 1.2. 1-3. Formulate and solve the analog (with (8) in place of (1)) of 
Exercise 3. 1.2. 1-2. 

The expressions (2) and (9) of ^{x} are clearly translation-invariant, namely 
they do not change if aU the nodes x„ undergo a common shift, x„ ^ x^ + x,, . 

Exercise 3. 1.2. 1-4. Prove that this property also holds for the following two 
choices of seeds, which generalize (1) and (8): 
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N — 2M\ exp(£Z^x), exp( ci^x), m \,...,M , 



(15a) 



N = 1M + V, (x) = 1, (x) = exp(a^x), (x) = exp(-a^x), M .(15b) 

Here M is an arbitrary positive integer, and the M constants are also arbitrary 
except for the requirement that they be all different, ^ if Hint note 

the invariance of A(xj,...,x^), see (3.1-1), under a common shift of the nodes 

Exercise 3. 1.2. 1-5. Prove that the condition 



S K=o 






(16) 



is necessary and sufficient to guarantee translation-invariance (under x„ -> x„ + x,, ) 
of the (A^x N) -matrix D(j^ associated with the following set of seeds (which in- 
cludes all those treated above): 

5 „(x) = exp(6„x), n = l,...,A^, if n^m). (17) 

Hint: same as above, see Exercise 3. 1.2. 1-4. 

Exercise 3. 1.2. 1-6. Determine the eigenvalues and eigenvectors of the (NxN)- 
matrix D(^ associated with the set of seeds (17). Hint: see Corollary 3. 1.1-6 and 
Exercise 3. 1.2-1. 



Let us now consider another simple choice of seeds: 
N = 2; s^ (x) = X, s^ix) =1/ x . 



(18) 



Note that this set is not closed under differentiation. As explained in the 
last part of Sect. 3.1.1 we can nevertheless associate a matrix D{^ to this 

set. It reads: 






\xl +x\)l x^ 
9 X 



-2x2^ 

— (Xi +X2)!x2j 



f(xl-xl) 



(19) 
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Proof. 



A(xi ,xf)= = (xf - Xj ) / (Xi X 2 ) , (20) 

1/Xi I/X 2 

^®(x|^ = [(x^ -X 2 )/ (xf -X 2 )] (Xi lx) , (21) 

^?(^| a )=[ 1+(4 / li^l-xl) , ( 22 ) 

(^1 |x) —(-^i ■^•^ 2 )^ [^ 1(^1 —^ 2 )] 5 (23 a) 

q? (^2 |a) = 2xi / (xf -X2) . (23b) 



Likewise, evaluate ^^^^(x|^,^f^(x|^ and ^f^(x„|^,« = 1,2 . Then use (3. 1.1-6). 
Exercise 3. 1.2. 1-7. The followmg formulas are clearly true: 



/Xx)=l, /(x)=x , (24) 

x"f{x)=l, /(x)=-l/x , (25) 

x/Xx)=/(x), /(x)=x , (26a) 

xf'(x)=-f{x), /(x)=l/x , (26b) 



where the primes denote of course differentiations. Note that in all these cases the 
functions /(x) are in die functional space spanned by the seeds (18), and that the two 
equations (26) entail that the operator A=xd I dx in this functional space has the ei- 
genvalues +1 respectively -1 with eigenfiinctions x respectively 1/x. Using the 
(2x2) -matrix D(f), see (19), write the 2 -vector equations that correspond (recall 

Proposition 3. 1.1-3) to these formulas, (24), (25) and (26), and check explicitly their 
validity. 

Exercise 3. 1.2. 1-8. Repeat the analysis for the set of seeds 
N = y, 5i(x)=l, sfx)=x, s^{x)=Hx. (27) 



The next set of seeds we consider in Sect. 3. 1.2.1 have arbitrary di- 
mension N . The first of them is a straightforward generalization of the 
(polynomial) set (3.1-13). It reads 

5„(x)-w(x)x"-', n = l,2,...,iV . (28a) 
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This set is closed under differentiation iff the function w(x) is an expo- 
nential, 

w(x) = &xp{ax) . (29) 

Our treatment below is not restricted to this case, (29); but of course we 
hereafter assume that the “weight fimction” w(x) does not vanish at any 
one of the nodes, 

w(jf„)5^d 5 (28b) 

to avoid violating the condition (3.1-5). 

The (NxN)-msLtnK D corresponding to (28) reads as follows: 



+ [K^J/ K^m)] (K /bj (x„ -xj-' , (30a) 

with (see (2.4.1 -4a)) 

K(^= Yl . (30b) 

e=l,l^n 



Of course, if w(x) is merely a constant, the present findings reproduce results already 
discussed above, see (3.1.1-24,25); this fact, incidentally, motivates our use of the 
tilde-notation, D (see (30)), here as well. 

The proof of (30) is by now standard, and we indicate tersely the relevant steps 
without any additional comment: 





w(Xi) 


W(X2) 


•• W(%) 




~ N 


N 


II 

<1 


... 


W(X2)X2^-^ • 


... 3 


— 


riK^y) 

_/=l 


Yl(x„ -xj 

n,m=l;n>m 



(31) 



^^"^(x|^ = [w(x)/w(xj] [(x-x^)/(x„-x^)] , (32) 

l=\Mn 

qf(x\x) = q^"'^(x)[wXx)/w{x)+ (x-xj"^] , (33) 



335 





(34) 



iV 

1^ = w'(x„ ) / w(x„ ) + Y, > 

l=\,l^n 

,n^m , (35a) 

= [w(x^)/ W(x„)] (b^ / Z>„) (x„ -xj"\ . (35b) 



Clearly (30) can be written in the compact form 

D=(WB)D(W^-'+F (36) 

with the 2 diagonal (hence commuting) (iVxiV) -matrices ^ and V_ de- 
fined as follows: 

W = W(x)^dia.g[w(xj], =S„„w{xJ , (37) 

V = V(^ = diag[ w'(x„ ) / w(x„ ) ], w'(x„)/w(xj , (38) 



and the matrices B and D defined as above, see (2.4. 1-4) and (2.4. 1-2). 



The alert reader should have noticed that the results we just reported could have 
been obtained by applying the Remark 3. 1.1-8 stated at the end of Sect. 3.1.1 to the 
treatment of the standard polynomial set given in that section (see after (3.1.1-23)). 
The reader who did not notice this connection (and who therefore does not deserve to 
be considered alert!) should pause and ponder over it. 

Likewise in the next example we keep an arbitrary weight function in the defini- 
tion of the set of seeds, even though the effect of its presence is accounted for by Re- 
mark 3. 1.1-8 (as the alerted reader will note!). 



The next set of seeds we consider in Sect. 3. 1.2.1 reads as follows: 

(x) = w(x) a{x-a„+a^)/ o-(x-a„) , (39) 

where w(x) is an arbitrary function, the A'^+l quantities a^,k = 0,l,...,iV are 
arbitrary constants, and the function 

cr(x) = cr(x\ o},o}') (40) 
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is the “sigma” Weierstrass function, see (A-38). This set of seeds is not 
closed under differentiation, since 



= {[w'W/ +a)-<^{x-a„)] (41) 

cannot generally be written as a linear combination with constant coeffi- 
cients of the seeds (39). Note the appearance, in the right-hand side of 
this equation (41), of the Weierstrass zeta fimctions (via (A-39)). Also 
note that in this equation, (41), and always below, we omit to indicate the 
dependence of the Weierstrass functions on the “semiperiods” cd and co ' . 

As explained at the end of the preceding Sect 3.1,1, it is nevertheless 
possible to introduce, via (3. 1.1 -6), an (A^xiV) -matrix D(^ that provides 
a finite-dimensional representation of the differential operator. It reads 

toL +(i-c5„jkx„)/w(xj(5yAJ- 

•[cr(a + x„-x^)/o-(«)][o-(x„-x„)]"' , (42a) 

d„=d„{^ = [wXx^)lw{xS[+^{d)+ Y, ^(^.-^^)-Z (42b) 

l=lMn J=l 

N 

a = a(x) = ^0 + ^ (x^- - a j) , (42c) 

y=i 



Pn =y^«(x) = 


~ N 


/ 


1 

/ — \ 

1 

b 

1 








L/=i J 



(42d) 



Proof. From (3,1-4), (39) and (A-63) 

A(xi,...,xJ =det[w(xj o-(x„ +af)lcj{x^ -aj] 



n 



o-k + Z (^/ )] k(«o )] 



y=i 



iV iv 

n k(x„-x„)o-(a„-aj]/n o-(x„-a„) . 



n,m=\',n>m n,m=l 

Hence (see (3.1-9)) 



(43) 
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= [w(x)/w(xj] {o-[ao +x+ ]/o-[ao +E(^y -«/)]}• 

7=1 7=1 



iv iv 

n [o-(x-x^) /o-(x„ -x,)]Nn [o-(x„-a,)/cr(x-ap 



Hence, by logarithmic differentiation, and using (A-39), 



JV N 



qi"^ (x|x) = (x) {w'(x) / w(x) + 4' [ao + X + X " Z 



y=I 



+ Z 4'(^-^J-Z 



Hence, see (3.1-11), 



(X„ |x) = w'(x„ ) / w(x„ ) + 4'[ao + (x^.-a^)]+ 4'(^„-«y) • 

y=i ^=i,fe« /=i 

(46) 

To compute from (45) the “off-diagonal” element q^^\xj[^ with m^n one uses 
again (3.1-11), as well as the property (see (A-46) and (A-47)) 

lim[cr(z) 4’(z)] = l . (47) 



Hence, foi n^m. 



N - N 

qt\^m\i} =[^ixJlw{x„)][o{aQ +X^ -x„ +Yu -«y)J/o-[«0 +Z 



‘Y{[cr{Xn-aj)l(T{x^-aj)] Y[ cr{x^-x^) I cr(x„ -x^) . (48) 

/=l \j=lMn,m J \_l=\,l*n 



Via (3. 1.1-9) these formulas, (46) and (48), yield (42), which is thereby proven. 

The diligent reader will ponder on the analogies, and differences, of the present 
treatment, relative to that presented at the end of the preceding Sect. 3.1.1 (see (3.1.1- 
44a), and the discussion following it). 



Clearly the (VxV) -matrix D, see (42), admits the convenient repre- 
sentation 

D = , (49a) 
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K = K(^ = diag(w(x„), n = (W)„^ = w(xj , 



(49b) 



B^B{^ = 6 i 2 .g{p^,n = \,..,N), , (49c) 

^nm =S„m + (1 ~ ~^m)^ a{a)][(T{x„ -X„)]"^ , (49d) 

with the diagonal elements defined by (42b), a defined by (42c) and 
the elements of the diagonal (A^xiV) -matrix B, see (49c), defined by 
(42d). 

According to Proposition 3. 1.1-3 the differential equation (with j an 
arbitrary integer in the range 1 < y < ) 

fix) -{[w'(x)/ w{x)]+^{x-aj +a^)-^{x-aj) }/(x) = 0 , (50a) 

which clearly holds, see (41) and (39), with 

fix) = fix', j) = Sj (x) = w(x) a(x -Oj +0^)1 o-(x - a j) , (50b) 

entails an N -vector equation whose n -th component reads 

4'[ao+2](Xfc-a^)]-4'(x„-a^.+ao)+ ^ <^ix„~x,)- J] t^ix„-a,^) 

k=\ l=l,l^n k=l,k^ J 

N N N 

+ S W^O +S i^k -%)] / 4^0 +Z i^k -«fc)] }k(^« -xJV • 

m=l,m^n A:=l k=l 

N N 

'[(xiao+x^-aj)/aiao+x^-aj)]{[ 

€=l,fe« l=l,e*m 

•{n [<^m-ak)l^iXn-ak)]]=^ . (51) 

k=l 



This fommla displays (equivalent!) identities, since the choice of the indices 
n and j remains arbitrary; it features the 2A^ + 1 arbitrary constants 
x„, and A: = 0,l,...,iV, Its proof is such a direct consequence of 

(50), via Proposition 3. 1.1-3 with (42) or (49), not to require any fiirther elaboration 
here (but try and do for yourself the calculation!). 
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Exercise 3. 1.2. 1-9. Prove (A-67). Hint: set, in (51), 

n = 7=1, Xj =0, flo -aj =z, N = N+l, x^ =x^_i, =2,..., A, and, after 

having rewritten it appropriately, eliminate all tildes. 



The last set of seeds we consider in Sect. 3. 1.2.1 reads as follows: 

(x) = 1 , ^2 (x) = P(x) , ^3 (X) = p\x) , 5-4 (X) = = P^^^X) ,..., (X) = (x) . 

(52) 

Note that here we have dispensed with carrying over the multiplicative 
fimction w(x) , which can of course always be reinstated using Remark 
3.1. 1-8. Here of course p(x) = p(x|©,®') is the Weierstrass fimction, see 

Appendix A, and the primes appended to it (as well as the parenthetical 
upper index) denote of course differentiations with respect to the variable 

X. 

This set, (52), is not closed under differentiation, since the x- 
derivative of the last seed, Sj^ (x) , cannot be expressed as a linear combi- 
nation of the N seeds. 

It is nevertheless usefiil and easy to obtain an explicit expression of 
the (Ax A) -matrix D{^ that corresponds to this choice of seeds, (52): 

D(^ = E(^^(^[e(^]~^ , (53a) 

Z(20 = diag{[cr(xj]”'^ [ ^(x^-x^)], n = l,...,N} , (53b) 

m=l,m^n 

i=lMn 

+ Q--^nm)^i^n-^m+ll^)^b'illx) 0 -iXn-xj] . (53c) 

Here a(x)^a{x\co,Q}') respectively C(x) = ^(x\a),a)') are the sigma respec- 
tively zeta fimctions, see Appendix A, x is the “mean coordinate”, 

j = A-'^x„ , (54) 



and we assume of course that it does not vanish, x^O. 
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Proof. From (3.1-4), (52), (54) and (A-57), 






■jV-l 

n«! 



n=\ 



<j{Nx) 



n 



N 

l,m=\;l>m 



(55) 



Hence (see (3.1-9)) 

q^"fx\x)==[a(x-x„+Nx)/a(Nx)][(7ix„)/a(x)Y [o-(x-x^)/o-(x„ -x„)]. 

m=l,m¥^n 

(56) 

From this expression of q^"\x\x) one gets rather immediately (53), via (3. 1.1-6) and 
(A-39),(A-46d). 



Exercise 3.1.2.1-10. Prove (A-70). Hint: note that, for the set (52), 
there obviously holds the relation 

= A: = 1 , 2 ,..., A -2 . (57) 

Hence 

V2fe) = i t = U N-2 . (58) 

m=l 

Now use (52) and (53). 

Exercise 3.1.2.1-11. Prove (A-71) (from (A-70), via (A-37b) and (A- 
55b)), and verify exphcitly its vahdity for A = 3,^ = 1 . 



3.1.2.2 Two-dimensional space (5 = 2) 

In Sect. 3. 1.2.2 we focus on two-dimensional ambient space (5 = 2), but 
we use for convenience a “3 -dimensional notation for 2 -vectors”, as 
follows: 



r=(x,y,0), ^ = (0,0,1), ^Ars(-y,x,0) , 


(la) 


^•^2=^2-^ =XiX2+y,V2 » 


(lb) 
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(Ic) 



k-r^ AF 2 =T 2 -kAr^ ^-k-r^ aFj =-^ -kAr^ =^i >’2 ~y\^i • 

Under rotations the scalar respectively pseudoscalar products, re- 
spectively k-r^Ar^, remain invariant; under inversions (say, 
x^-x,y^y), the scalar product i- remains invariant, the pseudosca- 
lar product k-r^Ar^ changes sign. 

The first, very simple, choice of seeds we make is 

N = l\ (F) = X, S 2 (F) =y . (2) 

This set of seeds is not closed under differentiation. The corresponding 
(2x2) -matrix 3(F) representing the differential operator V reads as fol- 
lows: 



3(F) = 



-IcaF^ 
-k aF. 



k aF^ 
kAF,^ 



Kk-FiAF^) 



(3) 



Proof, from (3.1-1) and (2) 



A(Fi,F2) = 



j^l ^2 
Fi Fi 



= x^y2-x^y^ =^-Fi AF 2 



(4) 



Hence (see (3.1-6) 

^®(F|F) = (^-FAF 2 )/(^-il A^) , (5a) 

(F|F) = (^ • a F)/(^ • F, a F 2 ) . (5b) 

Hence 

V g^‘^(F|r) = -^ A F 2 !(k • Fj a Ff) , (6a) 

V^^^^(F|F) =^Afj /(^-^ A^) . (6b) 



This, via (3. 1.1-9), yields (3), which is thereby proven. Note that the (2x2) -matrix 
3(f) , see (3), has equal elements in each column, and lhat all its elements behave as 
vectors under a plane rotation of the 2 -vectors Fj and F 2 . There clearly holds moreo- 
ver the equation (see Proposition 3. 1.1 -3) 

R-D(r)=L, [1-5© L=^.. , (7) 
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reflecting the obvious property of the operator A = r • V to reduce to unily in the 
functional space spanned by the 2 seeds (2). 



The next set of seeds we consider reads as follows: 

N=3; Si (f) = I, s^(r) = x, s^ (r) = y . ( 8 ) 

This set is closed under differentiation. The corresponding expression of 
the (3x3) -matrix D , providing a (3x3) -matrix representation of the 2- 
vector differential operator V, can be written in the following compact 
form: 

(D = [k A (?^^2 - )]/ A , m = 1, 2, 3, mod(3) , (9) 

A = A(Fi,F 2 ,r 3 ) = ^-(Fi Ar 3 +r 3 aFi) , (10a) 

A = ^-(i- -F2 )a(Fi-F 3) . (10b) 



Proof. 





1 




1 Xj yi 


A(^i,^2.^3) = 


1 ^2 yi 


= 


0 

1 

1 




1 ^3 T 3 




0 

1 

yi 

1 



A(n,^2.^3) = ^ -(^1 A F2 + F2 A F3 + F3 A i^) = ^ • (i- -F^) A (i* -F3) 



(11a) 



(11b) 



The first equality in (11a) corresponds to the definition (3.1-4) with (8), and the sec- 
ond obtains by subtracting the first line from the second and third in the determinant. 
The two e3q>ressions in the right hand side of (1 lb) obtain by evaluating the two de- 
terminants in the right hand side of (1 la). Thus (10a) and (lOb) are proven. Of course 
additional, equivalent, expressions of A, see (11), obtain by performing cyclic per- 
mutations on the indices of the vectors in the ri^t hand side of (10b). 

^W(F|F) = ^-(FaF„^i+F„^i aF„^ 2+^«+2 aF)/A , n = 1,2,3 mod(3), (12) 

V^(”^(F|F)=-tA(F„, 2 -F„,,)/A , 77 = 1,2,3 mod(3), (13) 

= ^ A (F „^2 - ) / a , 77 = 1,2,3 mod(3) . (14) 
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The first of these 3 formulas follows firom (3.1-9) and (10a); the second firom the first, 
using the 3 -vector identities 

aAb=-bAa , (15a) 

a-b Ac=b -c Aa-c-aAb ; (15b) 

the third follows from the second, see (3. 1.1-6), and it coincides with (9), which is 
thereby proven. 

Exercise 3.1. 2.2-1. The differential operator r -V has the eigenvalues 0 (with 
multiplicity 1) respectively 1 (with multiplicity 2 ), with eigenfimctions 1 respec- 
tively X and y . Noting that all these eigenfimctions are expressible as linear combi- 
nations of the seeds (8) (actually, they coincide with these 3 seeds !), find eigenval- 
ues and eigenvectors of the (3x3) -matrix R-D(f) , see (3.1-3) and (9), with matrix 
elements 

[r • D(f)] k-r„A (r„^i - ) / A ,n,m = 1,2,3 mod(3) , (16) 

see (10). Hint: use Corollary 3. 1.1-6. 

Exercise 3.1. 2.2-2. Same as Exercise 3. 1.2-1, but for the operator k-r aV , 
having the eigenvalues 0,+i respectively - i , with eigenfunctions 1, x+iy respec- 
tively x-iy . 

Exercise 3.1. 2.2-3. Clearly, for any fimction /(F) living in the 3 -dimensional 
fimctional space spanned by the seeds (8) (namely, expressible as a linear combina- 
tion with constant coefficients of the 3 seeds (8)) there hold the equations 



/„(?) = /„(?) = 4(?) = 0 . (17a) 

Hence, according to Proposition 3. 1.1-3, the (3x3) -matrix D(r) , see (9) with (10), 
must have, the property 

=(D^r= A A = A A = 0 . (ITb) 

since the fimctional space (8) is closed under differentiation. Check tiiat this is indeed 
the case. 

Note that the (3 x 3) -matrix 3(f) , see (9) with (10), is invariant under a common 
translation of the nodes F„ (F„ 4 -Fq, n = 1,2,3), and that it behaves as a vector 

under a (common) plane rotation of the 3 nodes . As for die determinant A, see 

(10), it is clearly invariant both imder translation and rotation of the nodes, indeed, up 
to a factor of 2 and possibly a sign, its value coincides with the area of the plane tri- 
angle having the 3 nodes / as its 3 vertices. 
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Exercise 3. 1.2. 2-4. Consider the set of seeds 



iV = 4; (r) = 1, ^2 (r) = x, ^3 (?) = 3;, = r^=x^+y^ . (18) 

This set is closed under differentiation. Calculate the corresponding (4x4) -matrix 
In the process, note that the quantity A(f^,j\,r^,r^) , see (3.1-4), is invariant both 
under (common) rotations and translations of the 4 nodes ?„ . Hence this quantity 
must have a geometrical significance, (i) What is it ? (ii) What Theorem (of elemen- 
tary plane geometry) is entailed by the possibility to evaluate A(r^,r^,r.^,f^) in differ- 
ent manners ? (Hi) Can you generalize this result to higher-dimensional spaces 
{S >1)2 Hint (for question (Hi)): use the set of seeds 

N = S + 2;s^(r)=l,s^(r) = r^ =x^ +y^ +z^..., s^(r)^x, s^(r) = y,... . (19) 

Solutions: see Appendix F. 



The next choice we make is characterized by an arbitrary number N 
of nodes and seeds, and it is clearly closed under differentiation: 

5„(?) = exp[(K-l)x + (iV-«)y], n = l,2,...,A . (20) 

The corresponding expression of the matrix D{f) providing an 
{N X N) -matrix representation of the 2 -vector differential operator V can 
be written as follows: 

N 

L = E for 

[ L = Pn [exp(y„ -y„)~ exp(x„ -xj]“'^;' for n^^m, (2 lb) 

N 

Pn(E)^ n [exp(x„ +y^)~ expO„ + x, ) ] , (21c) 

with an analogous expression for its y -component, obtained by 

performing, in the right hand side of (21), the exchange 

Xj <^yjJ = l,...,N . 
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Proof. From (3.1-1) and (20) 

exp[(i\A-l)yJ exp[xi+(A^-2)yJ ••• exp[(JV-l)xJ 
A(^,...,F^)= : : ::: : (22a) 

exp[(A^-l):(;^] exp[x^+(iV-2);;^] ••• exp[(iV-l)x^] 

^ 1 exp(xi-;;i) exp[2(xi - Ji)] ••• exp[(iV-l)(Xi -jj)] 

= exp[(iV-l)^j;J i i ! f!! i 

1 exp(x;^- 7 ^) exp[2(x^-;;^)] ••• exp[(iV-l)(x^-j;^)] 

(22b) 

= exp[(iV-l)2] jJ Yl [exp(x„ - 7 j-exp(x, -yj] . (22c) 

n=l n,m=l;m<n 

The first equation, (22a), corresponds to die definition (3.1-4) with (20). Then one 
extracts a common factor firom each line of the determinant in the right hand side of 
(22a), obtaining thereby (22b), and finally one notes that this formula features a de- 
terminant of Vandermonde type, whose evaluation (via (3.1-14) with x„ replaced by 

exp(x„-yj) yields (22c). 

From (22c) and the definition (3.1-9) one then gets 

(F0 = exp[(V - l)(y - y„)} 

• n { txp(^ -y)- exp(x, - y, )]/ [exp(x„ -yj- exp(x, - )] } , (23) 

and firom this, by differentiation, 

d (F |r ) /dx = exp[(V - l)(y - y „ )] exp(x-y)[exp(x„ -yj-exp(x^ -y^)Y • 

• n { [exp(x-y)-exp(x^ -y^]/ [exp(x„ -y„)-exp(x^ -y^.)]} (24a) 

hence 

dq^''\r\F)/dx^ [l-exp(x^ -x„ +y„ -yj]"^ for n^m , (24b) 

^ — I'm 

a^^"^(F|F)/dx_ _ =-exp[(V-l)(y„ -yj] [l-exp(x„ -x„ +y„ -y„)]"^ • 

r = r^ 
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• n { -yj)]/ [exp(x„ -yj -exp(x^. -;;^.)]} for 

j=\,j^n,j*m 



n^m, 

(24c) 



m, 



dq^"\r\f)!dx_^ _ = ^;„©[exp(;^„ -:>^,)-exp(x„ -x^)]“‘ for 

(24d) 

with y5„ (z) defined by (21c). Via (3. 1.1-6) this 5 delds (21), which is thereby proven. 



Clearly the differential operator 

A = a-Y = a^dfdx + aydldy 



(25) 



has eigenvalues 

a^={n-V)a^+{N-n)ay, , (26) 

with the seeds (20) themselves as eigenfunctions: 

(a-V)exp[(«-l)x+(V-K)y] = S'„exp[(«-l)x + (iV'-w)>’], . (27) 

Hence, as a consequence of Corollary S. LI-6, one may state the follow- 
ing 

Proposition 3. 1.2. 2-5. The ( V x iV) -matrix 

~ iV 

+ 0--6„J(a, TJm -S L 7j/(^„ Vn, -L In) (28) 

has the N eigenvalues , see (26), with eigenvectors , 



1=1, i^m 



(29) 



'a in) ~ ~ 

Av -a„v 



in) 



(30) 
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This result holds of course for any arbitrary assignment of the integer 
N>2 and of the iV+2 numbers ^0); 

note that the eigenvalues, see (26), are independent of the values of the 
2N numbers though the (iVxiV) -matrix 2, see (28), depends non- 
trivially on these 2N parameters; conversely the eigenvectors, see (29), 
are independent of the 2 -vector a . 



Proof. This result corresponds, via Corollary 3. 1.1-6, to (27), by setting 



=exp(xj, 77„ =exp(y„) , 


(31a) 


A=Bf^AB , 


(31b) 


^ = diag(^„) , 


(31c) 


N 




^n=Il • 


(3 Id) 






Exercise 3. 1.2. 2-6. Check these results by explicit computation for iV = 2 and for 
N = 3. 

Exercise 3.1. 2.2-7. The independence of the eigenvalues a^, see (26), from the 
parameters entails that, when these parameters are changed, the (NxN)- 

matrix A, see (28), undergoes an isospectral deformation. Show that indeed such a 
deformation corresponds to a similarity transformation, find the matrix that generate 
it, and, by assuming that the quantities (f) , tj^=?j^ (t) depend (arbitrarily!) on 

a parameter t (“time”), write a Lax equation for the “time-variation” of the matrix A . 
Hint see the analogous treatment given in Sects. 2.4.S.3 and 2.4.S.4. 



The last (but perhaps not least interesting?) set of seeds we consider 
in Sect. 3. 1.2.2 reads 

Sn(f) - = x^^^y^-\xlyy-\ n = l,2,...,iV , (32) 

with a and p two arbitrary constants (not necessarily integers). 

The corresponding {N x N) -matrix 5© reads 
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k©] =SjiP-N)!y,-f^ x,(i-r.A?,)-‘] 

+(l-^«m)^n (^«/^m)“'''(A/F;„)^""'[o-„©/o'^©](^'^„ aF^)-' , (33b) 

o-„(D= n • (34) 

i=lMn 

Proof. From (3.1-4) and (32) 

Kr, ?*) = n n [(.’^Jy.)-(.^Jy.)\ . (35a) 

/=! n,m=\',rt>m 

A(i^.....?;,) = n n ik-f,^rj . (35b) 

/=! n,m=\;n>m 

To obtain (35a) we used tbe Vandermonde identity (see (3.1-14), now widi x„ re- 
placed by x„ / y„); to obtain (35b) from (35a) we used the trivial identity, 

n =n . (36) 

n,m=l;n>m 7=1 

as well as the definition (Ic). 

Hence, via (3.1-9), 

q^‘\f\Q=(.xlx,r\ylyy-'' f[ [(i ? A?,)/(t ■?, Ar,)] . (37) 

Hence, by logarithmic differentiation, and using (Ic), 

(F|F) = [(a + 1) /x + 2] (k-rAr^y^y^ ] (F) , (38a) 

q^f\r\Q = [iJ3-N)/y- (^-FaFJ“^x^ ]q^"Kr) . (38b) 

£=l,fen 

Hence, by using (3.1-1 1), 
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(39a) 



+ Y, {k-rAr^yy^, 

i=\,t^n 



?f(?.|S = (/»-JV)/A- i . 

l=lMn 



(39b) 



To compute the “off-diagonal” terms (r^|f) , (r^|f) , n^m,we use again 

(3.1-1 1), as well as the formula 

_Iiin{ [k-r Ayy]q^"\r\f) ] = {x^l x„Y^\y^f y„Y~^ ^ 

r-^r^ 



•[ n (^'^. Arj]/[ n , (40) 

l=\,bi=n,m 1=1, i^n 

which is clearly entailed by (37). Hence, for n^m , 

qYirJ^r) = y^ (x, ! {y^ I y^-^ [o'„©/o'„©](^*^„ a r^)“' , (41a) 

qf{rj^ = {^m ' y A^^)"' , (41b) 

with cr„© defined by (34). These formulas, (39) and (41), yield, via (3. 1.1-6), the 
expressions (33) with (34), which are thereby proven. 

Exercise 3. 1.2. 2-8. Do the two matrices D^© and D^© , see (33), commute? If 

not, why not (recall the Remark 3. 1.1 -4)2 Hint: is the set (32) closed under differen- 
tiation? 



Let the differential operator a be defined as follows: 

A=ax didx+by didy , (42) 

with a and b two arbitrary constants. It is then clear, see (32), that 

(A-rJ^„(?) = 0 , « = l,...,iV, (43) 

=a(a + n) + b(/3-n)=aa + b fi + (a-b)n . (44) 

This shows that the operator a has the N eigenvalues see (44), with 
eigenvectors ^„(F), in the iV -dimensional space spanned by the seeds 
(32). There holds therefore, according to Proposition 3. 1.1-3 and Corol- 
lary 3. 1.1-6, the following 
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Proposition 3.1. 2.2-9. There holds the following N -vector eigenvalue 
equation: 

(i-/y)v“=0 , J = l,2 N , (45) 

A = aXD^+bY_D^ , (46) 

, (47) 

with D^, Dy defined by (33) with (34), Yj defined by (44), and of course 



X = diag(xJ, , (48a) 

r = diag(yj, Y„^=S^y„ . (48b) 



Exercise 3.1.2.2-10. Compare this Proposition 3.1. 2.2-9 wiih. Proposition 3.1. 2.2-5. 



For 

a = -l, P^N , (49) 

the matrix (33) can be conveniently written in the neat form 






m 






=U*n 



1(F) = diag[(7„ (F), n = 1,..., N)] 



(50a) 

,(50b) 

(50c) 



with cT„(f) defined of course by (34). Note that S© behaves as a scalar 
under a (common ) plane rotation of the nodes F„ (actually as a pseudo- 

V 

scalar, if N is even: see (34)), and the (A/^xiV) -matrix ^© (as well, in 
this case (49), as D(r) itselQ, as a 2 -vector. 
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3.1.2.3 Three-dimensional space (5 = 3) 



In Sect. 3. 1.2.3 we focus on three-dimensional ambient space (5 = 3), for 
which we use the standard 3 -vector notation: 



r={x,y,z) , (la) 

n Z2-z^y^,z^x^-x^Z2,x^y^-y^x^) , (lb) 

ry-r^=r^-r^ =x^x^+ y^y^+ z^z^ , (Ic) 



r, • r, A r, = r, • r-, a r, = Tj • Tj a r, = -r, • r, a r, = -r, • r, a r, = -r, -r, a r, 



'1 



'1 



= Xj y^ z, +X2 ^3 Zj +X3 Zj -Xi y, z^ -x^ Z3 -X3 y^ z, 

^x,y 2 z,+y^z^x^+z,x,y,-x,z^y^-z^y^x,-y,x^z^ , (Id) 

n A(p2 AF3) = (^ ax 2) A F3 = (Fj -r^y^ -(r, • ^2)^3 . (le) 

Note that the triple product (Id) is a pseudoscalar: it remains invariant 
under (coEective) rotations of the three 3 -vectors r^,r^,r^ , and it 
changes sign under (collective) inversions (x -» -x, v ^ -y,z -z) . It has 

a simple geometrical meaning: it is, possibly up to a sign, 6 times the vol- 
ume of the tetrahedron having the origin of coordinates, and the 3 nodes 
r„ , has its 4 vertices. 

The first choice of seeds we consider reads as follows: 

N = 3; ^i(F) = x, S 2 (r)=y, s^(f) = z . (2) 

This set of seeds is not closed under differentiation. 

The corresponding expression of the (3 x 3) -matrix 3(f) reads 

[:0(F) =(F ^+1 aF„+ 2)/A, m = 1,2,3, mod(3) , (3) 

A = A(ri,r2,f) = f\-fAf . ( 4 ) 
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Proof. From (3.1-4) and (2) 



^(^,^ 2 / 3 ) = ^2 ^2 = n • ^2 ^^3 = K ’ A ^«+2 • (5) 

^3 J 3 ^3 

The index n in the right-hand-side of (5) is defined mod (3), and it can take any 
value (1, 2 or 3; see (Ic)). In the remaining part of this proof we consider the index n 
to be always defined mod (3) . Hence, from (5) and (3.1-6), 

= , ( 6 ) 

entailing 

V^^"^(r|0 = (r„^i aF„^ 2 )/A . (7) 

This formula, via (3. 1.1 - 6 ), yields immediately (3) with (4), which is thereby proven. 
Exercise 3.1. 2.3-1. Verify the property 

R-m=i o)_=^„ . (8) 

Can you explain this remarkable fact ? Hint consider the effect of the linear differen- 
tial operator A = f-V in the 3 -dimensional functional space spanned by the seeds 
(2); and recall Propo 5 'rY/o« 3. 1.1-3. 

The next, again quite simple, example we consider is characterized by 
the following choice of seeds: 

V = 4; 5i(r)=l, s^{r)^x, s^{r)--y, s^{r) = z . (9) 

In this case the set of seeds is closed under differentiation, and a faithful 
representation of the operator of differentiation V is provided by the 
(4x4) -matrix 

[ D(l) L = )h [(^m+2 - F,+3 )]/ ^ » (10) 

AsA(i\,r 2 ,r 3 ,rJ = (r 2 -ii)-[(F 3 -i^)A(r 4 -ri)] . ( 11 ) 
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Here and below the indices are defined mod(4) . Note that A is a pseudo- 
scalar (invariant under a collective rotation of the nodes), and it is moreo- 
ver invariant under a translation of the nodes (f„ ^ + fj,, n = 1,...,4) , as 
well of course as under any cychc permutation of the nodes appearing in 
the right hand side of (11). Indeed, up to a sign, the value of A coincides 
with 6 times the volume of the tetrahedron whose 4 vertices coincides 
with the 4 nodes 4. Likewise, the (4x4) -matrix DQ) behaves 

as a vector under rotations, and it is invariant under a translation of the 
nodes (F„ +r^, n = 1,...,4) ; and it features 4 equal lines. 



Proof From (3.1-4) and (9) 






1 Xi z, 
I ^2 Fz ^2 

1 X3 ^3 Z3 

1 ^4 F 4 ^4 



1 Xi y, Zj 

0 X 2 -Xj y2 -yi Z 2 -Zj 

0 X 3 -X 3 ^ 3-^1 Z 3 -Z 1 

0 X 4 -X 1 Z 4 -Z 1 



X2-X1 ^2-^1 

= X3-X1 y^-y, Z3-Z1 = (Fj - n ) • [(F3 - Fi ) A (F4 - ^ )] 
^4-^1 F4-F1 -^4--^l 

= (f« -^.+ 3 )-[(f.+l -^.43)] • 



From this formula and (3.1-6) 

^ W {r\f) = (F- F „^3 ) • [(F„^i - F „^3 ) A (F „^2 - K-,3 )]f A , 



( 12 ) 

(13) 



hence 

V (F|r) = [(F„^i - F„^ 3 ) A (F „^2 - F„^ 3 )]/ A , (14) 



and this formula, via (3. 1.1-6), yields (10) with (11), which is thereby proven. 





3.2 N -body problems in spaces of one or more dimensions 

In the 3 subsections of Sect. 3.2 we discuss iV -body problems in one-, 
two-, respectively three-dimensional space, obtained by using the exact 
(generalized) Lagrangian interpolation technique described in the first 
part of Chap. 3. The examples exhibited below are meant to illustrate this 
approach to manufacture N -body problems amenable to exact treatment, 
not to provide a systematic survey of this methodology, which lends itself 
to several variations and modifications; much less do we try an exhaus- 
tive display of all the models that can be manufactured in this manner or 
even of all those that have already been investigated (references to these 
are provided below, see Sect. 3.N). 

But before presenting specific examples, in the rest of Sect. 3.2 we 
outline the general methodology to manufacture, in S -dimensional space, 
iV-body models which are amenable, as we explain below, to exact 
treatment 

The starting point of our treatment is an y -vector-valued fiinction 
7(r,0 whose S components admit, for some specific choice of the set of 
N seeds {s„{r), n = l,...,N}, the (exact!) interpolational representation 
(3.1-6) hence also (3.1-12), which are now written as follows: 

f(r,t) = 'Z Kit)s^{r) , ( 1 ) 

OT=l 

f(r,t) = '^ f„(t) , (2) 

m=l 



entailing (see (3.1-11)) 






(3) 




(4) 



m=l 



The diligent reader should now pause for a moment, to digest the novelties of 
these formulas, relative to the analogous ones given above, see (3.1-6), (3.1-12), (3.1- 
7) and (3.1-8). First of all here not only the space variable r is an y -vector, but also 
the function , as well of course as the N values, f„(t) , that f(f,t) takes at 
the N nodes r„(t) , see (3). Secondly, and most importantly, we have now introduced 
an additional variable t (“time”), and we have assumed (see below) that the y- 
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vector-valued fimction f(r,t) depend on it, as well, most importantly, as the N 
nodes r^{t) (see (2), (3) and (4)). The dependence of the N nodes, 

rn=r„{t) , (5) 

on the time t entails that the N interpolational fimctions (t)] depend as well 

on the time t, via their dependence, see (3.1.9), on the N nodes i; {t ) . We assume on 
the other hand that the N seeds s^(f), see (1), are time-independent; as we shall 
soon see, this entails an important simplification. 



Let us now assume that the S -vector-valued function satisfy 

the following linear partial differential equation, characterizing its time- 
evolution: 

7^r, 0 = A 7(F, t) . (6) 

The subscripted variable t of course denotes partial differentiation 

fXr,t) = df{r,t)ldt . (7) 

Note that the evolution PDE (6) is of first order in time (the extension to 
linear PDEs of second order in time is an avenue of generalization we 
will not pursue here). The linear differential operator in the right hand 
side of (6) is assumed to be of the type considered above, see (3.1.1-14), 

A= , ' (8) 

a,p,y,- 

where of course x,y, z,... are the Cartesian coordinates of the S -vector 
r={x,y,z,..) and a,p,y,.,. are nonnegative integers. Note that, in writing 
(8), we assumed the functions to be time-independent; this is 

again for the sake of simplicity (indeed, it entails a significant simplifica- 
tion, see below). But we do not forsake here the possibihty that the op- 
erator A, hence the coefficients a„^...(F) (see (8)), act as tensors on the 

S -vector f{f,t), and the double-headed arrow on A and a^p^.Xr') is a 
reminder of this possibihty. 

Let us re-emphasize that we posit the time-evolution (6) to be com- 
patible with the interpolational representation, see (1) and (2), of 
namely we assume that the time-evolution (6) of f(r,t) maintains for aU 
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time every component of the S -vector f{r,t) inside the class of ftinctions 
representable as a linear superposition (with coefficients independent of 
the space variable r ) of the N seeds (which are here assumed to 
have been chosen once and for all, as starting point for the treatment); see 
(1). This entails that the time evolution (6) can be generally mapped, via 
this representation (1) of f{r,t) as a superposition of the seeds, into a set 
of N linear coupled first-order evolution ODEs for the iV^ S- vectors 
namely into a set of SN linear evolution equations, with constants 

coefficients (thanks to the assumption made above, that the operator A is 
time-independent, see (8), and that the seeds s„(j) are also time- 
independent), for S N functions of time (the SN components of the N 
S- vectors As it is well known, the solution of such a system is a 
matter of linear algebra, the “most difficult” task entailed by it consisting 
in finding the eigenvalues and eigenvectors of a matrix of rank (at most) 
SN. 

Let us now proceed and manufacture the equations of motion of our 
N -body problem. To this end we time-dififerentiate (3): 



7„(o ={7(^o+[^„(o- v]/(r,o} 



r=r„(0 



( 9 ) 



Here and below we denote by superimposed dots time-differentiations 
(for functions depending only on the time t). 

We now use the results, and notation, introduced in the first part of 
this chapter, to rewrite this equation as follows: 

/(0=Z(0+ {1(0 •£[£«]} 7(0 • (lOa) 

On the left hand side this equation features the time-derivative of the 
(y -vector valued) -vector /(O (which is, of course, as well m N- 

vector-valued 5 -vector), whose «-th component /„(0 is given by (3). 
The first term in the right hand side is the (y -vector-valued) N -vector 
7 (0 , whose n -th component is the value taken, at the n -th node, namely 

for r=r„, by the partial derivative with respect to time, , of the S- 
vector f(r,t). As for the second term on the right hand side, the {S- 
vector-valued) (AxiV) -matrices RCt) and P[f(t)] are those defined in the 
first part of this Chapter, see (3.1-3) and (3. 1.1-6), (3. 1.1-9); their time- 
dependence is inherited via the time-dependence of the nodes F„(0 , and 
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of course ^(0 denotes the time derivative of RdO . The dot between RQO 
and Deo denotes the scalar product in 5^ -space, while the usual rules for 
matrix-matrix and matrix-vector products are moreover operational for 
(5^ -vector-valued) (A^x at) - matrices, such as ^(0 and D[Kf)], and for (5- 
vector-valued) N -vectors, such as /(O , fXO and /(O . Hence, compo- 
nentwise (and after using (3.1-3)) the N -vector equation (10a) reads 

, (10b) 



with the dot interposed between r„(0 and denoting of course 

the scalar product among S -vectors. 

We now set r=rXt) in (6), obtaining thereby, via Proposition 3. 1.1-3, 

lO>iCOm . ( 11 ) 

Here we have written again this formula in (5 -vector-valued) N -vector 
form; the (A'^xA/^) -matrix AQO, 

2(0= Z ^apr...(M)[D^Wi\Y {^^(0]Y [2^(0]Y- (12) 

a,p,Y,... 



or 

, (13) 

is obtained of course from the (possibly tensorial in 5 -space) linear op- 
erator A , see (8), and the validity and significance of (12) and (13) have 
been explained in Sect. 3.1.1 (see (3.1.1-16) or (3.1.1-43): in particular 
(12) applies if the set of seeds is closed under differentiation, otherwise 
the more general formula (13) must be used). The (AT xA/^) -matrix 2(t) 
acts of course according to the standard rules of matrix-vector multiplica- 
tion in JV -space on the (y-vector-valued) N -vector /(t) , and according 

to the standard (possibly tensorial, as entailed by the structure of A) 
rules in S -space on the (N -vector-valued) S -vector fCO . 

From (10) and (1 1) we get 

/(0={£l?(0]+l(0-^fe0] } 7(0 (14a) 
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or equivalently (componentwise; after using (3.1-3)) 

?nit)=Yu {4;.fe(0]+^„(0'^„.IZ(0]}7.(0 . (14b) 

m=l 

Since 2|F(?)] and Dj^C.0] are explicitly known in terms of the N nodes 
r„(0, see (12) or (13) and (3. 1.1-6) or (3.1.1-39), this equation provides 
an explicit set of N relations among the N y -vectors 7„(0, their time- 

derivatives 7„ CO 5 the N y -vectors r„(0 and their time-derivatives r„(0 
(see (3.1-3): a relation which is linear, and structurally independent from 
the choice of the set of N seeds {s^(r),n=l,...,N}, for the 3N S- 

vectors 7«C0, 7«C0 and F„(0 , but is instead generally highly nonlinear, 
and directly dependent on the choice of the set of N seeds 
{5„(r),n = l,...,iv}, forthe N nodes 

We are now at liberty to posit another set of N relations among these 
quantities, generating thereby a dynamical system, which shall look (see 
below) like a Newtonian N -body problem in -dimensional space, with 
the nodes F„(0 being interpreted as particle positions; a model which is 
(partially or completely; see below) solvable. Here we limit our choice of 



such a relation to the following special form: 

fnit)=Pn 17(0] ^„(0+f„l7(0] (15a) 

or equivalently, in N -vector form, 

7(0=P|7(0]^(0+fl7(0] • (15b) 

Here we have of course introduced the diagonal (iVxiV) -matrix P(f), and 
the (y -vector-valued) N -vector f(f) , 

P© =diag[p„ (f);n=l,2,...,N] , P„„ © = © , (16) 

r(L)=\rn&,n = l,2,..,N] , (17) 



as fiinctions of the N -vector r , see (3.1-2). Note that we assume both P 
and £ to depend on the time t only via the ? -dependence of the “particle 
coordinates” £(0 . 

To get our evolution equations we must now combine (14) with (15). 
To this end we time-differentiate (15a): 
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(18) 



In =Pn + E {^n [i^Pn I ^rj-rj[+ [(5f „ ! dvj ■ rj[] . 

m=l 



The reader is advised to scmtmize this formula attentively (in particular, the sig- 
nificance of the scalar products in the right hand side!); if there remains any uncer- 
tainty about the precise significance of any term, re-obtaining this formula by r- 
differentiation of (15a) shall eliminate any doubt Note that, for notational conven- 
ience, we have omitted to indicate explicitly the fimctional dependence of each quan- 
tity: be it directly on the time as is the case for /„, and or be it, as it is the 
case for all the other quantities, on the S -vector-valued N -vector r , and of course, 
through it, r_=f^t ) , on the time t as well. 



We now insert (15a) in the right hand side of (14b) and equate the 
expression obtained in this manner to the right hand side of (18), getting 
thereby, after some trivial rearrangements, an evolution equation which 
can be conveniently written as follows: 

r„ =F„(Lr), n = \,2,...,N , (19a) 

m=\ 

+ f.©[ r, D_(F) ]-[ (3f,©/3r.>r. ]+p,0[ A_ ] 

*[A„f.]] ■ (19b) 

Clearly (19a) is interpretable as the Newtonian equation of motion 
(“mass times acceleration equals force”) for N particles of mass /?„, 

moving in S -dimensional space. The “force” acting on the «-th 

particle depends on the position and the velocities of aU particles, as 
detailed by (18b), whose right hand side has been organized to highlight 
three different types of velocity-dependence, respectively of degree 2 
{quadratic: first line), of degree 1 {linear: second line), of degree 0 {no 
dependence: third line). In contrast to this relatively simple dependence 
on the N velocities F^, the dependence on the N particle coordmates F^ 
is generally highly nonlinear , originating from the dependence upon the 
set of nodes {F^;m = l,2,...,A''} of /?„ =/?„© (see (15); of course only for 
constant p„(F) = /^„ with //„ independent of F, can (19a), as written, be 
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directly interpreted as Newtonian equations of motion), of D=D(f) (see 
(3. 1.1-6) with (3.1-9)), of A^A(f) (see (12) or (13), as the case may be), 
and of fn=rn& (see (15)). (To avoid any possible ambiguity let us em- 
phasize that the middle term in the second line of (19b) is an y -vector 

s 

whose j -th component reads - Z where of course is 

k=\ 

the j -th component of the S -vector is the k -th component of the 
y -vector and likewise is the Ar-th component of the y -vector F„). 

In the following three Sects. 3.2.1, 3.2.2 respectively 3.2.3 we discuss 
representative examples of such Newtonian N -body problems in spaces 
of one, two respectively three dimensions. But before doing that we must 
still discuss, in Sect. 3.2, to what extent, and how, the class of iV-body 
problems in y -dimensional space we just manufactured, see (19), is ame- 
nable to exact treatment. Indeed, let us now indicate how to deal with the 
initial-value problem for (19), namely how to determine, for > 0 , the set 
F(0 = {F„(0;« = b->^} froin llie (assumedly given) initial data 

£(0) = {?.(0);« = 1 at} and £(0 )s{?,(0);h = 1 ]V}. 

The first step is to evaluate, from the initial data, the corresponding 
initial values of /„ (0 , 

In (0) = Pn fc(0)] K (0) + Tn 1E(0)] > n = (20) 

The second step is to evaluate the initial value of the S -vector func- 
tion /(F,0, 

7(£0) = |; 7,(0)9<">[?|?(0)] , (21a) 



(see (2)). Here of course the interpolational functions [r |f(0)] are con- 

structed, see (3.1-9), with N nodes which coincide with the initial posi- 
tions of the particles, F„ =F„(0) . In fact, in view of the next (third) step, 

what is actually needed are the initial values h^{0) of the quantities h^{t ) , 
see (1), which can be obtained by solving the linear algebraic equations 
(see (4) and (20)) 

I A.(0)i.[F.(0)]=p,[r(0)]?,(0) + f.[r(0)], n = l,2 N. (21b) 
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The third step is to evaluate the S -vector from its initial value 
7(r,0) . This is achieved by solving (the initial-value problem for) the lin- 
ear evolution PDE (6). As already noted above, under our assumptions 
this task is essentially algebraic, as it can be reduced to solving the corre- 
sponding evolution equations for the N 5' -vectors h^{t ) , see (1), a set of 
first-order linear evolution equations with constant coefficients whose 
solution is generally reducible to the diagonalization and inversion of 
matrices of maximal rank NS. (Jn fact in most of the following appHca- 
tions this step will be quite trivial, as we will often limit consideration to 
time-independent functions f{r,t) = /(F,0) , entailing that the corre- 
sponding quantities h^{t) = h^{Q ) , see (1), are constants of the motion; see 
below). 

The fourth step is to insert the quantities 

m=f[mA (22) 

in (15), obtaining thereby the equations 

Pn fe(0] ^„(0= f^n (0» t\-fn IT(0] , (23) 

which are the final formulas of our technique of solution. Note that the 
ftinction f(r,t ) , as well of course as the given fimctions and f„(F), 
the choice of which remains our privilege, are now known. Hence this 
equation, (23), is now an explicitly known system of first-order evolution 
ODEs for the “particle coordinates” F„(0 , which must of course be com- 
plemented with the initial data F„(0) (the initial data rfQ) are no more 
needed; they have aheady been used to determine f(f,t ) , and this guar- 
antees the consistency of (22) at r = 0). The “degree of solvability” of the 
many-body problem characterized by the Newtonian equations of motion 
(19) is therefore generally tantamount to the possibihty to reduce the sec- 
ond-order system (19) to the first-order system (23). However, the sys- 
tem (23), in contrast to (19), is generally nonautonomous, due to the ex- 
plicit time-dependence of although there are simple, yet interest- 

ing cases (see below), in which such an explicit time-dependence does 
not emerge. Two additional simphfications emerge moreover in special 
cases: (i) the evolution equations (23) decouple, (ii) the evolution equa- 
tions (23) linearize. The simplification (i) occurs if the N scalar fimctions 
as well as the N 5 -vector-valued functions f„©, decouple, 
namely both and only depend on (rather than on the entire set 
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P„(3=Pn(rJ , 



(24a) 



= • (24b) 

The simplification (ii) occurs in particularly simple cases, which may 
nevertheless correspond to nontrivial N -body problems in S -dimensional 
space (see below). 

A class of N -body problems we consider in the following corre- 
sponds to the special case of (6) with 

A = a , (25a) 

entailing of course 

, (25b) 

where a is a (possibly vanishing; see below) scalar constant. Note that 
this choice is clearly always compatible with the essential requirement 
that the time-evolution equation (6) be consistent with the ansatz (1). We 
moreover now set 

Pn& = Pn 5 ( 26 ) 



fn(^=Z (27a) 

m=l 

entailing 

{df^(^ld7J-v=ri„^v (27b) 

for any 5 -vector v. Here of course the N quantities //„ and the N'^ 
quantities are (arbitrary) constants. Then the many-body problem (19) 
takes the form 

Pn (Pn > (^ F) , (28a) 

where, in the right hand side, we have separated, in the force (F,Q 

acting on the «-th particle, see (19b), the one-body contribution depend- 
ing only on the velocity and the coordinate of the n -th particle. 
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itr) = {afi„ -rjjr+a7]„„ r , 



(28b) 



from the many-body contribution, 

pp (^Z) = t; • ©] k + E '^nj rj ] 

M 

JV . _ • ^ _ 1 • 

+ E {[ } • (28c) 

m=I,W5fcn /=! 

The corresponding version of (23) reads 
fin K (0 = 7[f„ (0, o] exp(aO - E Vnj 7 (0 (29a) 

7=1 

with 



7[^0] = f i(0)^,(?) (29b) 

m=l 

(see (1)), where the values of the N constant (i.e, time-independent) S - 
vectors A^(0) can be determined, from the initial data, via (21b) with (20) 
and (27a). 



To obtain this equation, (29), we used the relation 

f{r, t) - 7(r, 0) exp {a t) , (30) 

which is an immediate consequence of (6) with (25a), 

Exercise 3.2-1. Write the more general equations that replace (28) and (29) if 
(25a) is replaced by 

A = a , (31) 

with a a constant tensor in S -dimensional space. 



If 



a = 0 



(32a) 
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the system of first-order evolution equations (29a) (or, for that matter, 
(23); see below) becomes autonomous. In this case of course (see (25a)) 



A=0 , (32b) 

entailing (see (25b)) 

i = 0 , (32c) 

as well as (see (6)) 

7.(f,0 = 0 (32d) 

hence 

= . (32e) 



Therefore in this case the N S -vectors , see (1) and (32e), provide N 
constants of motion. Their explicit expressions in terms of the particle 
coordinates r^{t) and their velocities , can be obtained from 

(4), with 7„(0 givenby (15), namely from the relations 

S . n = \,2,-;N , (33a) 

w=l 

and more particularly, for the special choices (26), (27) of and 
E K [7„ (O] = f„(0 + E (0 , « = b 2, N . (34a) 

m=l m=l 

The corresponding class of many-body problems is particularly interest- 
ing: indeed, the explicit availability of the N constants of motion 
^;Jf(0>L(0]j which, as we just mentioned, can be obtained by solving for 
these quantities this set of N linear algebraic equations, (33a) respec- 
tively (34a), justifies considering these models as integrable. Their 
Newtonian equations of motion read (from (19) with (32)) 

m=\ 
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]-[ (5f„©/ar^)-F„ ], n = \,2,...,N , (33b) 

respectively (for the special choices (26), (27) of p„© and f©) 

{-7^ t +[f„ F„ +2] ? 7 ;„«F,]}, n=l,2,...,N. (34b) 

m=l fcl 

Let us emphasize what this finding entails: for any arbitrary choice of 
the number N of particles and of the set of seeds ^„© (which of course 
yield, correspondingly, a specific definition of the y -vector-valued 
(N X N) -matrix D(f ) , as explained in detail in the first part of this chapter, 
see in particular (3. 1.1-6) and (3.1-9)), (33b) respectively (34b) provide 
the Newtonian equations of motion of an integrable N -body problem in 
S -dimensional space, whose initial-value problem can be solved by inte- 
grating the set of first-order, autonomous, evolution equations (33a) re- 
spectively (34a), which can be rewritten here as follows: 

Pn © F„(0 =-fn© + Z (O] , n=\,2,...,N , (33c) 



respectively 

Pnr„=Y, \rlnm + K (F„ )] , « = h 2,..., N. (34c) 

m=l 

Of course the N constant y -vectors h„=h^(r,F) which appear in these 
equations can themselves be obtained, in terms of the initial data r (0) and 
r (0) , firom these same equations (perhaps in their completely equivalent 
avatars (33a) respectively (34a)) at t = 0, which, as indicated above, 
should then be considered a system of linear algebraic equations for the 
N unknowns L. 

tn 

The special case of (34) with 



(35a) 

is sufficiently important to deserve explicit mention. Then the Newtonian 
equations of motion (34b) become 

=-JJnr„+Yj Fn)[ F„ ‘5^© ] , « = l,2,...,iV , (35b) 
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and (34a) become 



E = n = \,2,->,N 

m=l 

or, completely equivalently, 

y-n = -In + Z I « = b 2,..., N 



(35c) 



(35d) 



Let us repeat; the first version of this equation, (35c), is meant as a set of 
linear algebraic equations, to be solved, at ? = 0 , to get the N (constant) 
S -vectors in terms of the initial data; the second version, (35d), is 
meant as a set of ODEs to be integrated in order to evaluate the time- 
evolution of the coordinates r„(t) . Note that in this special case this set of 
ODEs consists of N copies of just one (decoupled!) first-order autono- 
mous ODE for the S -vector r^{t), whose evolution, as given by (the n-th 
one oQ these equations (35d), appears decoupled firom all other coordi- 
nates (the coupling entailed by the Newtonian equations (35b) is now 
completely encoded in the values of the constant y -vectors h^). And of 
course, in the one-dimensional case, (35d) can be solved hy quadratures^ 
as we indeed discuss in the following Sect. 3.2.1. 

Remark 3,2-2. Clearly (35b) (but not (34b)) imply that any particle 
that is initially at rest, say the k -th one. 



4 ( 0 ) = 0 



(36a) 



remains at rest for all time, 

= r(0 = 0 . (36b) 

However the presence of one, or more, such fixed particles affects non- 
trivially the movement of the other particles. Hence each of the N -body 
problems in S -dimensional space characterized by the equations of mo- 
tion (35b) contains in itself a family of (iV^-M) -body problems, 
M = 1,2,..., A/^-1 , characterized by the presence of M constant vectors. 

Exercise 3.2-3. How should the equations of motion (35b) be modi- 
fied (making them complex in the process), so as to guarantee that they 
possess a (large) set of completely periodic solutions? Hint: see Proposi- 
tion 2.1.13-1, as well as Sect. 4.5. 
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3.2.1 One-dimensional examples 

The results reported at the end of the preceding Sect 3.2 identify a class 
of one-dimensional N -body models whose initial-value problem can be 
solved by quadratures. We start Sect. 3.2.1 by reviewing the relevant 
equations, which are written below in the notation appropriate to the one- 
dimensional context to which consideration is restricted in Sect 3.2.1. 
We then apply these results to the examples treated in Sect 3. 1.2.1. The 
alert reader will have no difficulty in experimenting with additional ex- 
amples. 

Then, in the latter part of Sect 3.2.1, we consider a different ap- 
proach, which also emerges as natural follow-up to the treatment of Sect 
3.2. An interesting feature of the findings obtained in this manner is to 
yield many-body problems with one- and two-body forces only (see be- 
low), rather than the many-body forces that are instead characteristic of 
the models treated in the first part of Sect. 3.2.1. Another interesting as- 
pect of these many-body problems is their close relationship with models 
treated previously, see Sect. 2.3.3. 

The solvable Newtonian equations of motion treated in the &st part 
of Sect. 3.2.1 read simply 

N 



with and IN arbitrary constants, and the (iVxiV) -matrix D{x) a 

representation of the differential operator, see Sects. 3.1.1 and 3. 1.2.1. As 
usual, here and below the indices n,m,l run from I to N , unless otherwise 
indicated. 

The solution of the corresponding initial-value problem is provided, 
in imphcit form, by the quadrature formula 



Mn 00? ^ { Z ^ =t 

" m=\ 



( 2 ) 



where the N functions ^^(x) , , are the N seeds which we can 

choose arbitrarily, and which determine the (A^xiV) -matrix , see (1), 
as explained in Sects. 3.1.1 (and see Sect. 3. 1.2.1 for several examples). 
The N constants K, m = 1,2,..., A^, in (2) are determined by the initial data 
via the following set of linear algebraic equations: 

Z K bn (0)] = Mn Xn (0) + ?7n (0) • (3) 
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Proof. The equations of motion (1) are merely the one-dimensional version of 
(3.2-35). The quadrature formula (2) is obtained from the following one-dimensional 
version of (3.2-36): 

iK^A^n)] • ( 4 ) 

m=\ 

The formula (3) is of course merely (4) evaluated at r = 0 ; and (4) also provides the 
system of N linear algebraic equations which define the N constants of the motion 
h^, m = l,2,...,N, in terms of the N particle coordinates x„ =x„(r) and of their 
velocities x„ = x„(r) . 



The following solvable N -body problems correspond to the examples 
of Sect. 3. 1.2.1. 

Ml {-^1 + \LMi ^1 + ?7i ^ 1 ) cotgh(xj 2 ) - (//2 ^2 + Vi )]/ sinh(xi 2 ) } , (5a) 

Ml ^2 = ^2 {-h - \LMi ^2 + ^2 ^ 2 ) cotgh(Xi 2 ) - (//^ Xj + T/j x^ )]/ sinh(Xi 2 ) } . (5b) 

Here and below we occasionally use the shorthand notation 

• ( 6 ) 

M„ K = {-Pn + [iMn K +ln^n) [cOSh(x„_„^l ) - COSh(x„,„^ 2 )] 

+ iMn^lK^2 -Mn^lK^l +7«+2^„+2 -7„-.l^„H.l)[l-COSh(x„^l„^2)]]- 

•[sinh(xi 2 )+smh(x 23 ) + sinh(x 3 j)]"^ }, n =1,2, 3, mod (3) . (7) 

//j Xj — Xj I (/^ l^l ■^ l ) (^1 ■*'^ 2)~^(/^2 ^ 2 ’*’^ 2 ^ 2)^1 ]‘ 

•[ X,(xf-X 2 ) (8a) 

Ml^l~^l\, — 7/2 ~ [ (/^2 •i'2 ^2 ^2 ) (^1 "^^2 ) ~^(/^2 ^2 '*'^2 ^ 2)^2 ]’ 

•[ X2(xf-X2) ]"‘ }. (8b) 
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(9a) 



-In K X^)[w'{x^)l w(xj] 

+ D { MnK / W{xj][b„(^ / b^(^\ }* 

m=l,m*n 

Here w(x) is an arbitrary function, while (see (3.L2.1-30b)) 

K(^= n • (9b) 

e=i,e^n 



Mn^n =x„ { -TI„ +(//„x„ +TJ„X„){ [w'(xj/w(^„)]+^(a)-4'(x „ -aj 



+ Z lC(Xn-Xi)-C(Xn-^e)]} 



+ Z { ^w)[w(xj/ w(x^)] [^„ (^ / ^?;„ (^)] ' 

+of)/[ o-(a) cr(x„ -x^)]"^ } } • (10a) 

Here w(x) is an arbitrary fiinction, ^{z)=^(z\o),6)') respectively 
a(z) = <t{z\g),g)') are the Weierstrass zeta respectively sigma functions (see 
Appendix A), the +1 quantities a,^,k = 0,1,...,# , are arbitrary constants, 

a = a(^ = ao +Z1 (^/“^/) ’ (10b) 

/=i 






N 

n ^(^« 






N 

n ^(^«"^y) 



y=i 



(10c) 



-In +ln^n) [^(#x) -#^(xj + ^ (^n -^£)] 

+ Z {(>“« ^m) { [o-(x„)/o-(xj]'^ [ n ^(^« -^^)] /[ n ^(^- -^^)] }‘ 

JW=l,m;iK ^=l,^r£77l 

•(t(x„ -x„ +#x)/[cr(iV^ cr(x„ -x„)] } } . (11a) 
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Here = respectively cr{x) = a(x\cD,ca') are again the Weier- 

strass zeta respectively sigma functions (see Appendix A), and x = x(t) 
denotes the “mean coordinate”, 

, (lib) 

n=l 



which is of course assumed not to vanish. 



These Newtonian equations of motion all correspond to (1), with the various 
choices for N and for the seeds 5„(x) , hence for D(x) , of Sect. 3. 1.2.1: specifically, 

(5) corresponds to (3.1.2.1-2), (7) to (3.1.2.1-9), (8) to (3.1.2.1-19), (9) to (3.1.2.1- 
30), (10) to (3.1.2.1-42), and (11) to (3.1.2.1-53). Clearly the last model, (11), appears 
as the special case of the preceding one, (10), with all the constants a„k = 0,U,N, 
vanishing, a* = 0 , and w(x) = 1 . 

Exercise 3.2. 1-1. Solve the one-dimensional few-body problems (5), (7) and (8), 
and discuss the corresponding motions. Hint: see (2). 



Let us now discuss a bit the three many-body problems (9), (10) and 

( 11 ). 

We begin fi:om (9), assuming for the sake of simphcity that 

w(x) = exp(ax) , (12) 

with a an arbitrary (possibly vanishing) constant so that (9) become 

x„=x„{ -TJ„ +a (//„ xj 

N 

m=l,m*n 

}, (13a) 

of course always with (9b). The corresponding version of (2) reads then 
(see(3.1.2.1-28a)with(12)) 

Mn Co) Z exp(ax)x'”"^ . (13b) 

" m=l 



371 





Note that, iff 



'?.=0 , (14) 

the Newtonian equations (13a) become invariant under (space) transla- 
tions (x„ + Xp , Xq = 0) , as they then read 

u X = X la jU X 

iV 

+ Z l“.^«+/^m^;;.exp[a(x„-x„)][6„(^/6„(x)]}/(x„-x,)} . (15) 

m=\,m^n 



Exercise 3. 2. 1-2. Mociify these equation of motion, (15), so that they possess a 
(large) set of completely periodic solutions. Hint: see Exercise 3.2-3. 



There is another manner to manufacture translation-invariant equa- 
tions from (13a), without requiring (14) but imposing instead the conditi- 
on 



fl = 0 (16) 

(see (12); hence w(x) becomes a constant and drops completely out from 
consideration). It is based on the remark that (13a) with (16) are invariant 
under rescaling of the particle coordinates (x„ ->cx„, c = 0). Hence, via 
the position, 

x„(0 = exp[6|„(0] , (17) 

with b an arbitrary (nonvanishing) constant, one obtains for the new 
“particle coordinates” ^„(0 the translation-invariant of motion 

Z ) 6Xp[(i\^ ~ 2) 6 (^ ~^„)] 

[ b.(§/b.(i) ] }{l-exp[A(#. -f,)] }■' } , ( 18 a) 

*.(|) = n { -fj] } . ( 18 b) 
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Next, some considerations on the many-body system (10). 

Perhaps the main reason that recommends this system, (10), to our 
attention is the fact that it features the Weierstrass ftinctions and a . It 
is however of some interest to also display the more special models, fea- 
turing hyperbolic (or, equivalently, trigonometric) respectively rational 
functions in place of elliptic functions, that obtain from (10) in the dege- 
nerate cases when one of, respectively both, the semiperiods of the ellip- 
tic functions diverge (see (A-54) respectively (A-55)). They read, respec- 
tively, as follows: 

Xn=x„{ -V„ +{Pn K+V„ [w'(x„)/w(x„)] 

-(a^ l3)aQ+a cotanh(a a) -a cotanh[a (x„ -a„)\ 

N 

+ ^ [a cotanh[a (x„ -x^)\-a cotanli[fl (x„ - )] ] } 



m=\,m^n 

•{ smh[a(a+x„-x,)]/smh(aa) }exp{ (a"/6)(x„ -x„)[(#-l)(x„ +x,)-2flo] } ]• 
•{ a“'smh[a(x„-x^)] } , (19a) 

with (10b) and 

A(2^ = 4 n smh[a(x„-x^)]l/|]^ smh[a(x„ -a^.)]| ; (19b) 

[_l=U*n J [/=1 J 



{ -In +Vn^n){ ^(^J / M^j] + ~{x„ ~ 

m=l,m^n 



N V V 

m=\ym^n 

\{a+x„ -x^)/Gf]/(x„ -x^)] } , (20a) 
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again with (10b) and 






n 

?=Lfefi 






N 






(20b) 



Exercise 3.2 J-3. Derive these equations of motion, (19) and (20), as well as the 
corresponding quadrature formulas, see (2). 

Exercise 3.2. 1-4. Verify that, for a = 0 , (19) yields (20). 

Exercise 3. 2. 1-5. hivestigate the model that obtains from (19) in the limit 
a„^Qo, n=l,2,.,.,iV. 

Exercise 3.2. 1-6. In the limit ->oo , ^ = 0,1,,..,^ (and with w(x) given by 
(12)) (20) become (13a). Verify this fact, and understand why it happens. 



Likewise, let us display the form that the Newtonian evolution equa- 
tions (11) take in the degenerate cases when one of, respectively both, the 
semiperiods of the elliptic frmctions diverge (see (A-54) respectively (A- 
55)): 

-’7, 

N 

(An In ^n) cotanh(ctiV'y) - V a cotanh(ax„) + ^ a cotanh[a(x„ -x^)] } 

N 

+ Z (An,^n7+7n,^n7)[shdi(ax,)/sinh(axj]''[5„(^/5„(20]- 

m=\,m^n 

•a sinh[a(x„ -x^ +iV'x)] / {sinh(aiVx) sinh[a(x„ -x„)] } } , (21a) 

■y„(^)= n sinh[fl(x„ -x^)] ; (21b) 

l^XMn 



IS 

An { -In +(An ^n +7„ ^n) [(^^"' + E J 

i=l,l*n 

+ Z (An, K xj{x^ lx„f [b„(^/b^(j^] [(V^-' +(x„ -x„)-'] , (22a) 
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(22b) 



Yl (.x„-x,) . 



Of course in both these equations, (21a) and (22a), x is the “mean coor- 
dinate”, see (lib). 



Exercise 3.2. 1-7. Derive these equations of motion, (21) and (22), as well as the 
corresponding quadrature formulas. Hint: see (11) with (A-54,55), and (2) with 
(3.1.2.1-52) and again (A-54,55). 

Exercise 3.2. 1-8. How should all these equations of motion, (10), (19), (20), (21), 
(22), be modified, to guarantee that they possess a (large) set (or perhaps only) com- 
pletely periodic solutions? Hint: as lot Exercise 3.2-3. 

Exercise 3. 2. 1-9. Investigate in as much explicit detail as you can the solutions of 
the many-body problems (9), (10), (11), (13), (15), (18), (19), (20), (21), (22) for 
N = 2. 



In the last part of Sect. 3.2.1 we return to the treatment of Sect. 3.2, 
and consider the results that emerge, again for the choices of seeds 
(3.1.2.1-28), (3.1.2.1-39) respectively (3.1.2.1-52), but now coupled with 
an appropriate choice, different firom (3.2-26) (indeed, different fi:om 
(3.2-24a)), for the N functions p„(^, and a correspondingly appropriate 

choice for y„(^ (see (3.2-15)). The equations of motion then read 



m=I 



+x„D„„(x)r^(^-x^dr„(^/dxJ , (23) 

of course with D„^(^ given by (3.1.2.1-30), (3.1.2.1-42) respectively 
(3.1.2.1-53). {Warning: in the case of (3.1.2.1-30), the reader should be 
aware that the (Ax A) -matrix denoted here as D(^ coincides with the 
(A X A) -matrix 5 (^ of (3.1.2.1-30)). 

These equations of motion are merely the one-dimensional version of 
(3.2-19), with in addition the assignment 

i = 0 , (24a) 

which corresponds of course to 
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A = 0 , 



(24b) 



and entails, see (3.2-6), 



f,(x,t)=0 . (24c) 

Of this fact we will take advantage below when we shall discuss how to 
solve the equations of motion we now derive. Note that, as a consequence 
of (24), it is justified to consider all these models as integrable ones, sin- 
ce they possess N constants of motion (see the discussion of this im- 

portant point in Sect. 3.2). The diligent reader will consider also the more 
general case without the assumption (24a,b), hence with (3.2-6) (and 
what follows from it, see Sect. 3.2) instead of (24c) (but beware: the time- 
evolution (3.2-6) must be compatible with the ansatz (3.2-1)). 

Let us discuss firstly the model corresponding to the choice of seeds 
(3.1.2.1-28), hence to the expression (3.1.2.1-30) of (Once more, 

beware! : the (A/" xAQ -matrix denoted here D„„(^ (see for instance (21)), 
has been instead denoted 5„„(x) in (3.1.2.1-30)). 

It is then natural to set (see (3 . 1 .2. l-30b)) 

N 

Pni^ = /^n W(X„) 6„(x)=//„ W(X„) Y[ (X„ ~X,) , (25a) 

e=i,e*n 

= >v(x„) Yl -xj , (25b) 



where the /i„ are N arbitrary constants, g„(x) are N arbitrary functions 
and of course is defined by (9b). Thereby (23) become simply 

N 

A„X„=-X„g'(x,)+ Y, { [ iPn ]• 

} • ( 26 ) 

Let us emphasize that these equations of motion, (26), only feature one- 
and two-body forces, in contrast to the many-body problems considered 
previously in Sect. 3.2. 1 (see (9) and (10), and note the presence there of 
the quantities and which depend on all the coordinates 

see (9b)). 
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Proof. We like to consider here a slightly more general ansatz than (25), since it 
is of some interest to report the equations of motion that correspond to this more ge- 
neral case. Hence we write, in place of (25a), 



N 

W(^«) K 0C)= PnM H ~^i) > (27) 

without modifying (25b). These equations, (27) and (25b), entail 
dp„(x)/dx^ = /7„(x)K. {lPn(^n)^Pn (^«)] + 

[w'(xj/w(x„)]+ 2 {Xn-Xe)~'}-0--S„J(x„-xJ-^] , (27c) 

e=U^n 

^=l,fen 

-a-S,.Kx,-xJ-' } . (27d) 

Insertion of these expressions, and of (3.1.2.1-30), in (23) yield 

Mni^nK =-^lPnM-KSnM 

N 

m=\^m^n 



For p„{x) - //„ (independent of x: see (27) and (25a)), this equation, (27e), yields 
(26), which is thereby proven. 



If 



gn(x)=Vn> g'n(x) = 0 , (28a) 

these equations of motion, (26), obviously entail that the center-of-mass 

(29) 



~ N 






_«=1 


/ 


1 

SC 

a, 

W5 

I 



x(0 

moves uniformly, 
x{t) - 0 , 



(28b) 
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x(0 = x(0) + ?x(0) . 



(28c) 



Let us now review the solution technique for these equations of moti- 
on, (26). The fiindamental formula, see (3.2-23) and (3.2-1), now reads 



N 



m=l 



(30) 



with the N seeds ^^(x) given by (3.1.2.1-28), p„Q^ and y„(^ given by 
(25), and with the time-independence of the N constants of motion 

guaranteed by (24c) with (3.2-1). We can therefore rewrite these equa- 
tions as follows: 



OT =1 



(31) 



of course with \ (j^ given by (9b). 



Note that the weight function w(x) has completely dropped out from this equati- 
on, (31), as indeed from the equations of motion (24). To simplify the rest of friis 
discussion we therefore set hereafter 

w(x)=l . (32) 



As explained in Sect. 3.2, the degree of solvability of the many-body 
problem (26) amounts to the availabihty of the N constants of motion 
h^, entailing the possibility of reducing this system, (26), of N coupled 

second-order nonlinear ODEs, to the system (31) of N coupled first- 
order nonlinear ODEs. But in special cases one can go much beyond this. 
Indeed, let us consider the special case 

(33a) 

in ix) = g(x) = -(Do + Di x) , (33b) 



so that (26), respectively (3 1), read 

N 

Xn = ^ A + 2 { [2x„ -(x„ +x„)(A + A x„)]/(x„ -X^)} , 



(34) 
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respectively 



K+(o„+A*.)]6.a=-i; 

m=\ 



(35) 



To obtain (34), in addition to inserting (33) in (26) one must use, in the numerator 
in the right hand side, the simple trick to replace with +(x„ -x„) and then 

note that the second term cancels with the denominator. As for (35), it follows di- 
rectly from (33) via (32). 



It is now convenient to introduce the (monic, time-dependent) poly- 
nomial of degree iV in x that has the N coordinates x„(0 as its zeros: 



[x-x„(0] , 

n=l 



(36a) 






m~\ 



(36b) 



and to set 

\f/^ (x, t) + (Do + Dj x) (x, t)-ND^ y/{x, t) = -/ (x, t) . (37) 

Then this fimction f{x,t) coincides (as our notation suggests) with the 
ftinction f{x,t) introduced above, hence it satisfies the extremely simple 
evolution equation (24c). 



Proof. The strategy is to show firstly that f{x,t ) , as now defined, see (37), lies 
within the ftinctional space spanned by the seeds (3.1.2.1-28) with (32), then secondly 
(and sufficiently) that this function f{x,t), evaluated at the N nodes, x = x„(f), 
yields precisely the N quantities /„(t) defined above. Indeed, the first statement 
coincides with the requirement that /(x,t) , see (37), bo a polynomial in x of degree 
at most N-l (see (3.1.2.1-28) with (32)); and this is clear from (37) and (36b). To 
prove the second statement one must show that 

/ k d = fn (0 = Pn b(0] K (0 + r„ fe(0] (38) 

(see (3.2-15)), with p„(x) and y„(x) given by (25) with (32) and (33). Hence (see 
(36) and (25) with (32) and (33)) the relation we must prove reads 
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- Wt (0, d - [c>Q + (Ol k (0, d+ ^ (0, d 

= k (0 -ko +A^« (O] } k(0] 

with dejSnedby (9b). Indeed the definition (36a) of entails 



( 39 ) 



N N 

^xM=^Yj n , (40a) 

(1=1 l=\,l:^n 
N N 

¥t 0 = "Z K (0 n (o] , ( 40 b) 

n=l 

hence (see (9b)) 

¥X^nit)A = Khit)\ , (41a) 

¥t{^ni^)A^-Kit)Khit)] , (41b) 

while of course (see (36a)) 

^k(0.d=Q • (41c) 

The validity of (39) is now obvious. 



We therefore conclude that the coordinates x„{t ) , evolving according 
to the Newtonian equations of motion (34), are just the N zeros of the 
(time-dependent, monic) polynomial of degree N in x, see (36), that sa- 
tisfies the linear PDE 



¥tt (^> 0 + (A + A ¥n (^3 t)-ND^ y/^ (x, 0 = 0 , (42) 

which is clearly implied by (37) with (24c). Now compare (42) respecti- 
vely (34) to (2.3.3-1) respectively (2.3. 3-2) with (in both cases, (2.3.3-1) 
and (2.3. 3-2)) C = l, E = -ND, , A^=A,=A^=A^^B^=B,=D^=0: cle- 

arly we have recovered (a special case of ) the results of Sect 2.3.3 ! 



Exercise 3.2.1-10. Recover, in an analogous manner, the fiill result of Sect 2.3.3, 
see (2.3.3-1) and (2.3. 3-2). Hint: replace appropriately the assignment (24a, b) with a 
more general position. {Warning: the solution f{x,t) of (3.2-6) must remain in the 
fimctional space spanned by the seeds (3.1.2.1-28)). 



380 






Let us now return to (23), but now with the seed choice (3.1.2.1-39) 
rather than (3.1.2.1-28) (and let us immediately also use the simplificati- 
on (32)). Natural choices for and m this case then read (see 
(3.1.2.1-42)) 

Pn(^ = ^n(^ J (43a) 

= , (43b) 

with defined by (10c). There thus obtain the following Newtonian 
equations of motion: 



N 

+ Z 

m=l,m^n 



cr(x„ -Xj^+a) 
a{a) (t(x„ -xJ 






(44a) 



of course with a defined again by (10b). Note that, except for the depen- 
dence on the (collective) mean coordinate x(t ) , now defined as follows. 



m = ^n(0 , (44b) 

n=l 

SO that (see (10b)) 

a = a{^ = N^{t)-a\ , (44c) 

a,] , (44d) 

/=1 

this many-body model only features one- and two-bocfy forces (in contrast 
to the model (9)). Moreover the N+l constants a^, ^7 = 0,1,...,^^, only 
enter via the single constant a, see (44d). 



Proof. Note that, by logarithmic differentiation, (43a) entails, via (A-39), 

r V 1 



5p„(x)/5x^ ^f„(x){ 5, 



i=\Mn y=l 



-(l-c^„J^(x„-xJ }, 



(43c) 
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and likewise, from (43b), 



dy„{^ldx^ 



N 



'Lax. 



-X, 



N 



)-E 



-«y) 



~0--^nm)C(x„ -Xj } . (43d) 

Insertion of these expressions, (43c,d) as well as (43a,b) and (3.1.2.1-42) with (32), in 
(23) yields (after a bit of trivial algebra) (44), which is tiiereby proven. 



Exercise 3.2.1-11. Show that the solutions of the first-order system 






n o-(x„ -aj) 



y=i 



N 

n o-(x„ -X;) 









(45) 



where the are N constants (whose values, in the context of the initial 
value problem, are determined by this very equation, (44a), at t =0), yield 
the solutions of the second-order system (44a), Hint: insert (43a,b) with 
(10c) and (3.1.2.1-39) with (32) in (30). 

Exercise 3.2.1-12. (i) Verify that, in the (degenerate) case when 
cr(x) = X, 4(^) = x"‘ , see (A-55), the model (44a) takes the simple form 



N 

K =wx„+ Yu (2x„ X, +7/„x„ +rijf)l{x„ -x„) , n = l,...,N , (46a) 

m=\,m^n 



with 

u=u(t)- (x + 7])f (x-a) , (46b) 

with X = x(r) respectively a defined by (44c) respectively (44d), and 

W = N~'Y • (46c) 

«=i 



(ii) Verify that in this case 

x{t) = x(0) exp \u (0) r] { 1 + 7 [x (0) - { exp [-M(0)r] - 1} } , (46d) 
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u{t) = (x(0) + 77 exp[-M (0) ^] } / [x(0) - a] , 



(46e) 



where of course u(G) can be obtained from (46b) (or equivalently from 
(46e)) at r=0. Hint: sum (46a) over n from 1 to and then integrate 
the resulting nonlinear ODE for x(0 (after dividing it by x -^7 ). 

(in) Write the first-order system of evolution equations equivalent to 
tile second-order system (46a). Solution', see (45) and (A-55). 

Exercise 3.2.1-13. In the equal particle case, entailing 

5 (47) 

(46) is similar, albeit not identical, to (34). Try and repeat, for (46) with 

(47) , the discussion given after (34). Can this treatment be extended to 
(46) without (47) ? 

Finally, let us return once again to (23), but now with the seed choice 
(3.1.2.1-52). A natural choice for /?„(^ and in tins case then read 
(see (3.1.2.1-53)) 



P„(^) = k(j^j] n 5 (48a) 

r„(^=nnPn(2d • (48b) 

There thus obtain the following equations of motion: 

Xn (K + 7 „) C(Ex) 

N 

+ E l[a(Nx) ct(x„-xJ] 

+ K(K+'nn)Cix„-xj} , (49) 

where of course x = x{t) is defined by (44b), and ^{x) = ^{x\o),o)') respec- 
tively o-(x) s a(x\a},a)') are the zeta respectively sigma Weierstrass fimcti- 
ons, see Appendix A. 



383 




Proof. Logarithmic differentiation of (48a, b) yields 
dp„(x)!dx^ =S„„p„{x)[-Nf{x„)-h Y, C(x„-Xe)l 

-0--S„Jp„(x)<^ix^-xJ , (48c) 

as weE as well as 

dr,{x)!dXm =8 „^t]^p„{x) [-N^{xf)+ Y C(Xn~x,)] 

- (1 - V„ Pn (^) • (48d) 

Insertion of these ejq)ressions, (48c, d), as weE as (48a,b) and (3.1.2.1-53), in (23) 
yields (after a bit of trivial algebra) (49), which is thereby proven. 



Remark 3.2.1-14. The Newtonian equations of motion (49) are the 

N 

Special case of the Newtonian equations of motion (44) with 

y=i 

hence a=0 (see (44d) and (44c)). 

Exercise 3.2.1-15. Show that the solutions of these (Newtonian, se- 
cond-order) many-body equations of motion, (49), are provided by the 
solutions of the following system of first-order ODEs: 

n [^(^« -^^)ir [ k +ylk p^'”"'^(^„)1 , ( 50 a) 

m=\,m*n m=l 

where the h„ ’s are N constants of motion, cr(x) = a(x\a,o}’) respectively 
p{x) = p{x\(D, 0 ') are the “sigma” respectively the doubly-periodic “pee” 
Weierstrass fimctions (see Appendix A), and of course 



(x) = p(x), p^^^ (x) = p'(x) = d p{x ) / dx, p^^^ (x) = p"(x) - d^ p(x) / dc^ , (50b) 



and so on. Hint: insert (48a,b) and (3.1.2.1-52) in (30). 

Exercise 3.2.1-16. Ponder on the similarities and differences of (44) 
respectively (45) with (49) respectively (50). Hint, consider to begin with 
the N = 1 case; and note that generaUy, if d vanishes, a = 0 , see (44d), 
the Newtonian equations of motion (44a) and (49) coincide. 
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Exercise 3. 2 A -17. (i) Verify that, in the (degenerate) case when 
(t(x) = X , 4'(x) = x"^ , see (A-55), the Newtonian equations of motion (49) 



take the simple form 

N 

^„=VX„+ Y, . (51a) 

m=l,m^n 

V = V(^) = [x {t) + 7j]/x(t) , (5 lb) 

with x(0 defined by (44b) and rf by (46c). (ii) Verify that in this case 

v(^) = {x(0) + 7exp[-v(0)?]}/x(0) , (51c) 

X (t) = fy x(0) + X (0) x(0) exp [v (0) ?] }/ [x (0) + ^] , (51 d) 

where of course v(0) can be obtained fi:om (51b) or (51c). fiiij Verify that 
the system of first-order ODEs 

K+lnA n (^« 4 +Z(“)'”('^“1)' ^rn (52) 

m=\,m^n m=l 



is equivalent to the system of second-order ODEs (51). (iv) When is this 
system of ODEs, (52), solvablel Hints: for (i) and (ii), see Exercises 
3.2.1-11 and 3.2.1-12; for (Hi), insert (A-55b) and (A-37b) in (50); for 
(iv), see (2.5-26). 



Exercise 3.2.1-18. Find the flaw in the following general treatment, and identify 
the exceptional cases when it is correct (and it reproduces results given above). Con- 
sider the set of interpolational fimctions 

q^"\x\x)= n > (53a) 



where we maintain the freedom to choose at our convenience the iV^ functions 
9ni (^) 5 below, except that we require them to satisfy the conditions 

, (53b) 

which is sufficient to guarantee the fundamental property of the interpolational fiinc- 
tions, 

= , ( 54 ) 
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so that, if we define the fiinction / (x, /) via the interpolational formula 



0 = S fn (0 [^1 2E(0] , (55a) 

«=1 

there holds the relation 

A(0 = /k(0>^] • (55b) 

The (A^ X A'') -matrix D{^ that corresponds to the set of interpolational fiinctions 
(53), 

= (56) 

(see (3. 1.1-6)), takes the explicit form (see Exercise 3. 1.1-7, or verify now by explicit 
computation) 

N 

^nm(x) = ^nm Z ~ ^l) ! ~ ^l)] 

l=lMn 

+ 0~-3nm)[(P'n,ni^)l(Pn,mi^n ~ ^j] K. (2E) / (l)] , (57a) 

n • (57b) 

(How can this formula be correct ? Evidently the definition (53a) does not depend on 
the assignment of the “diagonal” functions p^(x), yet D„^(^ seems to feature a 

presence of these functions in its off-diagonal component, see (57a). Yet (57) is cor- 
rect: verify it, and understand the way out of this (fictitious) paradox). 

The property of ^(^ , to provide a representation of the differential operator 
dfdx in the fimctional space spanned by the interpolational fiinctions (53), corre- 
sponds to the formula 

fx k (0> = 5 /(x, t)!dx _ = Z ^nm (0 * 



(58) 



Let us now assume that / (x, t) satisfy the very simple PDE 



fXx,t) = Q , (61a) 

entailing 

/(x,r)=/(x,0) , (61b) 

and let us moreover set 

/„(0 = /^„^„(0 . (62) 

where we reserve the privilege to choose later the N constants //„ . This equation, via 
(55b), entails 

= , (63) 

hence, via (56b), 

A„^«(0 = /k(0,0] • (64) 

But (55a) entails 



/(x,0) = f /,(0)?«[^|£(0)] , (65) 

«=l 

hence 

/k(0.0] = t /„(0)«<->[x,(0|2(0)] , (66) 

hence (via (62) and (53a)) 

K (0 fimK (0) n k (0 - (0)]/ (p k(0) - (O)] } . (67) 

ff!=l l=\Mm 

This is a first-order autonomous ODE for x^{f) which can clearly be solved by qua- 
dratures. 

On the other hand, insertion of (62) in (59) yields, via (61a), the Newtonian evo- 
lution equations 

N 

!^nK=^KY , (68) 

/w=l 

with D„^(x) defined by (57), In this equation, and sometimes again below, merely 
for notational simplicity we omit to indicate explicitly the time-dependence. 
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We are still free to choose the functions (Py^^ix), except for the constraint 
(53b), Let us choose them so that they satisfy the additional limitation 



(p'nM = d(p„^{x)ldx 



x = 0 



= 0 , 



(69) 



which entails, see (57a), that the {N x N) -matrix become diagonal. 



N 



(70) 



Here we have introduced the function (x) via die position 

Sni W = (P'nl W / (Pni W , (71u) 

which entails 



- 

(pni W = exp {//;' \dxg^ (x') } 



(71b) 



In this formula, (71b), the lower limit of integration is arbitrary (but different from 
zero), since any arbitrary constant multiplying (p„^{x) has no relevance whatsoever, 
see (53a). 

Insertion of (70) into (68) yields the Newtonian evolution equations 

N 

Y ~xj • (72) 

m=l,m^n 



We have therefore concluded that the initial-value problem for the many-body model 
characterized by these equations of motion, (72), can be solved by quadratures, see 
(67). Note that we have a large latitude in the choice of the functions g„^(x), which 

can still be assigned arbitrarily, except for the requirement that the functions ^£>„^(x) 
yielded via (71b) satisfy the conditions (53b) and (69): this of course entails that 
g„^(x) diverge at x = 0. Alternatively, one can choose <p„^(x) to satisfy (53b) and 
(69), and compute the corresponding g^^ (x) , for instance 

= (73a) 

with I fin (sufficient to guarantee (48b) and (60)) yields 

; (73b) 

(p„i (x) = exp[ ! fin') X~^^ ] (74a) 
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with and p = 1,2,3,.- (also sufficient to guarantee (53b) and (69)), yields 



Snt (x) = 2 p ; (74b) 

and so on. 

Given the large fireedom in the choice of 
instance, (73b)) 

gne(x)^s^ f„^(x) , 

as well as 

x„(t) = t/s + ^„(t) , (75b) 

and then take the limit £• -> 0 , transforming thereby (72) into 

1.(0= I /_(#.-#„) , (76) 



(x) , one can moreover set (see, for 

(75a) 



which are the Newtonian equations of motion of the standard many-body problem 
with velocity-independent pair forces! 

Note finally that, while we have discussed here this (flawed!) approach in a one- 
dimensional context, the treatment we have just reported could be repeated just as 
well (nay, just as badly - since there is a flaw!) in the S -dimensional case, see indeed 
the discussion given at the end of Sect 3.1.1. 

Hint: is the simple time-evolution (61) compatible with the representation (55, 
53)? 



3.2.2 Two-dimensional examples (in the plane) 

In Sect. 3.2.2 we use the notation for 2 -vectors introduced at the begin- 
ning of Sect 3.1.2; the reader is advised to review it And we also review 
here, in 2 -vector notation, the two formulas on which our treatment will 
be based in Sect 3.2.2: 

.. N . . . . _ 

m=l 
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( 2 ) 



iV _ 

Pn K ^m(Tn) • 

BI=l 

In both these equations p„ and are ftinctions of the N particle coordi- 
nates =yo„|F(0], =f„|f( 0]5 Slid the choice of these fiinctions 

remains our privilege; the 2 -vector-valued (iVxiV) -matrix D = 3\r{t)] in 
(1) is determined, as detailed in Sects. 3.1.1 and 3. 1.2.2, by the choice we 
make for the N seeds s„ (f ) ; the N “constants of motion” in (2) can 

be determined, in terms of the initial data, from (2) at ? = 0 , namely from 
the (system of linear algebraic) relations 

Z Sm Vn (0)] = fc (0)] 3 (0) + f « fe (0)] ; (3) 

m=l 

and of course in (1) F^=r^(t), and likewise in (2) 

r„ = r„(t), r„ = r„{t) . Needless to say, in all these equations, (1), (2) and (3), 

as well as in those written below, the index n takes all integer values 
from 1 to . 

These formulas follow directly from those of Sect. 3.2; but note that we are now 
restricting attention to the simple case with 

A = 0 , (4a) 

entailing 

i = 0 (4b) 

hence (see (3.2-6)) 

/(^0 = 7(^0) . (4c) 

In particular (1) corresponds to (3.2-19) with (4b); (2) corresponds to (3.2-23) via (4c) 
and (3.2-1), of course with (indeed, see (3.2-1) and (4)), which justifies 

considering the iV 2 -vectors as constants of motion (and therefore the Newtonian 

equations of motion (1) as integrable); and likewise (3) corresponds to (3 .2-2 lb) (as 
well as to (2) at t = 0). Of course, for any given choice of N , of p„(F), of 

and of (r) hence D(f) , the specific form taken by (1) is interpreted as Newtonian 

equations of motion of our N -body problem in the plane, and the corresponding form 
taken by (2) provides substantial progress towards solving that N -body problem. 





Before going over to the discussion of specific examples, let us inter- 
ject the following. 

Remark 3.2.2-1. The evolution equations (1) admit the (trivial) solu- 
tion 



r„(t)=r„(0), r„(0 = 0. 



( 5 ) 



for any (arbitrary) choice of the initial positions F„(0) . 

Now, to the examples. Firstly we restrict attention to the following 
simple choice for and f„© : 

Pn(L) = Mn , (6^) 



f„©=£ ^nm^n > (6^) 

m=l 

with //„ and arbitrary (scalar) constants. Then (1) yields the Newto- 

nian equations of motion 

..AT . . _ . ^ 

^n, +l ' D„^(L) ][ +Y ^ ^ 0) 

m=\ I 

while (2) becomes 

iV _ N 

Pn^n =Y K^m{K)-Y • ( 8 ) 

m=l m=\ 

This latter equation, (8), is a system of N coupled, generally nonlinear 
(up to exceptions, see below), ODEs with constant coefficients 

for N 2 -vectors, namely a system of 2N (first-order, constant- 
coefficient) ODEs for IN (scalar) unknowns. Moreover, if the (NxN)- 
matrix with elements is diagonal, namely if 

TJ„„=0 for « 9^ m , (9) 

then this system, (8), decouples into N separate 2 -vector (first-order, 
constant-coefficient) ODEs, each of them involving 2 (scalar) unknowns. 
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The alert reader should have noted that (5) respectively (6) are merely copies of 
(3.2-26) respectively (3.2-27a), as (4a), (4b) respectively (4c) are copies of (3.2-32b), 
(3.2-32c) respectively (3.2-32e), and (7) respectively (8) are copies of (3.2-34) re- 
spectively (3.2-33). 

Exercise 3. 2.2-2. Suggest a (possibly complex) modification of these equations of 
motion, (7), adequate to guarantee that they then possess a (large) set of completely 
periodic solutions. Hint: see Exercise 3.2-3. 



The simplest example we consider corresponds to the choice of seeds 
(3.1. 2,2-2). This yields the following solvable 2 -body problem in the 
plane: 

A ^ = -7ii ^ -7 i 2 fz +(^ -q Af^)-' • 

• [(/^i ^1 + 7ii A + 7i2 A) - (/^ 2 A + 721 A + 722 A ){^ -^i Aq)] , (10a) 

fiiA = -721 A-iizA+i^'A^Ay' ■ 

'[Oi ^1 +7ii A +7i2 AW'A ^A)-i^i A +721 A +722 A){i^-A • (lOb) 

The corresponding equations that demonstrate the solvable nature of this 
problem read as follows: 



//j Xj — h^x •^1 + b-2x Ft 7ii ^1 7i2 ^2 j 


(11a) 


A Ft = K + K Ti - 7ii Fi - 7i2 F2 » 


(11b) 


/^2 ~~ Ax ^2 + Ax yi~ 721 ^1 — 722 •^2 5 


(11c) 


/^2F2=^y^2+^2yF2-72lFl-722F2 • 


(lid) 



The equations of motion (10) follow straightforwardly by inserting (3.1.2.2-3) in 
(7). Note their rotation-invariant character. They are also invariant under inversions, 
and under rescaling of the particle coordinates (i; ^ c , c = 0) . 

Likewise, (11) follow straightforwardly by inserting (3.1. 2.2-2) in (8). Note that 
the solution of (the initial-value for) these set of 4 coupled linear ODEs is a purely 
algebraic task. The first step is to determine the values of the 4 constants 
\x, Ky’ Ky “1 tcHns of thc initial data, r^ (0), (0), Fj (0), F^ (0), by solving 
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(10) at t = 0. Note that the condition on the initial data sufficient to guarantee that 
this system of 4 linear equations for the 4 unknowns have a unique 

solution, namely the requirement that the relevant “determinant of coefficients” not 
vanish, reads (after an elementary computation) 

^•q(0 ) aF2(0) , (12) 

and its significance for the equations of motion (10) is clear. After the 4 constants 
Kx’ Kx’ Ky’ hy computed, the solution of (11), now to be considered a 

system of 4 coupled first-order linear ODEs with constant coefficients for the 4 
unknown fimctions Xj {t), (t), X 2 (t), ^2 (0> generally requires the diagonalization 

and inversion of (4x4) -matrices. However, if (9) holds, this task reduces merely to 
the diagonalization and inversion of (2 x 2) -matrices and can therefore be easily ac- 
complished in completely exphcit form. 

Exercise 3. 2. 2-3. Solve explicitly this case and discuss the character of the mo- 
tion. Are there periodic trajectories ? Solution: see <CJX93b>. 

Exercise 3.2.2-4. Investigate the nature of the motion in the more general case 
when (9) does not hold: what about periodic trajectories ? Hint: see Exercise 3. 2. 2-5 
below. 



The second model we consider corresponds to the choice of seeds 
(3.1. 2.2-8). Hence this solvable 3 -body problem in the plane reads as 
follows: 

m=l,2,3 mod(3) 

[ ][ ^ A (F^^j ^ = 1,2,3 mod(3) , (13) 

e=i 

while the equations fi:om which its solution can be obtained in almost ex- 
plicit form are given by (8) with (3.1. 2.2-8). 

These equations of motion, (13), are clearly invariant under (plane) 
rotations, as well as under rescaling of the particle coordinates 
(F„ ^ c F„ , n = 1, 2, 3, c = 0) . They are moreover invariant under translations 

(F„->F„+Fq, « = 1,2,3, Fq= 0), if the 9 constants satisfy the 3 con- 
straints 

n = 1,2,3 . (14) 
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And let us recall the geometrical significance of the denominator in the 
right hand side of (13): up to its sign, it is twice the area of the (plane) 
triangle whose vertices coincide with the positions of the 3 particles. 



Exercise 3. 2.2-5. Show that the solution of (13) has the expHcit fo rm 

6 

(0 = ?„o+Z % t), n = 1,2,3, (15) 

p=i 

obtain the algebraic equations that deterrnine, in terms of the initial data r(0) and 

F(0),the 6 scalars = 1 ,..., 6 , and the 21 2-vectors n = 1,2,3; p = 0,...6, 

and discuss the solution (15), focussing on the eventual presence of (possibly multi- 
ply) periodic motions. Hint, write out (8) with (3.1.2.2-8) and take advantage of its 
character: linear, constant coefficients. Solution: see <CJX93>, <C93a>. 



The third model we consider corresponds to the choice of seeds 
(3.1.2.2-32) with (3.1.2.2-49); we moreover restrict consideration to the 
case (9) (for simphcity; the diligent reader will also explore the general 
case, without (9)). 

We thus obtain the following solvable N -body problem in the plane: 

. iV ^ 

m=\,tn^n 

-[{finK+lKW-r, aF„)+[o-„©/o-„©] aFJ]}, (16a) 

n • (16b) 



The corresponding equations, providing the clue to the solvability of 
this model, read 



K (F„)' 



n = l,2,...,N 



(17a) 



or equivalently 



Mn K = -rjn Z (^„ ! V nT~' , 



(17b) 
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(17c) 



ft y, = -n, y. +yt' S K (ft /ft)"' • 



The Newtonian equations of motion (16) are obtained by inserting (9) and 
(3.1.2.2-50) in (7); likewise (17) are obtained by inserting (9) and (3.1.2.2-32) with 
(3.1.2.2-49) in (8). 

We called this model, (16), solvable. Indeed the evolution equations (17), with 
the N (time-independent!) 2 -vectors deterniined in terms of the initial data F(0) 

and F (0) by the same equations (17) at ? = 0 , can be solved by quadratures. Let us 
tersely indicate how. 

For N = 1 these equations, (17), are linear hence easily solvable; indeed they 
reduce to (a special case oj^ (10). Hereafter we assume N >2. 

We reAvrite these equations, (17b,c), as follows: 



ju x = -?ix + y^ ^ , 


(18a) 


F y = -r]y^y^~^ H^^\x! y) , 


(18b) 


with 




ff“(«)=i . 

m=l 


(19a) 


7^“(«) = Z ■ 


(19b) 


m=l 




Note that, merely for notational convenience, 
index n . 


we omit here to indicate explicitly the 


We now set 




u = xly , V = / X , 


(20a) 


x = iu^-^vf^^-^^ , y = (uvf^^-^^ , 


(20b) 


and obtain for u and v the ODEs 




fiu=vF{u) , 


(21a) 


//v = (2-iV) 7/ v + v^ G(k) , 


(21b) 



with 

F{u) ^u[h^^\u)-u (u) ] , (22a) 
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G{u) {u) -{N-\)u (u) . (22b) 

We now set 

v{t) = v\u{t)\ (23a) 

so that (in self-evident notation) 

V = V\u) u . (23b) 

Hence, from (21) and (23), 

r(a)=[F(«)]-‘[(2-JV)77 + r(«)G(t()] . (24) 



This linear ODE for V {u) can be solved by quadratures: 

V{u) = V[u{0)] exp{ \G{u')I F{ u')\ } 

H2-N)ri £"^ya'[F(H')]-'exp{ \‘du’[G{u’)IF{u’)] } . (25) 

Then (21a), which now reads 

fiu{t) = V\u (f)] f\u (O] , (26) 

can also be integrated by a quadrature, and the solution of the problem is thereby 
completed (up to functional inversions), since once u{t) is known, v{t) is easEy ob- 
tained from (21a), (22a) and (19), and then x and y by (20b). 

Indeed we can go a bit ftirther, by noticing that (19) and (22) entaE 

N 

F{u) = cY[ (u-Uj) , (27) 

y=o 

iV 

G(u)IF(u) = c 2 Pj !{u-Uj) , (28) 

y=o 

with (see (22a) and (19b)) Mq = 0 and c = (we assume this latter constant not to 
vanish). The computation of the other IN +l constants (namely: 

“w > ^ = 1,2,..., pj , j = 0,1,..., A^) is a purely algebraic task. Then the integrations 

in the right hand side of (25) can be performed to yield: 

F(a) = r[u(0)] n {(a -a^.)/[a(0)-aj}'’' 

j=0 
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(29) 



[{2-N)ri lc\Y[{u-UjY‘\^'' t/w'n [(w'-Wfc) • 

y=0 k=Q 



The many-body model (16) features many-body forces, due to the 
factors cr^ (f) in the right hand side. It is clearly invariant both under a 
(common) rotation and (time-independent) rescaling of all particle coor- 
dinates r„, ^ = 1,2,...,^^. It is, instead, translation-invariant, and it fea- 
tures forces which become singular whenever 2 particles are aligned with 
the origin of coordinates. It may be of some interest to write the Newto- 
nian equations of motion of this model, (16), in the polar coordinates 
r„, 6 „ , defined in the standard manner: 

F„ =r„(cos^„,sin0„) , (30a) 

entailing of course (see (3.1. 2.2-1)) 

r„ r„ cos(^„ , (30b) 

k-r„A?^= -r„ sin(^„ -9^} • (30c) 



They read 

N 

m=l,m^n 

+ 0n[(Mmr„,+Jlmrm)^otmi9^-9J + ^^r^9^ ][r„(^frA^]} »(31a) 
Mnrn^n=^nl -^t-Vn^n+ Z { 9„ COt3n(9„ - 9j] 

+ , (31b) 

r,(g)- n • (31c) 

l=\Mn 
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Exercise 3. 2. 2-6. Verify these equations. 



Exercise 3. 2.2-7. Modify the equations of motion (16) and (31) so that they pos- 
sess a (large) set of completely periodic solutions. Hint see Exercise 3.2-3, and do not 
hesitate to go complex if need be. 



To manufacture an example of many-body problem in the plane that 
only features one- and two-body forces we now maintain the choice of 
seeds (3.1.2.2-32) with (3.1.2.2-49), but we abandon the special assign- 
ment (6) and we replace it, as indeed suggested by (3.1.2.2-50), as fol- 
lows: 



P„(E) = En ^n(E) , (32a) 

= , (32b) 

where and are again IN arbitrary constants and of course is 

defined by (16b) (or (3.1.2.2-34)). We thus get the following Newtonian 
equations of motion: 

Pnr„=-'n„r„+ Y, 

m^Xytn^n 

• [iPn A FJ +(//^ r^ + rj{k • a rj] } . (33) 



Indeed, logarithmic differentiation of (32) with (16b) yields 

N ^ ^ 

Z [(^aF^)/(^-F„ Af^)I+(l-(y„J(^AFJ/(^-r„ aF^), (34a) 

t=\,i*n 



[3f„©/aF„]-5 = 7„o-„©[ a+F„ Y aFJ/(^-F„ aFJ] } 

«=l,fen 

-(1 - ^nm) (k • dAr„)/(k • F„ A F^) ] , (34b) 

with d an arbitrary 2 -vector. And insertion in (1) of Ihese expressions, as well as of the 
expression (3.1.2.2-50) of 5 © , yields, after some nice cancellations, precisely (33). 






The Newtonian equations of motion (33) only feature one- and two- 
body forces; the curious property of these forces, to become singular 
whenever a pair of particles is aligned to the origin, remains. Again, the 
model (33) is not invariant under translations; it is mstead clearly invari- 
ant both under rotation and rescaling. 

Note that the equations of motion (33) differ from (16) not only be- 
cause of the presence in (16) of the (multi-body) term [o-„(x)/o-^(^]. In- 
deed the equations of motion (16) entail that, if a single particle, say the 
^-th one, has at any one time a vanishing velocity, F^(0) = 0, then 
r^(f) = 0, Fi(0 = fi(0), for all time; namely this particle never moves, al- 
though its presence does affect the motion of the other particles. Such a 
property is not featured by the equations of motion (33), which are incon- 
sistent with any one particle remaining still while ah the others move; al- 
though these equations of motion, (33), admit as equilibrium configura- 
tion any configuration with all particle standing still, namely f„(0 = f„(0), 
« = 1 , 2 ,..., , is a solution of (33) for any arbitrary assignment of the 2 - 
vectors r„(0). 



Exercise 3. 2.2-8. Write the equations in polar coordinates that correspond to (33). 

Exercise 3.2.2-9. Modify the equations of motion (33) so that they possess a 
(large) SQt of completely periodic solutions. Hint Exercise 3.2-3. 



The “degree of solvability” of the Newtonian equations of motion 
(33) is lower than for the equations of motion (16). It amoxmts to the 
availability of N 2 -vector integrals of motion defined (implicitly), in 

terms of the N 2 -vector coordinates F and the N velocities F of the A/" 

n n 

particles, by the N linear 2 -vector equations 

, (35) 

m=\ 

with o-„© defined by (16b). 



These equations, (35), are merely (2) with (32) and (3.1.2.2-32) witii (3.1.2.2-49). 
They have, as usual, a double role. At t = 0 , they can be considered a set of A 2 - 
vector (i.e., IN scalar) linear algebraic equations for the N 2 -vector (i,e., 2N 

scalar) unknowns : tiheir solution, which is a standard algebraic task, determines 



399 




these quantities in terms of the initial data (for the N -body problem) F(0) and f (0) , 
(This task is facilitated by noticing that the determinant of the coefficients in the left 
hand side of (35) — an algebraic set of linear equations that should of course be solved 
componentwise, i.e. firstly for the x -component of the 2 -vectors , then for the y - 
component of these 2 -vectors — is of Vandermonde type). Once the N (time- 
independent !) 2 -vectors have been determined, the equations (35) characterize 
the time-evolution of the coordinates r^(t), hence they can be solved instead of the 
equations of motion (33). To obtain a unique solution firom them one must of course 
assign the initial data F(0) , and the theory detailed above then guarantees that the 
solution of this initial-value problem for (35) also provides the (unique) solution to 
the initial-value problem, of course with the same initial data, for the Newtonian 
equations of motion (33). The advantage, in terms of solvability, is that (35) is a sys- 
tem of V 2 -vector, generally coupled and nonlinear, albeit mtomwms, first-order 
ODEs, while (33) is a system of second-order ODEs. 



3.2.3 Few-body problems in ordinary (3 -dimensional) space 

In Sect. 3.2.3 we use the notation of Sect. 3. 1.2.3, which the diligent 
reader should immediately review. Our presentation here is limited to 
solvable few-body (specially: 3 -body and 4 -body) problems, of course in 
ordinary (3 -dimensional) space: those that correspond to the two cases 
treated in Sect. 3. 1.2.3. Indeed the results of Sect. 3.2.3 emerge directly 
firom the insertion of the relevant expressions of 5© and of the seeds 
s„(r), as given in Sect. 3. 1.2.3, into the two fimdamental formulas (see 
(3.2-34) and (3.2-33)) 

m=l 

= Z + K (K )1 • (2) 

m=l 



Here, of course, all vectors are 3 -vectors. 

The solvable 3 -body problem that obtains by inserting (3.1. 2.3-2) in 
(1) reads 

„ 3 . . .3 

m=l ^=1 
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with (see (3.1. 2.3-3)) 

A = A(F-,r 2 ,r 3 ) = ^-r 2 AF 3 . (3b) 

Here, and always below when discussing this 3 -body model, all indices 
take the values 1,2,3 mod(3) . 

These equations of motion, (3), are invariant under rotation and 
rescaling, but not under translation. And let us recall the geometrical sig- 
nificance of the denominator A in the right hand side of (3 a) ; it is, up to 
its sign, six times the volume of the tetrahedron having the origin of co- 
ordinates, and the positions of the 3 particles, as its 4 vertices (see 
(3b)). 

The solvability of this model follows from the form that (2), via 
(3.1. 2.3-2), take in this case: 

3 

r„ = \r\nm 4 ]+ + ^2 + ^3 > « = 1>2, 3 , (4a) 

m=l 

or equivalently, 

3 

^nj ~ ^ ^mj ^nm ) ’ ^ ~ 3, j — 1,2, 3 , (4b) 

m=l 

where we have set, for notation convenience, 

^n =^n 3 > n =1,2,3 , (4c) 

^mx ~ ^ml 5 ^my ~ ^m2 ’ ^mz ~ ^m3 ’ ^ = Ij 2,3 , (4d) 

of course with ^ technique which should by now be 

famihar the 9 scalar equations, (4b), at ? = 0 , determine the values of the 9 
scalar constants of motion h^j in terms of the 18 scalar initial data, «„^( 0 ) 
and K„^( 0 ) , see (4c), and then determine the time evolution of the 9 quan- 
tities u„^(t), namely of the 3 3 -vectors F„(/), see (4c). Both steps require 
only algebraic operations: the first one obviously so, see (4b); and the 
second one as well, since the required task is to solve a system of linear 
first-order ODEs with constant coefficients, see again (4b). 
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Exercise 3.23.1-1. Solve as explicitly as possible the 3 -body model (3), and dis- 
cuss the possibility of (completely, or multiply) periodic motions. Consider the sim- 
plification that occur if (i) = 5^ , (ii) = 0 . Modify case (ii) so that all its 

motions are completely periodic. Is there a modification of case (i) (with ^ 0) that 

yields the same effect (i.e., only completely periodic motions) ? Hint: see <CJX94>, 
and note that only the simplified case (i) is fully treated in this reference. However, 
the case considered in this reference is marginally more general: it also features, in its 
equations of motion, 3 constant 3 -vectors , which however break the rotation- 

invariance of the model. Does such a generalization correspond just to a shifting of 
the 3 particle coordinates ? If not, trace Ihe appropriate place in the treatment of Sect. 
3.2. where such a generalization should be introduced. 

Exercise 3. 2. 3-2. Discuss the 2 -body respectively 1-body problems that obtain 
from the 3 -body problem (3) if one respectively two particles are fixed at some arbi- 
trarily assigned positions. Hint: see the Remark 3.2.1. 



Next, let us consider the solvable 4 -body problem that is obtained by 
inserting (3.1.2.3-10) in (1): 

4 . . .4 

■[ (F^^i - ) a (r„^^ - 4 ^ 3 ) ] [^„ ?^ + X A } ,(5a) 

m=l e=l 

A = A(F^ , Fj , F 3 , rj = (r^ - Fj) • [(F 3 - i\) a (F^ - Fj)] . (5b) 

Here, and always below while discussing this 4 -body problem, the indi- 
ces n,m,i run firom 1 to 4 and are defined mod(4), while the indices j,k 
run firom 1 to 3 (see below: corresponding to the 3 -dimensional nature of 
ambient space). 

These equations of motion, (5), are invariant under any common 
(time-independent) rotation, and under any common constant rescaling 
(F„ -^cF„, c = 0), of the 4 particle coordinates (and as well, of course, of 

the 4 velocities F„ and the 4 accelerations ); they are moreover invariant 
under a common, time-independent, translation (F„ -> F„ + F^ , F^ = 0) , iff 
the 16 parameters satisfy the following 4 constraints: 

« = 1,2,3,4. (6) 

m=l 
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And let us recall the geometrical significance of the denominator A in the 
right hand side of (5): up to its sign, it is 6 times the volume of the tetra- 
hedron that has the 4 particle coordinates has its 4 vertices (see (5b)). 

In close analogy to the 3 -body model discussed above, the formula 
that displays the solvability of this 4 -body problem obtains by inserting 
(3.1.2.3-9) in (2). Hence it reads: 

4 _ _ ^ _ 

+ h +h y n +K , n = l, 2,3,4 , (7a) 

m=\ 

or equivalently 

4 

f^n ^nj+l ~ Yj ^~^nm ^m,j+l ^mj ^n,m ) ’ ^ ~ ^’4 J — 1,2, 3 , C^b) 

m=l 



with 

K ,1 =h m „,2 m „_3 ^y„, , n = 1,2,3, 4 , 



(7c) 



^mx ’ ^m2 ^my ’ ^mz ’ ^ — Ij 2,3, 4 . (2d) 

The discussion of how to evince from this formula, (7), the solution 
of the initial-value problem for the 4 -body model (5) is so closely analo- 
gous to that given above (in Sect 3.2.3, as well indeed as in other pre- 
ceding sections), that we forsake any additional elaboration here, except 
to note that, while (4b) are 9 scalar equations and serve to determine 
firstly 9 constants of motion , see (4d), and then the time-evolution of 

9 quantities see (4c), now (7b) are 12 scalar equations, to evaluate 
firstly the 12 constants h„j , see (7d), and then the time evolution of the 12 
quantities see (7c). 



Exercise 3. 2. 3-3. Formulate and solve exercises analogous to Exercises 3. 2. 3-1 
and 3. 2.3-2, but for the solvable 4 -body model (5) (with or without (6)). Hint: see 
<CJX94>. 
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3.2.4 M -body problems in M -dimensional space, 

or M^-body problems in one-dimensional space 

Any N -body problem in S -dimensional space can also be interpreted as 
an iV^-body problem in y -dimensional space provided NS = NS , since 
both models refer to the time-evolution of the same number, NS = NS , of 
(scalar) quantities. However, by such a trick, one generally obtains N - 
body models in y -dimensional space whose physical interpretation is 
moot, and in particular which do not live up to the requirement we con- 
sider mandatory for any set of evolution equations to be interpretable as 
those characterizing an N -body problem in y -dimensional space, namely 
that they be expressible in terms of S -vectors so that their properly to be 
rotation-invariant in S -dimensional space be immediately apparent. 

Such a criterion has however no relevance for one-dimensional space 
iS = l), since such an environment has no room for rotations. In such a 
case one might, but one need not, consider as a requirement for “physical 
interpretability” that the Newtonian equations of motion be invariant un- 
der translations (x„ -» +X(,, w = 1,..., Xg = 0) . 

In Sect. 3.2.4 we outline how certain translation-invariant AT -body 
problems in one-dimensional space, with 

N--M^ , (1) 

can be obtained by (appropriately) reinterpreting certain M-body prob- 
lems in M -dimensional space. As we show below, these models are solv- 
able by purely algebraic operations. 

Our starting point is, in M -dimensional space, the set of M “linear” 
seeds 

s^(r)=x, s^(r) = y, (2a) 

We evidently need here a change of notation, which we perform by using 
for the M components of the M -vector f the notation 

f = (#p^2v..,^m) > (3a) 

which also entails, in connection with the M nodes (or particle coordi- 
nates) , the corresponding assignment 

r. = (Xj , Vj , Zj , ...) = • (3) 
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Hereafter the indices run jfrom 1 to M, and we focus on the evo- 
lutions of “particle coordinates in one-dimensional space” 

The second-order evolution equations of motion of our solvable N - 
body problem then read 

Mjk l/i = S { -^jyr ifk' [ Mj'k ifk + E ’ W 

with the elements of the (Mx M) -matrix H given by the simple rule 

• (4b) 

In the right hand side of (4a) denotes the (M x M) -matrix which is the 
inverse of H , and (S"^)^.^ indicates of course the y^-th element of this in- 
verse matrk. 

The corresponding first-order ODEs read 

M M 

f^jk^jk=-lL (n^k' ^j'k')+Yu » ( 5 ) 

fk'=\ l=\ 

where the quantities are N'^ constants of motion. 



Let us show directly that (4) follows from (5). Indeed time-differentiation of (5) 



yields 

M _ M _ 

f^jk'ijk=~^ iiMv ^fk')^^ (.iji^ki) • ( 6 ) 

/*'=! fcl 

On the other hand (5) can be written, in M -vector notation, 

k = l,2,...,M , (7a) 

by using (4b) and by introducing the M -vectors 

, k = l,2,...,M , (7b) 

=(Pik’P 2 k’-’Pm) ’ k = l,2,...,M , (7c) 
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M 

P Jk ~ Pjk^ jk r jlgV ^ j'k ' ) ’ 

as well, of course, as the (M x M) -matrix (4b). Hence 









(7d) 



(8a) 



or equivalently (see (7b), (7c) and (7d)) 

= £ I/A + E (7/rr #/r)](S"')^/} . (8b) 

/=1 fk"=l 

hisertion of this expression of in (5) yields (4), whose consistency with (5) is 

thereby proven. {Advise to the diligent reader: do the detailed calculation, and beware 
of the different role the index k plays in the right hand sides of (7b) and (7c)). 

Let us emphasize that in (5), as well as in (4), the iV = quantities , as well 

as the quantities 77 ^^.,^, , are arbitrary constants. The N - quantities 

in (5) are also constant but their role is quite different, and indeed they do not appear 
in the equations of motion (4). They must rather be considered as N = functions 
of the N = “particle coordinates” =^;a( 0 and velocities =^j,^{t), as in- 

deed given explicitly by (8); N fimctions which remain constant over time (“con- 
stants of motion”) when the {t) evolve according to the equations of motion (4). 



As usual, the initial-value problem for the Newtonian evolution equa- 
tions (4) can be solved by focussing instead on (5). Fbstly one evaluates 
the N = M^ constants of motion from (5) at r = 0 , in terms of the initial 
data, ^^^(0) and |^^(0) : this requires the solution of M disjoint systems of 

M linear algebraic equations in M variables. Next, one integrates the 
system of linear ODEs with constant coefficients (5) to get the N = M^ 
coordinates . This is also an algebraic task, and it entails, in the gen- 
eral case, diagonalizing an (iV x iV) -matrix, unless there holds the con- 
straint 

P jig'l ~ ^ if P Jkl ’ (^) 

in which case it reduces to M disjoint systems, each entailing the di- 
agonalization of an (M x M) -matrix. 
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The Newtonian equations of motion (4) are not translation-invariant, 
but they are clearly invariant under rescaling c = 0). 

Hence via the following position, 

#yH0 = exp[ X^.,(0 ] , (10) 



one obtains for the “new particle coordinates” Xy^(0 a system of Newto- 
nian equations of motion which are translation-invariant. It reads: 

M 

^jk = -t^jk 4 + Z {-^m' ^fk' exp(x^.,^. -X .,) 

J\k'=\ 



+ x^,-[//^..,x^.,^exp(x^^,+x^.,^-x.J+£ 7,wexp(x^^,+x,,.-x^J }, 

(lla) 

(I)ji=«p(xji) . (11b) 



Exercise 3. 2. 4-1. Verify that the equations of motion (11) are translation- 
invariant. 

Exercise 3. 2.4-2. Prove that tiie equations of motion (11) are solved by the for- 
mula 



^/H0 = log 



Z c,feexp(A„0 



L«=i 



(12a) 



and obtain the formulas that determine the N = M^ constants A and the = M‘^ 

n 

constants Cj,^ . Hint: see (10) and (5). 

Exercise 3. 2.4-3. Show that, if (9) holds, (10) can be replaced by the simpler for- 
mula 



^;lt(0=lOg 



z 



CyMeXp(;i ^0 , 



(12b) 



which contains only M constants and constants . 

Exercise 3.2.4-4. Correct the misprints that mar the presentation of these results 
in <CIX94>. Hint: focus on the equations of motion, rather than their solutions. 
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Exercise 3. 2.4-5. Write explicitly the equations of motion (4) and (11) in the spe- 
cial cases M = p , and compare your findings with appropriate equations of Sect 

3.1. p , for p -2,3 . Hint: compute exphcitly and . 

Exercise 3. 2. 4-6. Discuss the behavior of the N -body system (11), with particu- 
lar attention to the presence of : (i) singularities; (ii) confined (multiply or completely 
periodic) solutions. If neither (i) nor (ii) apply, discuss the behavior of the system as 
i ->■ ± 00 . Perform the analysis more completely in the cases M = 2 and M = 3 , if 
need be with (9). 

Exercise 3. 2.4-7. Modify the equations of motion (1 1) so that they feature lots of 
(perhaps only?) periodic solutions. Hint: see Exercise 3.2-3 (and do not hesitate to go 
complex if need be). 



3.3 First-order evolution equations and partially solvable 
N -body problems with velocity-independent forces 

In Sect. 3.2 we described a general technique to manufacture exactly 
treatable A^-body problems characterized by Newtonian equations of 
motion, see (3.2-19). Examples of such models were then discussed in 
Sects. 3.2.1, 3.2.2 respectively 3.2.3 in 1-, 2 - respectively 3 -dimensional 
space, and in Sect. 3.2.4 again in 1 -dimensional space. For some of these 
models the initial-value problem is solvable via (a sequence of) purely 
algebraic operations; for others the “exact treatment” available amounts 
merely to the possibility of reducing the original Newtonian second-order 
evolution equations to an equivalent set of first-order ODEs (“equivalent” 
means in this context that the solution of the initial-value problem for the 
original, second-order, Newtonian equations can as well be achieved by 
solving the “equivalent” set of first-order ODEs). All these N -body 
problems feature Newtonian equations of motions with velocity- 
dependent forces; and in all cases we considered problems with unre- 
stricted initial data. 

In Sect. 3.3 we tersely describe a modification of the approach of 
Sect. 3.2 that yields Newtonian equations of motion featuring velocity- 
independent forces. However, these N -body problems are only partially 
solvable, namely they are solvable only for a restricted set of initial data: 
generally the initial positions can be assigned arbitrarily, while the initial 
velocities are determined by the initial positions (in order for the solution 
technique to be applicable). Moreover, these models generally feature 
many-body forces. 
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The main idea to manufacture such models is fairly trivial: one con- 
siders to begin with solvable evolution equations of first-order, and then 
obtains from these, by time-differentiation, second-order equations of 
Newtonian type. 



This trick has already been used in preceding sections. The diligent reader is ad- 
vised to retrieve and review these previous developments before proceeding further. 



In this Section we outline a treatment of this approach in the general 
context of multidimensional ambient space. We confine however our 
presentation to such an outline, and to one, fairly trivial, one-dimensional 
example: the alert reader will have no difficulty in inventing and treating 
additional examples. 

We take as starting point of our treatment the equations that obtain by 
setting /7 „[f] identically to zero, /7 „|f]= 0, in (3.2-15) and (3.2-19). Then 

the latter, (3.2-19), yield the evolution equations 

f-F = T-f (la) 

or equivalently, componentwise, 

NS NS 

E Z ^nmjk = E E ^nmjk 7 m,k » (1^) 

m=\ k=\ m=\ k=\ 



where 

N 

^nmjk = 5 r„j / d /ij D^,k • ( 2 ) 

^=1 

Let US recall that here r = f(L) can be chosen arbitrarily, while D = D(f) 
is determined by the choice of the N seeds s^{r), see Sect. 3.1 and its 
subsections. As for A, we limit hereafter our consideration to the simple 
case (3.2-25), so that (1) in fact read 






(3a) 



or equivalently 
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(3b) 



N S 

^nm,Jk^m,k ~ n,J 5 

m=l k=\ 

with a an arbitrary scalar constant. 

The corresponding expression of (3.2-15), 

7„(0 = f„fe(0] , (4) 

then yields 

eXp(aOE • (5) 

m=l 

At / = 0 this (nondifferential) system of A 5 -vector equations determines 
the N constant 5 -vectors for t>0, it determines the N 5 -vectors 
F„ (0 , which are the solutions of (3). 






Exercise 3.3-1. Prove (5). Hint: see (3.2-1,4,6,25) and (4), and note tiiat 
notational consistency would have suggested to write (0) in place of in (5), 
while we heeded instead the call for maximal notational simphcity, thereby introduc- 
ing in (5) the constant S -vectors . 



The evolution equations (3) can be conveniently rewritten in the fol- 
lowing form: 

f^ = aG-f , (6a) 

or equivalently 

^nm-Ym ( 6 ^) 

or, still equivalently, 

N N 

Ay E ^nmJkYmlc • (6c) 

m=l k=l 

Note that the equivalence of (6) to (3) defines G , which is clearly, in an 
appropriate sense, the inverse of f . Here of course both f and G (may) 
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depend on all the coordinates f„, f = f© and G = the dependence 
of f on £ is a matter of direct choice (as well as the choices of the di- 
mension S of the ambient space, and of the number N of particles); the 
dependence of G on £ is also a matter of choice, but less directly so as it 
emerges from the choice of the set of seeds s^(r), and also from the 
choice of £© , as entailed by (2), (3) and (6). 

We now time-differentiate (6): 

E }•£ , (7) 

m=l i=\ 

and then use (6) again, to eliminate . The resulting evolution equations 
read 






i,tni,m2=l 



Z-l I \ 



£,Wi,m2=l k,kifki=\ 






(8a) 

(8b) 



These are then our partially solvable Newtonian equations of motion 
(read again the statement after (6c)!). Their solutions are provided by the 
solutions of the (nondifferential!) equation (5), but only for the set of ini- 
tial data that satisfy (3) and (6) (at ? = 0 ; actually these solutions satisfy 
(3) and (6) for all time). 

Of course a necessary condition for this approach to work is that (3) 
be actually solvable for t, to yield (6). That this may fail to happen is 
illustrated by the example given below. 

Let us begin by considering the one-dimensional setting, in which 
case (5), (6) and (8) take the following, somewhat simpler, forms: 



exp(aO Y, K k (O] = Yn b(0] 

m=l 

N 



N 

E ■ 



b]pnm, (2E) Ym, Qe)] 



dXn 



Gem, & Tm, (i) 



( 9 ) 

(10) 

( 11 ) 
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where of course now the (N x N) -matrix G(^ is just the inverse (see (3) 
and (6)) of the {N x N) -matrix r(^ , 



= dr„(^ld -5^ 2 ( 12 ) 

(see (2)). 

Let us then limit our consideration to the simple case with 

Tn(^=rnM ^ ( 13 ) 

entailing that r(x) becomes diagonal, 

= > (14) 

^nm(^ Tm . (15) 

m=l 

Hence in this case 

Gnm(x) = » ( 1 ^) 

and the two evolution equation (10) respectively (1 1) read 

K^^lKM-Uni^YrnM , ( 12 ) 



respectively 

YnM {r'nM-KMYnixj \r'„{x„) 



-z 



Tm(xJ [r'm(xj-uj^ } , (18) 

OX^ 

m 



of course with «„(^ defined by (15). 



The derivation of these two equations is plain: (17) foEows from (10) and (16), 
while (18) foEows from (11), (10) and (16), or directly from (17) by ^ -differentiation 
and by using again (17). 

Note that, if 

Ynix)^f{x) (19a) 
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(note the independence of the right hand side from the index n), and if the function 
f{x) is representable as a linear superposition of the seeds (x) , then (15) entails 

( 2 ^ = )^r'nM , (19b) 

hence the diagonal matrix F vanishes, see (14), and the matrix G does not exist. 



Let us simplify still further the evolution equations (17) and (18), by 
positing 



rn(x)=Un^ 



( 20 ) 



Then (17) respectively (18) become 

x„ =ax„[l-v„(j0r 5 (21) 

respectively 



x„ =a"x„[l-v„(^]"'{l-2] x^[l-v^(x)]“'[av„(^/5x„]} 



( 22 ) 



with 






m=l 



(23) 



The solutions of these equations, (21) and (22), are then given by the 
roots x„ =x^(t) of the (uncoupled I) equations 



N 

exp(fl0 Y, K M = Vn 

m=l 



(24) 



Note that the evolution equations (22), as indeed, more generally, the 
evolution equations (8), (11) and (18), can be interpreted as the (Newto- 
nian !) equations of motion of an iV-body problem with velocity- 
independent forces. 
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Note that, if the constants rj^ were all equal, 



, (25a) 

then (20) would correspond to (19a) with 

f(x) = 7ix . (25b) 

Exercise 3.3-2. (i) Verify that, for the choice of seeds (3.1.2.1-18), the 3 equa- 
tions (22), (21), respectively (24) yield 

= («/2)' 7J„ (jj, -T]^y^ (x„ /xlJixl -xI,)[3tj„ xl -{?]„ +2 t]„^^)xI, ] , (26a) 

x„ = -ial2)7]„ (7i -rhT' Ix^ixf -xl) , (26b) 

respectively 

[xn(t)Y= ill -7i)[^i(0) (0) ] " ■ 



• k[^f(0)-^2 (0) ] exp(-a0 + [??2 4(0)-7 i 4 (0) ] } '» (2^c) 

where of course « = 1,2 mod(2) and ?7 = 772 /t/i is an arbitrary constant note 

that in all these 3 equations rj^ and only enter via this ratio), (ii) Verify that (26a) 
follows from (26b) by ^ -differentiation, (in) Verify that (26c) satisfies (26b) and 
(26a). (iv) Verify that, by setting xl (0 = J„(05 th® 3 equations (26) take the fol- 
lowing, simpler, form: 

yn=a^ln ill -llY^ iVn / JD ~yn^l)['^ln ~ill +^ 2 ) » (27a) 

y„ = -ain ill -iiT' iyn !yn^i)iyi -yi) . (27b) 

ynit) = iii-ii)yii^)yii^)i{ inl 7 i( 0 )- 3^2(0) ]exp(-a 0 +[ 72 1^2(0)- 7/1 Ji( 0 ) ] }• 

(27c) 

(v) Solve (27b) with « = 1 for y^it), insert the expression of y^it) so obtained in 
(27b) with n = 2, and obtain thereby the following single second-order ODE for 
7i(0: 

y=-ayi+2yl!yi . (28) 

Note that there is now no restriction on the initial data, namely, for this evolution 
equation, one can assign arbitrarily both ^^(O) and ji(0) (the latter assignment cor- 
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responds to assigning >” 2 ( 0 )). Also note that (28) does not contain the constants rj^ 
and t ]2 j and that (of course !) the same equation, (28), can be derived for y.Jf) (from 
the 2 equations (27b)). (vi) Set 

y,{t) = Vz{t) , (29a) 

and obtain thereby, from (28), the following (linear!) equation for z{t ) : 
z = -a z . (29b) 

Verify, via (29a), the consistency of this equation with (27c). 



3.N Notes to Chapter 3 

The main idea mderpinning the results presented in Chap. 3 was intro- 
duced in <C93a>; it is unlikely that the generalization of standard (one- 
dimensional, polynomial) Lagrangian interpolation presented in this pa- 
per, <C93a>, is entirely new, but its apphcation to manufacture many- 
body problems amenable to exact treatments, as described in Sect 3.2, is, 
to the best of my knowledge, new, as well, perhaps, as its exploitation to 
obtain identities, such as, for instance, (3. 1.2. 1-5 1^ (A-62), (A-70). 

Most of the many-body models discussed in Sects. 3.2.1, 3.2.2, 3.2.3 
and 3.2.4 are gleaned from the following papers: <CJX93>, <CJX94>, 
<CJX95>, <C96a> (the last of these papers is the only one which fea- 
tures elliptic ftinctions). The diligent reader will find in these papers more 
material than has been reported in Chapter 3. On the other hand some 
findings reported in Chapter 3 are new, in particular the integrable many- 
body problems with only (or, at least, mainly) one- and two-body forces 
treated at the end of Sects. 3.2.1 and 3.2.2, see in particular the one- 
dimensional models (featuring elliptic fiinctions) (3.2.1-44) and (3.2.1- 
49) (actually the second is a special case of the first) as well as the two- 
dimensional model (3.2.2-33) (actually also the solvable many-body 
model in the plane (3.2.2-16), featuring many-body forces, is new). Also 
new is the material of Sect. 3.3. 
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4 SOLVABLE AND/OR INTEGRABLE MANY- 
BODY PROBLEMS IN THE PLANE, 
OBTAINED BY COMPLEXIFICATION 



The findings reported and outlined in Chap. 4 are all based on the idea to 
obtain two-dimensional models, i.e. models describing motions in the 
plane, firom one-dimensional models, i.e. fi:om models describing motions 
on the line, via a very simple trick: complexiflcation. How that works is 
explained in Sect. 4.1 The method is then illustrated by the discussion of 
a solvable model in Sect. 4.2 and its subsections, of some other solvable 
models in Sect. 4.3 and its subsections, and by a survey of solvable and/or 
integrable many-body problems in the plane obtainable by such an ap- 
proach in Sect. 4.4 and its subsections. In Sect. 4.5 we investigate a 
many-rotator problem in the plane, which is rather closely related to the 
solvable model treated in Sect. 4.2.5, that only features completely peri- 
odic motions. A remarkable novelty is the possibility to treat variants of 
this solvable model which are instead, presumably, nonintegrable, yet 
exhibit sets of completely periodic motions which correspond to sets of 
initial data having nonvanishing measure in phase space. The mechanism 
which underlies this phenomenology, as analyzed in Sect. 4.5, brings to 
light an interesting connection among analyticity properties in the time 
variable, and integrable features of these motions, as manifested by their 
complete periodicity. Finally, Sect. 4.6 provides an outlook on future de- 
velopments; the enterprising reader might like to browse through it im- 
mediately. 

Let us end these introductory words with a remark, which we con- 
sider sufficiently important to proffer it here and to repeat it in Sect. 4.6. 

An important message entailed by the approach introduced and de- 
veloped in Chap. 4 is, that it is in many cases worthwhile to investigate 
many-body problems amenable to exact treatments in the complex, rather 
than only in the real, domain. Indeed, as we will see, such an extension 
yields a much richer gamut of behaviors: for instance in any one- 
dimensional many-body problem with forces which are singular at zero 
separation, if the motion is constrained to the real axis, the ordering of 
the particles cannot change throughout the motion without the system 
going through a singularity, and moreover (as well as because of this), in 
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the case of unconfined motions, the scattering behavior is not too inter- 
esting. The collection of allowed behaviors, without the system hitting 
any singularity, is instead much richer if the particles are allowed to roam 
throughout the complex plane, rather than being forced to move only on 
the real axis; and the scattering phenomenology in the plane is clearly 
richer, more interesting, than on the line. 

However, physics deals with the real world, and many-body problems 
are meant to describe motions taking place here. The main observation on 
which the developments reported in Chap. 4 are based, is that one can, in 
certain, appropriate, cases, identify the complex plane with the physical 
(real) plane, so that not only motions in the complex plane become mo- 
tions in the physical plane, but the complexified one-dimensional many- 
body problem becomes a (two-dimensional) many-body problem in the 
physical (real) plane, whose (Newtonian) equations of motion are invari- 
ant under rotations (in the plane). Indeed, we consider this latter re- 
quirement — invariance of the Newtonian equations of motion under ro- 
tations — a sine qua non condition for interpreting an (appropriate) set of 
second-order ODEs as a many-body problem in multidimensional space. 



4.1 How to obtain by complexification rotation-invariant 
many-body models in the plane from certain 
many-body problems on the line 

Let us consider a one-dimensional V-body problem characterized by 
Newtonian equations of motion. 



Here of course =^„(0 is the coordinate of the «-th particle, and as usual, 

throughout Chap. 4, superimposed dots denote time-differentiations, and the particle 
indices range from 1 to # unless otherwise indicated. 

The N -body model (1) only features one- and two-body time-independent 
forces. These restrictions are introduced here merely for notational simplicity (and 
because such models are generally more interesting); the diligent reader vnU have no 
difficulty in extending the treatment to more general cases. 
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We now assume that the functions and depend analytically 
on their arguments. Then the equations of motion (1) also hold for com- 
plex values of the coordinates ; hence the one-dimensional problem (1) 
describing motions on the real line can be extended to a two-dimensional 
model describing motions which roam throughout the complex plane. 
Trivial as this extension might appear, it generally entails, as we already 
emphasized, a substantial qualitative enrichment of the permitted mo- 
tions. It is on the other hand clear that, if the original model, see (1), is 
solvable and/or integrable, the motion in the complex plane obtained by 
this complexification procedure, is generally as well solvable and/or inte- 
grable. 

By identifying the complex plane with the real physical plane (see 
below), one can identify in this manner solvable and/or integral two- 
dimensional models which, in our opinion, do qualify as genuine N -body 
problems in the plane iff the corresponding equations of motions are in- 
variant under rotations in the plane. How to identify or manufacture 
models that possess this property is described below, after an interlude 
devoted to notational material. 

Notation. The notation we employ for two-vectors has already been 
introduced above (see Sect. 3. 1.2.2), yet for the convenience of the reader 
we report here the main formulas, as well as some new ones - but with 
minimal commentary. 



r = (x,;i;,0) , k at = (-;;,x,0), k = (0,0,1) , (2a) 

fcA{kAr) = -r ; (2b) 

r=r(cos0, sin^,0) , (3a) 

kAr=r(-sm0,cos0,O) = r(cos(0+^/2),sm(0-i-7r/2),O) , (3b) 

x = rcosd, y = r smO , (4a) 

r^=x^+y^, tan(0) = y/x ; (4b) 

K ’/m ‘/n = ^ + A COS(^„ (5) 

r,„'hAr„ =-r„-kAr^ =k-r„Ar^ =-k-r^Ar„ =-s^„ 

= x„y^~ x^y„ = r„ sin(^„ -0J. (6) 
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Note that both the scalar product (5), and the pseudoscalar product 
(6), are invariant under rotations in the plane, 

=x cos^-j; sin^, j =x sin^+_y cos^, (7a) 

F->F = r (cos(^ + ^3), sin(^ + ^),0) . (7b) 

The above definitions entail the following identities (and many oth- 
ers!): 

^11 “ 3 3 (8) 

tm{6,-0^) = -s,^lc,^ ; (9) 

r,={c,^f^-s,^k^r^)l{rj- ; (10) 

(^1^2) = Cji C22 = (Cii) ■^(‘S'12) 3 ( 11 ) 

■^12 ^3 ~ ^23 —‘^13 ^2 3 (12a) 

^12 F3 = C23 ^ A i- - c,3^ A , (12b) 

■^12 *^23 ~ ^12 ^23 ~*^13 ^22 3 (12c) 

>?12 ^34 = Ci3 C24 -c,4 C23 = r, r, sin(^i -^2)sm(^3 - 6 ^) ; ( 13 ) 

Cj2 C34 + 5 j 2 ■^34 = Cj3 C24 + ^13 ^34 = ^1 h ^3 ^4 COS (^3 - 0 ^- 9 ^ + 0 ^) , (14a) 

^12 “^34 ^34“ ^13 -^24 ~'^13 ^24 ~~ ^ ^ ^ Sin(^j — ^2 ~^3 ■|■^4) • (14b) 

In the following we often use the convenient short-hand notation 

, (15a) 

entailing 

={r„J^=r^ +rl -2r„ -r^ =c„„ +c„„ -2c„„ . (15b) 
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The one-to-one correspondence, denoted hereafter by the convenient 
symbol =, among the physical plane spanned by the real 2-vector r , see 
(2a), and the complex plane spanned by the complex number 



z = x+iy , ( 16 ) 

is given by the following formulas: 

z = r, iz = kAf , (I'^a) 

z = rexp(/^), |z|^=r^, 0=aig(z) , ( 17 h) 

which clearly entail the following identities (and many others!): 

Zi /Z2 =(CJ2 =(r, f rj exp[?(^i -0^)] , ( 18 ) 

^1^2^ ^3 ~ (^ ^23 ^2 ^13 ^3^X2)^ ^3) J 

Zj Zj /(Z3 Z4) =[Ci3 C24 — ■^24 ""^^13 *^24 ■*■‘^13 ^ 24)]/(^3 ^4) J ( 20 a) 



Zj Z2 /(^3 24) =[rj / (rj r 4 )] [cos {6^ +6^ ~^3 ~0J + ism(6^ +0^ -0^ ~0 a)\ • (20b) 



Note the mixed notation used here, in particular the fact that (19) features the 
“correspondence” symbol, = , while (18) and (20) feature the standard “equality” 
symbol, =. 

Exercise 4.1-1. Write analogous formulas for z^z^z^ 

Zj Z2 Z3 /(Z4 Zj Zg) . 



It is now obvious that, if the (complexified) equations of motion ( 1 ) 
are invariant under the rescaling transformation z„ ->z„ =cz„, with c an 
arbitrary (complex) constant (c = 0) , then the real 2 -vector equations of 
motion in the plane, obtained firom (1) via the correspondence introduced 
above among real 2 -vectors f and complex numbers z , are invariant 
under rotations in the plane., since for c - exp(z», with <p a real arbitrary 
“angle”, the rescaling transformation 



=2T„eXp(z», 



( 21 ) 



corresponds to the rotation (7) in the plane. Hence a general prescription 
to obtain, via the complexification technique described above, a rotation- 
invariant N -body problem in the plane, is to start from a scale-invariant 
model on the line. Several such models, amenable to exact treatments, 
have been obtained in the preceding chapters; some of the two- 
dimensional models that obtain from them are listed in Sects. 4.3 and 4.4. 

There are moreover one-dimensional models whose equations of mo- 
tion are not invariant under rescaling of the particle coordinates, but be- 
come invariant under rescaling after an appropriate change of (dependent) 
variables. Suppose for instance that the equations of motion (1), which 
via a convenient notational change we now write as follows, 

N 

K =Z frm («„ » (22) 



are invariant under translations (m„ Mo =0; (22) is written so 

that this invariance property is immediately apparent; this equation is of 
course a less general evolution equation than (1), but good enough to il- 
lustrate the point we wish to make). It is then evident that via the change 
of dependent variables 

=log(z„), =exp(«„) , (23a) 

which of course entails 

, (23b) 

one obtains new equations of motion for the new “particle coordinates” 
which are scaling-invariant'. 

N 

'^n =^l E A^N(^« '^m] • (24) 



The invariance of (24) under rescaling (z„ -> = cz„, c = 0) is apparent; it cor- 

responds of course to the translation-invariance of (22), since clearly translation of 
the coordinates , corresponds, via (23a), to rescaling of th.Q coordi- 

nates z„ , z„ -4- c z„ , with c = exp (mq ) . 
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Hence it is clearly possible to obtain via this trick, from any one- 
dimensional K -body problem that features Newtonian equations of mo- 
tion which are analytic and translation-invariant, a two-dimensional N - 
body problem that features rotation-invariant Newtonian equations of 
motion, and therefore qualifies as a bona fide N -body problem in the 
plane. Note however that this latter model generally turns out not to be 
invariant under translations. Examples will be given in Sects. 4.3 and 
4.4. 

We have now seen how rotation-invariant N -body problems in the 
plane can be obtained, by (appropriate) complexification, from one- 
dimensional N -body problems featuring Newtonian equations of motion 
which are analytic and either scaling-invariant or translation-invariant. 
Of course, if the original one-dimensional N -body problem is solvable 
and/or integrable, the N -body problems in the plane obtained in this 
manner are as well solvable and/or integrable', a survey of such examples 
is provided in Sect. 4.4. But let us also mention that there is a way to ob- 
tain, essentially from any one-dimensional many-body problem that fea- 
tures Newtonian equations of motion which depend analytically on the 
particle coordinates and their velocities, a corresponding many-body 
problem in the plane whose Newtonian equations of motion are rotation- 
invariant', although the method to achieve this goal is deemed by us too 
artificial to warrant fiirther elaboration beyond the description we now 
provide. 

The trick is to set, instead of (16), 

z^pQ-r+ik-rQ Ar , (25a) 



namely, for the particle coordinates, 

^n=^o’^n+^h-rf^Ar„, « = l,2,...,iV , (25b) 

with pQ the unit 2 -vector in the director of Fq , 

P^=rjr^ , (26) 

and to then supplement the Newtonian equations of motion for 
(/), n = l,2,...,iy , obtained via this position, (25), from those (complexi- 
fied) for z„{t), see for instance (1), with the additional rotation-invariant 
(and trivial ! ) equation 

Fo=0. (27) 
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In Sect 4.1, as indeed often in this book, we have focussed on many- 
body problems characterized by equations of motion of Newtonian type, 
and we have discussed the complexification issue on the basis of its im- 
pact on these equations of motion. Let us end Sect 4.1 by discussing the 
question of complexification in the context of many-body problems sus- 
ceptible to a Hamiltonian, or Lagragian, formulation, hi particular we 
now show how any one-dimensional N -body problem which can be for- 
mulated in Hamiltonian, or Lagrangian, form, with Hamiltonian and La- 
grangian fiinctions depending analytically on the particle variables (parti- 
cle coordinates and canonical momenta in the Hamiltonian case, particle 
coordinates and their time-derivatives in the Lagragian case), yields by 
complexification an #-body problem in the (physical, real) plane, whose 
2 -vector equations of motion can be formulated in Hamiltonian or La- 
gragian form (in fact, generally via two alternative but equivalent pre- 
scriptions). 

To this end, let us first make the following observation. Assume /(z) 
to be an analytic fimction of the complex variable z , 

z = x+isy , (28a) 

with 5 = +1 or 5 = -1 , so that 

d f{z)!dz = d f{z)l dx = -isd f{z)/dy . (28b) 

Then set 

f{z)^f{x^isy)=F{r)UF{¥) , (29) 

with F(r) and F(f) real fimctions of the real 2 -vector (see (2)) 



r=(x,y,0) (30) 

(note that, according to the notation introduced above, see (17), for 
s = l,z = r, while for ^ = -1, z* = F). It is then clear that (28b) and (29) 
entail (see (2a)) the 2 -vector relations 

{dldr)F{r) = s{kAdldr)F{r) , (31a) 

(dldf) F(r) -~s(k Adi dr) F(r) . (3 lb) 

Consider now a system characterized by the Hamiltonian equations of 
motion 
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z„=dh{^Qld(^„ , 



(32a) 



C„=-dh(^QIdz„ , (32b) 

where the Hamiltonian h{^Q is an analytic fimction of the N canonical 
coordinates z„ and of the N canonical momenta . We now set 

^n=^n+iyn’ P3a) 



namely 



and 

h{z,Q = H{r^p) + iH{r^^ . (34) 

Note that this formula, (34), defines 2 real fimctions, H{r,p) and 
of the IN real 2 -vectors 

r„={x„,y„,0) (35a) 

and 

P„=(#„.7.>0) • (35b) 

Then (32), via (3 1), yield 

=(a/5pJfT(F,p) , (36a) 

p„=-{dldf„)H d, p) , (36b) 

as well as 

F,=[tA(3/3ft) , (37a) 

^,=[kA(d/drj]H(l,p) . (37b) 
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The equations (36) are real Hamiltonian equations for the (real) 2- 
vector canonical coordinates and the corresponding (real) 2 -vector ca- 
nonical momenta p„, see (35). It is thereby seen that, under the sole as- 
sumption of analyticity, the one dimensional Hamiltonian equations (32) 
yield, by appropriate complexification (indeed, note the difference in sign 
among the 2 equations (33a)), real two-dimensional Hamiltonian equa- 
tions, see (36). 

The equations (37) are instead not Hamiltonian. But they take the 
standard Hamiltonian form via the following redefinition of the canonical 
coordinates and momenta: 

r„=rn^ Pn=k A \ H(F ,£) = H (r ,£) , (38) 

which indeed, see (2a,b), transform (37) into 

, (39a) 

k=-(d/dl)H(l,l) . (39b) 

It is thereby seen that the complex Hamiltonian system (32), with 
analytic Hamiltonian ftinction h(z,Q, yields two distinct real Hamilto- 
nian structures, see (36) and (39); and let us emphasize that these three 
Hamiltonian evolutions, (32), (36) and (39), are completely equivalent. 

Likewise, consider a system characterized by the (complex) Lagran- 
gian evolution equations 

{dfdt)[dl(^Q/dz„] = dl(z,^/dz^ , (40) 

with the Lagrangian ftinction ^(^|) depending analytically on all its IN 
arguments, z„ and n = l,2,...,A^, and set 



^(^z)=L(F,Q + zZ(r,£) , (41) 

with T(F,r) and I(F,r) real functions of the real 2 -vectors r„=z„, 
r„=z^. It is then easily seen that the two real 2 -vector Lagrangian evolu- 
tion equations 

{dfdt) [(d/drj L(r,F)] = (d/df„)L(r,F) , (42a) 
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(d/rfO[(3/3?.)£(£D]=(e/3?.)i&D , 



(42b) 



are both equivalent to (40). 

Let us finally recall, for completeness, that equivalence among the 
Hamiltonian and Lagrangian ‘"complex plane” evolutions, (32) and (40), 
is entailed by the relations 

= ^ (43a) 

«=1 

=^^(l.l)/5i„ . (43b) 



The corresponding relations in the “real plane” cases read: 



= i.Pn'rn)-L{tb 5 (44a) 

n=I 

p„ =(5/aFJ L(F,g ; (44b) 

= (k-p„AfJ-L(l,F) , (45a) 

n=l 

p„=[kA(d/dr„)]L(f^r) . (45b) 



Exercise 4.1-1. Let h{z^,^p,n = \,...,N) be a Hamiltonian function that depends 
analytically on the N canonical coordinates and on the N canonical momenta 
, but is otherwise quite arbitrary. Construct a corresponding Hamiltonian entailing 

motions in the real physical (two-dimensional) plane, characterized by rotation- 
invariant (Hamiltonian) equations of motion. Hint: see (25, 26), and note that the 
“equation of motion” (27) is produced by any Hamiltonian that depends on the ca- 
nonical coordinate r^ but not on the corresponding canonical momentum p ^ . 
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4.2 Example: a family of solvable many-body problems 
in the plane 

In Sect 4.2, which is conveniently broken down into a few subsections, 
see below, we discuss the (family of) solvable many-body problems in 
the plane that obtain by applying the technique of complexification de- 
scribed in the preceding Sect 4.1 to the subclass of many-body problems 
characterized by the Newtonian equations of motion (2.3. 3-2) which has 
the property to be scaling-invariant (see (2.3.4.2-34)). As explained be- 
low, the Newtonian equations of motion of this family of solvable many- 
body problems read as follows: 

={a+a' k a) + p' k/K)r^ 



+ Z ( 2 (f„ -rj] 

+ (2 + r ^a){ (f„+rj[r^ -(r„ •r^)]-F„ [f„ -(F„ +rj] + r^ [r„ <r„ +t)] } 

+ {p + p' ^a){ F„ [r^ -2{f„ -rj]+r^ } ) • (1) 

These equations of motion have been written using the short-hand nota- 
tion (4.1-15), they feature one- and two-body velocity- 

dependent forces, and they contain 8 arbitrary (real) “coupling constants” 
a,a’,p,p',X,X',ii,p! . Accordingly we refer to a “family” of solvable 
many-body problems, different members of this family being character- 
ized by different choices for these coupling constants: for instance the 
“simplesf ’ member of the family (see Sect. 4.2.4) is characterized by the 
vanishing of all the coupling constants. Depending on such choices, the 
many-body problems feature different behaviors, and these are surveyed 
in the following subsections. 

Let us re-emphasize that, as it is evident from their structure, these 
Newtonian equations of motion in the plane are rotation-invariant, they 
are moreover translation-invariant iff p = p' = x = X' = p = p! = Q . 



Exercise 4.2-1. Rewrite (1) so that the s umm and in the right hand side 
is antisymmetric in the two indices n,m. Hint: use the identities 



F„ [ Y -2(F„ -4) ]+F„ =F„ -F„ r^+F„ , 



(2a) 

(2b) 
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where of course r„^ =r^-r^, see (4. 1-15). 

Exercise 4.2-2. Investigate the behavior entailed by (1) for the "cen- 
ter-of-mass" coordinate 

f = N~^Y, . (3) 

«=i 

Hint see the preceding Exercise 4.2-1. 



4.2.1 Origin of the model and technique of solution 

Let us consider the one-dimensional many-body problem characterized 
by the Newtonian equations of motion 

={a^ia')z„+{P + iJ3')z„ 



which features the 8 real coupling constants a,a',p,p',X,X',iJ.,ii'. Clearly 
this model is invariant under the rescaling transformation z„-^z^-cz^, 
with c an arbitrary constant (c = 0) . Hence, as explained in the preceding 
Sect. 4.1, via complexification and the correspondence (4.1-17) it gets 
transformed into a rotation-invariant N -body problem in the plane. It is a 
matter of trivial algebra to check, using if need be appropriate formulas 
from Sect. 4.1, that the corresponding model is precisely (4.2-1). Hence 
the technique of solution, and the behavior, of the many-body problem in 
the plane (4.2-1), coincide with the technique of solution, and the behav- 
ior, of (1) in the complex plane (identified, via (4.1-17), with the physical 
real plane). 

On the other hand we know that the equations of motion (1) are solv- 
able. The technique of solution has been described in Sect. 2.3, and in 
particular in Sect. 2.3. 4.2 (indeed (1) coincides, up to trivial notational 
changes, with the complexified version of (2.3.4.2-34)). Let us tersely 
review the relevant results here. 

The solution z^{t) of the equations of motion (1) are the zeros of a 
monic polynomial of degree in z , 
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(2a) 



iV 

n=l 

^(z,o=z"+|; , (2b) 

m=\ 

whose N coefficients evolve in time as follows: 

it) = exp[ t ] + exp[ t] , (3a) 

vf ={ a + ;i(A^-m) + i[a'+r(iV-m)]±A„ }/2 , (3b) 

= [a + A (iV - w) ] ^- [a ' +1 ' (^ - "«)] " + 2 w [2 + // (2 iV - m - 1)] 

+ i{ 2[a + A(iV-m)][a'+A^(iV-m)]+2m[2y^' + //'(2i\r_;„-l)] } . (3c) 

Note the completely explicit character of these expressions, whose valid- 
ity is only predicated upon the conditions 

A^9^0, m = l,...,AT . 



Exercise 4.2. 1-1. Prove (3), and obtain the formulas that replace (3) if the condi- 
tion (4) fails to hold for some value of m . Hint: see (2.3.4,2-37) and (2.3.4.2-36). 



The IN constants in the right-hand-side of (3a) are of course re- 
lated to the initial values of c^{t) and c^{t) by the formulas 

4*’=±[<;.(0)-vrc.(0)]/A, . (5) 

As for the initial values c^(0) and c„(0), they can be obtained, in 
terms of the original initial data, via the formulas 



n [^-^n(0)l » 

n=l 


(6a) 


N 


:„(0) n t“^m(0)] J 

m=\tm^n 


(6b) 
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which are implied by (2), see (2.3 .3-6,7), and which of course entail, see 
(2.3.3-9,10), 



= z.(0) . (7a) 

n=l 

t ^.(O)^.(O) . (7b) 

^3(0) = -l Z z,(0)z.(0)z,(0) , (7c) 

and so on, as well as 

c,(0)=-Z i.(0) . (8a) 

n=l 

^ 2 ( 0 )= Z i,(0)z„(0) , (8b) 

n,m=\;m^n 

■^ 3 ( 0 ) = -^ Z i,(0) z„(0) z,(0) , (8c) 



and so on. 

In conclusion we see that the motions yielded by the many-body 
problem in the plane (4.2-1) coincide, via the identification, see (4.1-17), 
of the physical plane with the complex plane, with the motions, as the 
time t evolves, of the N zeros of the monic polynomial (2b) in the com- 
plex plane. Note how natural it is to interpret (4.2-1) as a many-body 
problem in the plane, inasmuch as the natural environment to investigate 
the behavior of the zeros of a polynomial is the complex plane, rather 
than the real line. But also note that this choice is not merely suggested 
by mathematical consistency; it acquires a legitimacy of its own, and a 
sound physical interpretation, from the rotation-invariance of the equa- 
tions of motion in the plane (4.2-1). 

Finally, since the positions of the particles that move in the plane 

according to (4.2-1), or equivalently (4.2. 1-1), coincide with the zeros 
(0 in the complex plane of the monic polynomial of degree N (2b), let 
us end Sect. 4.2.1 by reporting a standard result on the location of the ze- 
ros of such a polynomial (see, for instance. Sect. 5.1 of <DM73>): 

Proposition 4.2. 1-2. All the zeros of the polynomial (2b) are located 
inside the annulus, centered in the origin in the complex z -plane, whose 
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inner respectively outer radii, r = r{t) respectively R = R{t), are given by 
the following expressions: 



r = l/(l + B/|c*|) , 



i?=l + C , 
with 

B = Max [l,|c„|] , 
C = Max [c„|] . 

«= 1,2 n'* '■* 



(9a) 

(10a) 

(9b) 

(10b) 



Note that in (9b) the index n ranges from 1 to iV-1, in (10b) from 1 to 

N. 



4.2.2 The generic model; behavior in the remote past and future 

The generic model is characterized by the equations of motion (4.2-1), 
with generic values of the 8 coupling constants a, 
namely values which do not satisfy any of the restrictions that character- 
ize the “less generic” models discussed below. In Sect. 4.2.2 we discuss 
the behavior of the solutions of this model, in particular in the remote past 
and future. 

Clearly the parameters that play a key role in deterniining the behav- 
ior at large, positive and negative, time of the polynomial see 

(4.2.1-2b), hence of its zeros z„(0, see (4.2.1-2a), are the exponents 
see (4.2.1-3), or rather their real parts. Hence we set 






(la) 



and we rewrite (4.2. 1-3) as follows: 

c.(0=ci"’^exp{ [ ]t }+ci"^exp{ [ ]t } . (lb) 

Here and areofcourserea/, and they are given, see (4.2. 1-3), by 
the following explicit expressions: 

pf =[a + XiN-m)±d^2^\l2 , (Ic) 
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r“=[a' + r(Af-m)±^l']/2 , (Id) 

where (see (4.2.1-3c)) 

, (le) 

of course again with iJ™ real indeed noimegative: 
Sf=[lal+blf'^±a,]n)''^>0 , (If) 

a^-^[a + X{N-m)Y-[a' + X\N-m)Y+lm\ip + fi{2N-m-l)\ , (Ig) 

=2{[a+X{N-m)][a'^-X\N-m)Ym\ip'^lx'{2N~m-\)]] . (Ih) 



Note that these expressions, (Ic-^-h), only depend on the parameters char- 
acterizing the model - namely, the number N of particles and the 8 cou- 
pling constants a, a', p, /?', X, X', n, /i' — they do not depend on the initial 
values of the particle positions and velocities, z„(0) and i„(0) , which only 
affect the values of the coefficients cY\ see (lb) and (4.2. 1-5-;- 8), and 
thereby characterize the particular trajectories in the complex z -plane of 
the N zeros z„(0, hence the particle trajectories, r^{t) = z^{t), of the N 
particles in the physical plane which correspond to specific initial data, 
= and t(0) = 4(0) (see (4.1-17)). 

Let us now consider the values of the 2N real numbers pY\ 
m=l,2,...,iV; since we are looking here at the generic case, we assume 
they are all different, and we call the largest of all of them and the 
corresponding value of m (of course \ <m^<N); likewise we call p_ the 
smallest of all of them, and m_ the corresponding value of m : 





(2a) 


= P_-,pY^>P_, m^m_ . 


(2b) 



Genericity entails 

, (3a) 

see (If); hence 
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(3b) 



Pm ^ Pm 3 

see (Ic). Hence (2) entails 

<p^, > p_, m=\2,...,N . 



(3c) 



The motion of the many-body problem in the remote past and fiiture 
is determined by the behavior in the complex plane of the zeros of the 
polynomial (4.2.1 -2b) with (1), as ? ^ Too . An analysis of this mathemati- 
cal problem is provided in Appendix G, whose findings we hereafter as- 
sume the reader to have mastered. 

The motion in the remote future is mainly determined by the value of 
p^, and of if is positive. Indeed if p^ is negative, 

< 0 , (4a) 

ds CO all N particles converge to the origin; and this happens for all 
initial conditions. If instead p^ is positive, 

>0 , (4b) 

then as generally particles escape to infinity, and N-m^ con- 
verge to the origin (except for the special initial conditions that cause 
to vanish). 

The behavior as ? -» -oo is analogous, with an obvious exchange of 
roles: if p_ is positive, 

/?_ > 0 , (5a) 

all particles tend to (or rather, in the remote past, came from) the origin 
(for arbitrary initial data); if instead p_ is negative, 

p_<0 , (5b) 

generally m_ particles tend to (or rather, in the remote past, came from) 
infinity, and N-m_ tend to (i.e., came from) the origin (except for the 
special initial conditions that cause to vanish). Hence in particular, if 

P_<o<p^ , ( 6 ) 



434 



then the generic solution of this generic model is characterized, in the re- 
mote past, by m_ particles incoming from large distance and N-m_ 
coming from the origin, and in the remote future, by particles outgo- 
ing towards infinity while N-m^ converge towards the origin. 



Exercise 4.2. 2-1. What happens for the special initial conditions that cause either 
, or , or both these quantities, to vanish? Hint: see Appendix G. 



Exercise 4.2.2-2. Verify that the many-body model (4.2. 1-1) pos- 
sesses the ring-like similarity solution 

Zn {t) = (pit) exp(2 TV in IN) , (7) 

and find (p{t). Hint insert the ansatz (7) in (4.2. 1-1), use the appropriate 
identities to check its consistency, and solve the resulting ODE satisfied 
by g)it). Solution', sqq Remark 4.2.3-14 below. 



4.2.3 Some special cases: models with a limit cycle, models 

with confined and periodic motions, Hamiltonian models, 
translation-invariant models, models featuring equilibrium 
and spiraling configurations, models featuring only 
completely periodic motions 

We now survey several solvable many-body problems in the plane be- 
longing to the class (4.2-1), but with some restrictions on the 8 coupling 
constants a,a' , p, p' , X, X' , n, n' which cause their solutions to ej^bit 
the gamut of behaviors indicated in the (long) title of Sect. 4.2.3. 

The first model we consider is the borderline case which falls be- 
tween the two instances (4.2.2-4a,b) considered above, namely the case in 
which the quantity see (4.2.2-2a), vanishes: 

/^.=0 . ( 1 ) 

Note that this entails a single (algebraic) constraint on the 8 coupling 
constants, and that we are otherwise assuming the system to be generic, in 
particular that one only of the N quantities attains the maximal value 
= 0 (see (4.2.2-2a) and (1)). It is then clear (see Appendix G) 
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that, in the remote ftiture {t ^ oo) , N-m^ particles tend to the origin, and 
approach (exponentially in time) the circular (limit-cycle) trajectories 

z„(0 = exp(2;rfw/mj(-c„ )'^'"^exp(rr^ m = . (2) 



Two comments about this formula are now in order. 

First of all let us re-emphasize that here (and below) we identify a (real) 2 -vector 
hi the plane with the complex number that corresponds to it via (4.1-17). Clearly, via 
this identification, (2) describes a circular ring of particles, equispaced on a circle, 

of constant radius | | , centered at the origin and rotating uniformly with angu- 

lar velocity I 

Secondly, the notation z^(f) emphasizes two points: (i) the “particle coordi- 
nates” z„(t) do not coincide with the quantities z^(0; (H) as t->-co, of the N 
“particle coordinates” z^{t) approach asymptotically (exponentially fast, see Appen- 
dix G) the quantities z^{t) , see (2), but to ascertain whether, say, z^{f) tends to 
the origin or to one of the quantities z^{t ) , and in such a case to which one, a more 

detailed analysis of the motion is required than that given here (indeed, tihe choice 
between these different outcomes depends nontrivially upon the initial data). 

This behavior of the system in the remote future emerges out of any initial data, 
except of course (see (2)) for the special set such that vanishes. 

Exercise 4,2. 3 -L What happens as i ^ oo if the initial data entail = 0 ? Hint: 
see Appendix G. 

Exercise 4.23-2. What happens in this case (see (1)) as t -> -co? Hint: see Sect. 

4.2.2. 



There clearly exist a plethora of other, not-completely-generic, mod- 
els; for instance it might happen that, for some value of m in the range 
U,...,w, there hold the equahty ^ in which case the formula 

(4.2.1-3a) would have to be modified. 

Exercise 4.2. 3-3. How? Hint: see (2.3.4.2-36,37) and (4.2. 1-3). 

We forsake the investigation of such possibilities, and proceed to 
analyze some other, more special, cases, to continue with the illustration 
of the phenomenology outlined in the title of Sect. 4.2.3. 

Let us consider next the subclass of models of type (4.2-1) with 

a = 0,x = 0, /3' = 0, ju' = 0 , (3a) 
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and moreover with the remaining 4 nonvanishing coupling constants 
a', X', J3, satisfying the following 3 inequalities: 



(a')^>2JV[2^+(i'?-l)//] , (3b) 

[a' + (iV-l)2f >4[>S + (iV-l)^] , (3c) 

(a'^NX'f>[^’(a' + NX') + 2|3 + (:2N-\)^lYl{X'^+2^^) . (3d) 

It is then clear that the equations of motion (4.2-1), for any initial condi- 
tion, yield confined motions, namely trajectories which remain confined, 
for all times, to a finite region of the plane. 



Proof. The above conclusion is clearly warranted by our treatment, see above, if 
all the (real) exponents vanish, so that the exponents , see (4.2. 1-3) and 
(4.2.2-1), are imaginary, hence the coefficients c^{f) of the polynomial (4.2.1-2b) 
remain limited, see (4.2.1-3a), for all time {including the limits t ±oo). But clearly 
this condition is entailed by (3), since the equahties (3a) imply that is propor- 
tional to , see (4.2.2-lc), and that , see (4.2.2-lh), vanishes for all values of 
m ; and the vanishing of clearly entails, see (4.2.2- Ifi, that , hence p^f ^ , also 
vanishes for ah the values of m such that a^ is negative (or zero). The 3 inequalities 
(3b,c,d) guarantee precisely that a^ is negative (or zero), a^<0, for all values of m 
in the range 1 < m < iV . (Verify!). 

As implied by this analysis, the inequalities (3b,c,d) are best-possible, namely 
they provide, together with (3a), sufficient and necessary conditions to guarantee that 
all the motions entailed by (4.2-1) remain confined for all time. 

Note, however, that this statement is not quite correct. 

Exercise 4.2. 3-4. Provide a counterexample. Hint: the condition a^<0 need not 
hold for all real values of m in the range \<m<N: it is enough that it hold for 
m = \,2,...,N . Moreover: what about the possibility that, for some value of m , the 
quantity a^ (see (4.2.2-lg)) vanish, entailing (together with the vanishing of b^ ) the 
vanishing of both and = 0 , hence the coincidence of and , 

(see (4.2.2-la,c,d))? 

Exercise 4.2.S-5. Does it make sense, in a physics, mathematics, or mathematical- 
physics context, to assert that a statement is not quite correcfl Discuss the matter with 
a colleague, taking turns at arguing one way or the other. 
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Clearly the simple requirements 

j3<Q,^<-r^H (4) 

are sufficient to guarantee validity of (3b,c,d)» hence they are sufficient (albeit not 
necessary), together with (3a), to also guarantee that all motions entailed by (4.2-1) 
remain confined for all time. 

Exercise 4.2.S-6. Try and suggest a more “physical”, if less “mathematically 
rigorous”, interpretation of this conclusion, than the proof given above on the basis of 
the exact solution technique. Hint look at the form tiie equations of motion (4.2-1) 
take for a particle that tries to escape to infinity. 



Let us next look at a subclass, of the many-body problems (4.2-1), 
which is certainly Hamiltonian. We already saw in Sect. 4.1 that any 
model in the plane obtained via the complexification trick fi:om a one- 
dimensional Hamiltonian model is itself amenable to a Hamiltonian for- 
mulation. We now remark that, in the context of the models we are now 
considering, see (4.2-i) and (4.2. 1-1), a condition sufficient to guarantee 
that the evolution equations (4.2. 1-1) satisfied by the N quantities z„(t) 

be Hamiltonian is that the corresponding evolution equations satisfied by 
the quantities c„ (r) be themselves Hamiltonian, since the relations link- 
ing the N “canonical coordinates” z^{t) to the N “canonical coordinates” 
(0 can certainly be embedded in a canonical transformation: indeed, a 
“point transformation”, which relates old and new canonical coordinates 
without involving the canonical momenta. But the evolution equations 
satisfied by the N quantities c^ (t) are indeed Hamiltonian if 

a = a'-X = X'-0 , (5) 

since they then read (see (2.3.4.2-36)) 

K = m\p + i ffi + i fi'){2N -rn-l)] c^ , ( 6 ) 

namely they are the (“Newtonian”) equations of motion yielded by the 
Hamiltonian 

^(^r) = ^Z {rM-»^l/ + ^/?'+^(A + ^>')(2iV-m-l)]c^ } . (7) 

^ m=l ^ 
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Proof. The Hamiltoniah equations yielded by (7) read 



c^=dhldr^=-r„ , (8a) 

f,„=-dhfdc^=m[^ + i^'+^(M + i^’)(2N-m-l)]c^ ; (8b) 

and time-differentiation of (8a) yields, via (8b), precisely (6). 

Exercise 4.2.3-7. What about the Hamiltonian H(z,Q that yields, when (5) 
holds, directly (4.2. 1-1) ? Hint: see <CF97>. 

Exercise 4.2.3~8. Prove that all the motions of the (Hamiltonian) N -body prob- 
lem (4.2-1) with (5) are completely periodic, with the same period T 
(or an integer multiple of it, no larger than N !), if there hold the following restrictions 
(additional to (5)) on the coupling constants: 

P' = p' = Q, ip + p{lN-l) = Q, //>0 . (9) 

Let us emphasize that the conditions (5) are sufficient, but not necessary, to imply 
that the system (4.2. 1-1) be Hamiltonian; indeed examples are given below (see, for 
instance. Sect. 4.2.5) which violate (5) yet are amenable to a Hamiltonian formulation. 



The next subclass of models of type (4.2-1) we single out for addi- 
tional consideration are characterized by the following translation- 
invariant equations of motion: 

r„ ={ct+a'kA)r„ 

^ r. . 

+ 2 2 C';-)" + irnM=rn-rrn) , (10) 

m=\,m^n 

which of course correspond to (4.2-1), hence as well to (4.2.1-1), with 

P = !3’ = 2. = X'=^p^p’ = Q. 



These equations of motion clearly imply that a particle is acted upon by a non- 
vanishing forces, and contributes by its presence to the force acting on other particles, 
only if it moves (with nonvanishing velocity; except possibly at the instant of a two- 
body collision, see (10)). Hence, in the context of the initial-value problem, only par- 
ticles whose initial velocities do not vanish need be taken into account; those whose 
initial velocities vanish can simply be ignored, since they will never move nor will 
they influence the motion of the other particles. 
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In tMs case, see (10), the solution of the initial-value problem is of 
course still given by (4.2. 1-2) (with (4.1-17)), but now with (4.2. 1-3) re- 
placed by 

(0 = c, (0) + (0) (a + i a') { exp [{a + i a') f]- 1 } . (11) 

The initial values c^(0) and c^(0) are still related to the initial particle 
positions f„(0) and to the initial particle velocities F„(0) by (4.2.1-6,7,8) 
(via (4.1-17)), and it is easily seen that these formulas, together with (1 1), 
yield the following compact prescription for the solution of (the initial- 
value problem for) (10): the complex coordinates z„{t) (related to the real 
2 -vector particle positions r„(t) by (4.1-17)) are thei\r roots of the fol- 
lowing equation in z : 

E (0) (0)1 = (a + i a') / { exp [(a + ia')t\-\] . (12) 

m=l 



Exercise 4.23-9. Prove this statement Hint: see (2.3.4.2-20). 



Let us now discuss the motion of the N particles, with coordinates 
F„(0 = z„(0 , as entailed by this finding. But before doing this, let us note 
that the equations of motion (10) entail, for the center-of-mass coordinate, 

= , (13a) 

W=1 

or equivalently, via f{t) = z{t) , for the complex coordinate z{t ) , 

z(t) = N-'f^z,(t) , (13b) 

n=\ 

the evolution equation 

f{t) ={a-\-a' k/s) ¥{t) , (14a) 

or equivalently, 

z(t) = (a + ia')z{t) , (14b) 
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entailing 

z{t) = z(0) + z(0 ) {a + ia'Y^{ exp ^a + ia')t\-\} . 



(15) 



The evolution of z{t) , see (15), all but coincides with the evolution of the quan- 
tities (f) , which in the case under present consideration all evolve in the same way, 
see (11). This coincidence is not surprising: compare (2.3.1-2a) with (13b). 



Clearly the main element determining the qualitative character of the 
motion is the value of the coupling constant a, and in particular its sign: 
see (12). 

Let us consider firstly the case of positive a , 

a>0 . (16) 

Then, as one of the particles escapes to infinity, and N -I do not, 

approaching asymptotically, up to corrections of order exp {-at), N-l 
fixed positions, whose configuration depends on the initial conditions: 
they are the N-l zeros of the fimction of z appearing in the left hand 
side of (12) (which, up to a common factor, is indeed a polynomial in z 
of degree N-l). As for the particle that escapes to infinity, its coordinate, 
say fj{t) = Zj{t), coincides asymptotically, up to finite corrections, with 

that of the center-of-mass multiplied by iV , see (15): 

Zj {t) = Nz(t){l + 0[ exp {-a O]} , (17a) 

Zj{t) = N(a + ia')~^z (0) Gxp[{a + ia')t]+0(l) . (17b) 

Note that we have attached the label j to the particle that escapes to in- 
finity; which one of the N particles does so depends nontrivially on the 
initial conditions. It is clear, see (17b), what the character of the asymp- 
totic motion of this particle is. 



The outcome we just described obtains for a generic set of initial data. There are, 
however, special initial data that entail other, different, outcomes. Indeed a necessary 
and sufficient condition to yield the asymptotic outcome we just described is the re- 
quirement that the center-of-mass of the system not be initially (hence, throughtout 
the motion: see (15)) at rest. 
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(18a) 



I i,(0)#0 . 

«=1 

or equivalently (see (2.3.3-9a) and (13b)), and more significantly (see below), that the 
initial value, Ci(0), of the time-derivative of the coefficient (see (4.2.1-2b)) not 
vanish. 

Cl (0)^0 . (18b) 

Exercise 4.2.3-10. Prove this statement. Hint: consider (12) for large t and large 
z and remember (2.3.3-9a), 

If instead (18) does not hold, indeed if, for some positive integer M<N , 

4(0) = 0, c^(0)^0 , (19) 

then, as f -> oo , N-M particles remain confined and M escape to infinity. Specifi- 
cally, the iV - M particles that remain confined tend asymptotically, as ? oo , to the 
N-M zeros of the polynomial in z , 

I ; c „( 0 ) z *-"=0 , ( 20 ) 



while those which escape to infinity are characterized by the asymptotic formulas 
z^.(0 = Zy(0 + o(l) , (21a) 

z^.(0 = exp(2;rz77M) [-c^(0)|^^exp[(a + ia')^/M], j = . (21b) 



Exercise 4.2.3-11. Prove these statements, see (20) and (21). Hint: as for the pre- 
ceding Exercise 4.2.3-10, or see Appendix G. 



This concludes our analysis of the behavior of the system (10), with 
a positive, see (16), as r^oo. As for the behavior in the remote past 
(r->-Qo), clearly in this case all particles approach asymptotically the 
configuration corresponding via (4.1-17) to the N (complex, finite) roots 
of the polynomial equation in z 

z " + 2 ; c „(^) z "-«=0 ( 22 ) 

m=l 

with (see (11) and (16)) 
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Cmi-^)=c^{Q)-c^{Qi)l{a + ia') . 



(23) 



Let us summarize our findings re: the qualitative behavior in the re- 
mote past and fiiture of the translation-invariant system (10) with (16). 

In the remote past, the N particles are almost at rest at some positions 
(which could of course be arbitrarily assigned); it is of course essential 
that none of them be completely at rest (in which case, they would remain 
so throughout time and they could simply be ignored). Then the particles 
begin to move, and A'^-l of them always remain in a finite region of the 
plane, approaching asymptotically, in the remote future, fixed positions; 
while one of them shoots eventually off to infinity, aroimd a straight di- 
rection if a' = 0 or a spiraling one if a' ^0. This outcome is the generic 
one; in special cases (corresponding to special initial, at ? = 0 , or asymp- 
totic, as t^-ao, conditions), only N-M (with 2<M<N) particles al- 
ways remain in a finite region of the plane, approaching asymptotically, 
as t^co, a. configuration determined by the initial data, while M shoot 
eventually off to infinity along outgoing stellar straight (if = 0) or spi- 
raling (if a' ^0) lines. 

This ends our discussion of the case with a positive, see (16). The 
opposite case, with negative a, a<0, need not be discussed, since the 
analysis is essentially identical to that just given (for the a>0 case), ex- 
cept for an exchange of the behaviors as t^+oo with that as and 

viceversa. 

Let us finally consider the case in which a vanishes. 



a = Q (24) 

(with a'^0; the case a = a' = 0 is treated in the following Sect. 4.2.4; the 
case with a = 0, a' ^0 we consider now will be treated in more detail in 
Sect. 4.2.5). 

In this case the right hand side of (12) is periodic in t, with period 

T = 27u/a' . (25) 

Hence the roots of this equation are also periodic, with the same period. 
One therefore concludes that in this case, see (24), all solutions of the 
system (10) are completely periodic, with (at most) the (same) period 
T' =T-N\ (the factor N\ accounts for the possibility that the correspon- 
dence between individual particles and roots of (12) get permuted through 
the motion). 

Let us now return to the general model (4.2-1), to investigate the 
cases when there exist nontrivial equilibrium configurations, namely 
time-independent solutions of (4.2-1), 
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nr(0 = ^„. ^„(0 = 0, n = l,...,N , (26a) 

or equivalently (see (4.2.1-1)), 

z^(t)=z„, i„(0 = 0, n = l,...,N . (26b) 



Hereafter we exclude from consideration the unphysical solution 
z„(0 = 0, n = \,...,N , (27a) 

corresponding, see (4.2. 1-2,3), to 

c^(r)=0, m = \,...,N . (27b) 



It is clear (see (4.2. 1-2,3)) that a necessary and sufficient condition 
for the existence of such nontrivial equilibrium solutions is that, for some 
value m = M (with M a positive integer not exceeding N ; but we shall 
find below that only M = N or M = N-l are actually acceptable possi- 
bilities), either or vanish: 

V? =0 or =0 . (28) 




Indeed insertion of (29) in (4.2.1-3c) yields 

={a+X{N-M)+i[a'+X'{N-M)]Y , (30) 

and this, via (4.2.1-3b), entails (28). 

Note that the conditions (29) only constrain the 4 coupling constants 
P, P' , fi, fi' \ indeed the other 4 coupling constants, a, a', 2, X' , play no role at 
equilibrium, since the corresponding forces vanish when the particles are at rest, see 
(4.2-1). 





Let us then assume that the 2 conditions (29) hold, for some positive 
integer value of M not exceeding N . Then clearly the equilibrium con- 
figuration is characterized by the condition that all the coefficients c^{t) 
with m^M vanish, 

c^{t) = Q, m = , m^M (31) 

(corresponding to for m^M, see (4.2.1-3a)). Hence the 

equilibrium configuration, see (26b), is identified by the condition (see 
(4.2.1-2b)) 

n (z-z.) = z'' + c„z''-"=z''-"(z«+c„) , (32) 

n=l 

where is an arbitrary complex constant. 



Clearly, if vanishes, see (28), the equilibrium configuration (corresponding 
to a nonvanishing time-independent ) obtains for vanishing and nonvanishing 
, see (4.2.1-3a): 



,(+) —i 



0 = 0 

likewise, if vanishes. 



W 



V*- ^ = 0 = 0 C[? = Cjr . 

m 5 5 M • 



(33a) 



(33b) 



For M = AT (32) has (up to permutations) the N distinct roots 

z„ =ex.p(27Tinl N) , n = l,...,N ; (34) 

for M = iV^-1 , (32) has (again, up to permutations) the N distinct roots 

=exp[2;rm/(iV-l)](-c^_i)^^^^“^^ , n = l,...,N-l; 2^=0, (35) 

while for M<N-2 (32) has at least two vanishing roots, yielding there- 
fore a solution, with two or more particles sitting at the origin, that we 
rule out as “unphysical”, see (4.2-1). 
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We see, in conclusion, that the many-body problem (4.2-1) admits a 
nontrivial equilibrium configuration only in two cases. If the 4 coupling 
constants p,p', fi, [j! satisfy the 2 constraints (see (29), with M=N) 

{N-l)fi+2p = {N-l)fi'+ip’ = Q , (36) 

then the system admits the equilibrium configuration (34): the N parti- 
cles sit equispaced on a circle, of arbitrary radius, centered at the origin. 
If instead the 4 coupling constants p, p', ji, satisfy the 2 constraints 
(see (29), with 



Nfi+2p^Nfi'+ip' = 0 , (37) 

then the system admits the equilibrium configuration (35): one particle 
sits at the origin, and N-\ sit equispaced on a circle, of arbitrary radius, 
centered at the origin. Of course, in each case, there exist N ! such con- 
figurations, corresponding to all possible permutations of the N particles 
on their equilibrium positions. 



Exercise 4.2.3-12. Check directly that, at such configurations, the forces in the 
right hand side of (4.2-1) do balance off. Hint: use (4.2. 1-1) (rather than (4.2-1)), and 
use the appropriate trigonometric identity. 

Exercise 4.2.3-13. Investigate, by the standard approach, the behaviors of these 
systems around their equilibrium configurations and, by comparison witii their exact 
behaviors, discover some “remarkable matrices”. Hint: see the treatment that led to 
(2.1.3.3-46). 



These equilibrium configurations cannot be completely stable, due to 
the invariance of the equations of motion under rotations and dilations 
(rescalings). Indeed it is clear that the equilibrium configurations (34) re- 
spectively (35) are special cases of the following circularly symmetrical 
solutions of the equations of motion (4.2. 1-1): 

= . (38a) 



with z„ given by (34) respectively (35) and 

Cuit) = Cm(0) +c„(0) V"' [exp (v^ t)-l] , (38b) 
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v^=a + l{N-M)^i[a' + X’{N-M)\ , 



(38c) 



with M = N respectively M = N -I . And of course an additional element 
of instability of the equilibrium configuration (34) and (35), and as well, 
more generally, of the spiraling configuration (38), arises from the possi- 
bility that a perturbation excite other “nonlinear modes”, namely that it 
induce other coefficients c„(0, with m^M, to become different from 
zero. Whether such perturbations would grow or decay depends of course 
on the sign of the corresponding real exponents , see (4.2.2- 1). 

Remark 4.2.3-14. Clearly these circularly symmetrical configurations 
of type (38a) are featured even by the most general system (4.2-1), with- 
out any restriction on the 8 coupling constants: in such a case, of course, 
the quantity c^(0 would be given by (4.2. 1-3) (rather than by (38b,c)). 



Exercise 4.2.3-15. Consider the system (4.2.1-1), with the following circularly 
symmetrical initial conditions: 

^«(0) = ^«(0) = 0 ’ n = l,...,p ; (39a) 

(0) = Xj (0) exp{2;r j [n-p-(j- 1) q]/q} , 

(0) = Xj (0) exp{27ri[n-p-(j-l)q]/q} , 

n = p+l + (j-l)q,p + 2 + {j-l)q,...,p + jq;j=l,2,...,k , (39b) 

where Xy(0) and Xy(0) are arbitrary real numbers and p,q,k are arbitrary positive 
integers {N = p^-qk;p could also vanish, and it should be restricted to be less than 
2 to avoid the “unphysical” piling up of particles at the origin, although this is hardly 
relevant, since the particles there will not move), (i) Draw this initial configuration in 
the plane, to make sure you have understood its layout, (ii) Clearly, for reasons of 
symmetry, this configuration is preserved throughout the motion, hence the solution 
will read 

z„{t)=Xj{t) Qxp{27i:i[n-p-{j-\)q] }, n = p+\ + (J -\)q,..., p^ jq\ J=l,...,k. 

(39c) 

Find the equations of motion of the (real) quantities Xj(t ) , j - l,...,k. Since the sys- 
tem (4.2.I-1) is solvable, the equations of motion satisfied by the quantities xfi) 

must also be solvable. Is this a new system*? If not, what is its relation with the tech- 
nique of solution of (4.2.1-i) ? 
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Remark 4.2.3-16. There are other models, more general than that con- 
sidered above (namely, than (10) with a = 0, see also Sect. 4.2.5), which 
generally lack translation-invariance, but also possess the remarkable 
property to only feature completely periodic motions. They are charac- 
terized by the restrictions 

a = P =X= p- ft' = fi' a' = pcD, X' = q(D (40) 

with 0 >O and p,q two arbitrary integers (not both vanishing), so that 
the corresponding Newtonian equations of motion read 

'i=pmkAi+ f 

m=l,m^n 

+ qo)kA{(r„ +fj[r^ -(F„ -(r„ +rj]+r^[r„ +t)]}) • (41) 

Exercise 4.2.3-17. Verify that the conditions (40) are consistent with 
the conditions (3) that guarantee confined motions. 

Exercise 4.2.3-18. Prove that all the motions entailed by (41) are 
completely periodic. Hint: insert (40) in (4.2. 1-3). 



4.2.4 The simplest model: explicit solution (the game of musical 
chairs), Hamiltonian structure 

In Sect. 4.2.4 we discuss the simplest of the models (4.2-1), characterized 
by the vanishing of all 8 coupling constants: 

a = a' = p = p' = Z = X'-p = p' = 0 . ( 1 ) 

Its equations of motion read 

+ ]/r„t , (r„„=r„-rj, (2a) 

m=l,m^n 



or equivalently, via (4.1-17), 

'^n=^ S ^n^rn'i^n-^m) • (2b) 

m=\,m^n 
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The solution of the initial-value problem for these equations of mo- 
tion, (2b), is given by the following neat recipe: the N (complex) coordi- 
nates z„(0 are the N roots of the following algebraic equations in z: 

t z.(0)/[z-z.(0)] = l/r , (3) 

m-l 



Exercise 4.2.4-1. Prove this statement. Hints: see Exercise 4.2. 3-9; or show di- 
rectly that the N roots of (3) coincide with the N zeros of the polynomial 

i//(z, 0 = ^ c^ (0 z^“'” (4) 

m=l 



with 

cjt) = 0 . (5a) 

<:.(<) = c„(0) + c,(0)< , (5b) 

c„(0), c^(0) being related to z„(0), z„(0) by the standard relations between the co- 
efficients and the zeros of a monic polynomial such as (4), see (4.2. 1-7,8) (as for the 
vahdity of (5a), see for instance (2.3.4.2-36) with (1)); or see the Remark 2. 3. 4.2-3. 



Note that the equations of motion (2) are invariant under translations, 
and that they entail that the center-of-mass, 

z(t) = N-'f,z,(t) , (6) 

n=I 

moves uniformly: 

z = 0 , (7a) 

z{t) = z(0) + z(0) t . (7b) 

Let us now discuss the main quahtative features of the time-evolution 
of the system (2), focussing ffistly on the (generic!) case in which the 
center-of-mass is not at rest, 

z(r) = z(0 ) ^0 . (8) 
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It is then easily seen that, as ? ±oo, N-l particles approach asymptoti- 
cally (up to corrections 0(r^)) N-l fixed locations, whose configuration 
depends on the initial conditions, consisting of the N-l values of z for 
which the left hand side of (3) vanishes; while one of them goes to infin- 
ity, approaching asymptotically (again, up to corrections 0(t~^)) the free 
trajectory 

?(0=i i,(0){(+k(0)/|; i.(0)]} , (9a) 

n=l m=l 

z(f) = iVf(0)/ + |; z.(0)z,(0)/[ivi(0)] . (9b) 



Exercise 4.2. 4-2. Prove this statement Hint (3) possesses, at all (finite) times, N 
solutions; as t->±oo, its right hand side vanishes, .... Alternatively, see (4) with 
(5b). 



Hence the system looks overall exactly the same in the remote fiiture 
as in the remote past (“sohtonic behavior”: for this terminology see, for 
instance, <CD82>). Note however that the particle that escapes to infinity 
in the remote future need not be the same one that came in from infinit y 
in the remote past, and moreover that, through the motion, some particles 
may change location (“game of musical chairs”: the locations of the N-l 
"chairs" remain fixed through the motion, the identity of their A^-1 occu- 
pants - who are “seated” only at the beginning and at the end — may 
change, from the time t = -oo when they begin to wander off in the plane 
and an extra player comes in from afar, to the time t = +oo when N-l of 
them sit down again and one player - the same or a different one — goes 
off, along the same straight line, and with the same speed, as the player 
who came in from afar in the remote past). 

This concludes our discussion of the behavior of the system (2) in the 
(generic) case when the center-of-mass moves, see (8). If instead the 
center-of-mass is at rest, namely (8) does not hold, then the generic be- 
havior sees only N-l particles tend to finite locations as ? = +oo, and 2 
go to infinity (but they move no more as free particles; see below). And if 
the initial data are further specialized by requiring them to satisfy appro- 
priate additional conditions, the number of particles that go to infinity in- 
creases. This phenomenology is analogous (albeit with a difference: the 
symmetrical behavior now as ?->-oo and ?->4-oo) to that already dis- 
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cussed for the system (4.2.3-10): if the initial conditions entail (see 
(4.2.3-19)) 



a.(0) = 0, m=l,2 M-l;c„(0)#0 , (10) 

then, as t = ±oo, N-M particles converge asymptotically to fixed loca- 
tions, whose configuration consists of the N-M zeros of the following 
polynomial of degree N-M m. z, 

2 c.(0)z"-"=0 , (11) 

m-M 

while M particles go to infinity approaching (up to multiplicative correc- 
tions, generally 0(r^)) the asymptotic stellar trajectories 

Zj.(t) = exp(2;;r ij! M) [-c^(O) , j = \,...,M . (12) 



Exercise 4.2 AS. Prove these results. Hint: see Exercise 4.2.3-11. 

But let us again emphasize that, while these analyses allow to predict that the N 
particles are asymptotically distributed so that N-M approach the N-M roots of 
(11) and M approach the M trajectories (12), a more detailed investigation is 
needed of the solution entailed by (3), or equivalently by (4) with (5), to ascertain the 
individual fate of each specific particle, and/or to correlate the individual behavior of 
the particles in the remote past and fixture. 

Exercise 4. 2. 4-4. Can you imagine some special initial conditions for which the 
outcome, in the remote past and fixture, is easily predicted for each individual parti- 
cle? Hint: think of the real subcase, or of analogous one-dimensional configurations. 



The system (2) is clearly a special case of the Hamiltonian systems 
considered in Sect. 4.2.3: indeed (5a) is the special case of (4.2.3-6) en- 
tailed by (1) (which is itself a special case of (4.2.3-S)). But it is also, up 
to complexification, a special case of the RS model (see (2b) and 
(2.1.10-1), as well as (2.1.12-l,7a)). Hence the results of Sect. 2.1.12.1 
entail that the Newtonian equations of motion (2b) follow firom the 
Hamiltonian equations 



= aexp(a^J 



N 

n 



(13a) 
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(13b) 



in E , 



which are themselves yielded by the Hamiltonian function 



H(^Q = ^ exp(a4'J 



n 



(14) 



with a an arbitrary (possibly complex) constant. 



Exercise 4.2. 4-5. Prove these two statements, see (2b), (13) and (14), noting that 
the second set of Hamiltonian equations, (13b), has been written in more compact 
form by taking advantage of (13a). Hint: to derive (2b), differentiate the logarithm of 
(13a) and use (13b). 



The procedure described in the last part of Sect. 4.1 can now be used 
to obtain (two, real) Hamiltonians, each of which yields the real, two- 
dimensional, equations of motion (2a) (rather than the complex, one- 
dimensional, equations of motion (2b)). For instance, for N = 2 the two 
real Hamiltonians 

•{(x, -X2)[exp(fl-pj) cos(^ -a A p^)~ exp(5 • P2 ) cos(^ • a a Pz)] 

+ (Vi -V 2 )[-exp(fl-A) sin(^-aA^j) + exp(5-y52) sin(^-a a^2)1} j (15) 



•{(xj -X 2 )[exp(-^-a Api) sin(5 -pj- exp(-^ -a a p^) sin(5-p2)] 

+ (ji -V2)[-exp(-^'5APi) cos(a-;Oi) + exp(-^-5Ap2) cos(5-p2)]} , (16) 

both yield the equations of motion (2a) (with N = 2). Here a is of course 
an arbitrary (constant) 2 -vector. Note that neither one of these two 
Hamiltonians, nor indeed the corresponding Hamiltonian equations, are 
rotation-invariant; while the Newtonian equations of motion (2a) are 
themselves, of course, rotation-invariant. 
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Exercise 4. 2.4-6. Derive (15) and (16). Hint: seethe lastpart of Sect. 4.1. 

Exercise 4.2.4-7. Verify by explicit computation that both these Hamiltonians, 
(15) and (16), yield the equations of motion (2b). 



4.2.5 The simplest model featuring only completely 
periodic motions 

In Sect. 4.2.5 we discuss another, very simple, special case of the family 
of models (4.2-1), which is characterized by the remarkable property to 
feature only completely periodic trajectories. It obtains from (4.2-1) by 
setting all the coupling constants to zero except a' , 

a' = (d^Q, a = p = P' = X = X' p = p' = Q , (1) 

so that its equations of motion read (see (4.2-1)) 

.. /V . ^ . . . . . .. 

i; =(akA?„ +2 (f„ •?„,) + (f„ -r„J-r„^{r^-rJ ]/ (F„„ =7„ -rj, 

(2a) 



or equivalently (see (4.2. 1-1)), 



N 

m=i,m^n 



(2b) 



The solution of the initial-value problem for these equations of mo- 
tion, (2b), is given by the following neat recipe: the N (complex) coordi- 
nates z„{t) are the N roots of the following algebraic equation in z: 



z„ (0) / [z - z, (0)] = ! ® / [exp (i ffl 0 - 1] 



( 3 ) 



Exercise 4.2.5-1. Prove this result in more than one way. Hints: see (2.3.4.2-20); 
apply the transformation (2.1.13-2,4,5) to (4.2.4-2, 3). 
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Since the right hand side of (3) is periodic in t with period 

T = 1 k ! o 3 , (4) 

clearly the set of roots of (3) is also periodic with the same period. Hence 
all solutions of (2) are completely periodic, with period (at most) 
f = T-N\, where the factor N\ accounts for the possibility that the one-to- 
one correspondence between the N positions z„(0 of the particles and the 
N roots of (3) get permuted through the motion. 



Exercise 4.2. 5-2. Try and understand this phenomenon, namely: granted tiiat all 
motions are completely periodic with period (at most!) T = T 'Nl, axe there motions 
periodic with periods T = T-M , where the positive integer M is larger dian unity 
(but of course smaller than Nl,M<N\, and such that N\ is a multiple of M); and k 
there are such motions, how are they separated, and how are they identified in t erms 
of their initial data? Hint try some numerical experiments (and see below Exercises 
4.2.S-3 and Exercises 4.2. 5-4, as well as Sect 4.5). 

Exercise 4.2. 5-3. Obtain (and discuss) the general solution of (2a) with N = 2. 
Hint solve (3) (which, for iV = 2, is a second-degree algebraic equation), and use 
(4.1-17). 



Exercise 4.2.5-4. Obtain (and discuss) the general solution of (2a) with N = 3. 
Hint as for the preceding Exercise 4.2. 5-3. 



The equations of motion (2b) can also be obtained (as (4.2.4-2b)) 
from a Hamiltonian. Indeed the Hamiltonian 



N N 



H{z,Q=i{cola)Y, exp(a^J 



n=l «=1 



fl 



( 5 ) 



yields the Hamiltonian equations of motion 



z„=aexp(aCJ 



n 

m=l,m^n 



(6a) 



C,=i(Bla + a-' E , 



(6b) 



and logarithmic dififerentiation of (6a) yields, via (6b), precisely (2b). 



454 





Exercise 4. 2. 5 -5. Verify ! 



As in the preceding Sect. 4.2.4, two real Hamiltonians can now be 
obtained from (5) by using the procedure described in the last part of 
Sect. 4.1, each of which yields the real, two-dimensional, equations of 
motion (2a) (rather than the complex, one-dimensional, equations of mo- 
tion (2b)). For V = 2 clearly they coincide with (4.2.4-15) respectively 
(4.2.4-16), except for the addition of a term a(Fi +r 2 )/a^ respectively 



Actually iu this case it is also of some interest to display the two real Hamiltoni- 



ans that yield (2a) for V = 1 . They read 

H{r,p) = QX^{a'p)cQ^{k-aAp) + {mla^){k-aAr) , (7a) 

respectively 

#(F,^) = exp(^*aAp) sin(5-^)-(<n/a^) (a-F) , (8a) 

and they yield the Hamiltonian equations 

F = exp(a*y5) [a cos(^*a Ay5)-^Aa sin(^-ri Ayo)] , (7b) 

p = -(G)la^) kAa , (7c) 

respectively 

r =eixp(k‘aAp)[a cos(a-p) + kAa sm(a‘p)] , (8b) 

p-(cofa^)a . (8c) 



Both these Hamiltonian equations of motion, (7b, e) and (8b,c), yield the same New- 
tonian equation, 

r =(D k Ar , (9) 

whose general solution reads 

r(t) = F(0) + F(0) 6}~^ sm(G)t)+k A F(0) [l - cos (oj ?)] • (10) 
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Note that both Hamiltonians, (7a) and (8a), and botii sets of Hamiltonian equations, 
(7b,c) and (8b,c), depend on the 2 -vector a hence lack rotation-invariance (a pro- 
vides a preferred direction), while the Newtonian equation of motion (9) is independ- 
ent of a and rotation-invariant. Moreover, (9) is invariant under translations 

(F-»F4-i^,i^=0), again in contrast to (7a) and (8a) (but not to (7b,c) and (8b,c)). 

And (9) has a clear physical interpretation: it is the equation of motion of a charged 
point particle moving in the plane, under the influence of a constant magnetic field 
orthogonal to the plane (“cyclotron”): indeed the right hand side of (9) corresponds 
then to the Lorentz force, and co to the "Larmor" circular frequency. 

Exercise 4. 2. 4-6. Verify these formulas, from (7) to (10). 



Since the many-body system in the plane characterized by the Newto- 
nian equations of motion (2a) is Hamiltonian, and all its trajectories are 
completely periodic, it is natural to conjecture that there exist corre- 
sponding quantum systems whose spectrum is equispaced (perhaps up to 
a continuous quantum number, corresponding to the translation-invariant 
character of the equations of motion (2a)). 

As aheady hinted at above (under Exercise 4.2. 5-2), additional insight 
about the behavior of this integrable indeed solvable system, (2), is pro- 
vided in Sect. 4.5, where a nonintegrable generalization of it is discussed. 



4.2.6 First-order evolution equations, and a partially solvable 
many-body problem with velocity-independent forces, 
in the plane 

The results discussed in the preceding subsections of Sect. 4.2 are all 
based on the findings of Sect. 2.3 .4.2. But the transition firom one- 
dimensional to two-dimensional space via complexification, see Sect. 4.1, 
can be applied as well to certain results of Sect. 2.3.4. 1. In particular it is 
easily seen that, by complexification and via (4.1-17), the first-order 
evolution equations (2.3.4.1-38) read 

i=(_a + a’kA)r„+(r + /kA) {r^ \r^ -2(F„ -F„)]+F„ . (1) 

These evolution equations follow readily firom (2.3.4.1-38), after we set 
in it 



a — a + ia', c = Y + iy' 



( 2 ) 
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Hence the solutions of (1) are given, via (4.1-17), by the N zeros of the 
time-dependent polynomial, of degree N m z, 

y/{z, t) = z^ (0 , ( 3 ) 

m=\ 

where 

c^{t) = c^{Q)Q'z^[m\^Y ■\-iy'){2N + , (4) 

(see (2.3.4.1-41)). Here of course the quantities c^(0) are given, in terms 
of the initial data (0) , by the polynomial equality 

z"+X c.(0)z“'-”=n t-z,(0)] , (5) 

m=\ n=l 

entailing (4.2. 1-7). Note that the motion in the plane of all the coordinates 
r^{t) is always (even as ? -» ±oo) confined to a finite region of the plane if 

a=^y = Q , (6a) 

and it is moreover completely periodic, with a period independent of the 
initial data, if there holds the additional condition 

2a'ly' = pfq (6b) 

with p and q integers. 

Likewise, fi:om (2.3.4.1-44) we obtain the iV-body problem in the 
plane characterized by the Newtonian equations of motion 

F„ =(2 + 2'^a)F„ 

+ (y + v'kA) 2^ {r„[r^ -2{r„-rj\+r^rl)lrl^ 

-2(p + p'kA) ^ [ 3r„" rj -2r^ (F„ • rj-r^ ] 

m=l,m^n 
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N 

+ i^ + ju'kA) 2 { r„ [ 4(r„ 






rl [ rl -(F„-F„) ]+F„ r„" [ -(F„ -F,) ] }/(r„, r^J- , (7) 

where the 6 constants X,X',/i,iJ.',vy are given, in terms of the 4 {a pri- 
ori arbitrary) constants a, a',/,/, by the following rules: 

A, = y~a'^, X'-laa! , (8a) 

/^= r "-/ 2 , p' = 1yy' , ( 8 b ) 

V =-7^^ +/2 _2(a7_<3:'/)j v' = 2(a/ + aV-r^0 • (8c) 



Note that (the right hand side oQ (7) features one-, two-, and three-body 
velocity-independent forces. This N -body problem, (7) with (8), is par- 
tially solvable; indeed any solution of (1) is also a solution of (7) (since 
(7) is obtained, by ? -differentiation, from (1): see (2.3.4.1-44) and 
(2.3.4.1-38)). Hence the partially solvable character of this N -body 
problem, (7) with (8), entails, in the context of the initial-value problem, 
the freedom to assign the initial positions, F„(0) , of the N particles in the 

plane, but the restriction to then choose the N initial velocities F„(0) so 
that (1) hold (at f = 0). These restrictions (as well as (8)) must be enforced 
in order that the technique of solution described above, see (3^5), apply: 
then the solutions not only satisfy (7) with (8), they satisfy as well (1), for 
all time. Of course the N -body problem (7) is well-defined more gener- 
ally, namely even when these restrictions do not hold. 

Note that the conditions (6a) entail, via (8), 

X' = n\ = v' = Q , (9a) 

2 = -a'2<0, // = -/2<o, v = ;/'2+2afy' . (9b) 



The derivations of (1) from (2.3.4.1-38), and specially of (7) from (2.3.4.1-44), is 
facilitated by the following identities (see (4.1-17)): 

2-2 (z* -z*^) = F„ [ r„2 -2(F„ • F^) ]+F„ , (10a) 



458 





(10b) 



4 (K -O' = rl [ rl -Irl (r„ • rj -r^ ] 

A On -O On -0) 

= ^«{ 4(F„-F,)(F„-r„) + r„"[ r„"-(r,-r^)-2(r„-r,)-2(F„-F„) ] } 
■i-^,0^n-(^n-t) ]+^n,^nl^n-0'^e) 1 ‘ (l^C) 



Exercise 4.2.6-1. Prove these identities. Hint: see (4.1-16,17). 



4.3 Examples: other families of solvable many-body 
problems in the plane 

In Sect. 4.3, and in its subsections, we manufacture three families of 5o/v- 
ahle many-body problems in the plane, and we indicate how they can be 
viewed as the first specimens of an infinite hierarchy of such models. The 
methodology we follow is to manufacture firstly appropriate solvable 
(one-dimensional) many-body models on the line, and then to reinterpret 
them, via the complexification trick (see Sect. 4.1), as solvable (two- 
dimensional) rotation-invariant many-body problems in the plane. These 
models, of which the Newtonian equations of motion are displayed below 
(in Sect. 4.3) and are derived in the subsequent subsections, are presented 
here mainly to illustrate the kind of methods and tricks that allow to 
identify them as solvable models. 

The first model obtained in this manner is characterized by the fol- 
lowing Newtonian equations of motion: 

t =[2^„(r„*F„)-F„(F„-Fj]/r„"+(a„+<^A)F„ 



m=\ 

which features the 2N{N+\) arbitrary (real) “coupling” constants 
This abundance of arbitrary coupling constants justify 

our mention of 2 i family of models. Note that these Newtonian equations 
of motion (“acceleration equal force”) are of course invariant under plane 
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rotations; they are also invariant under rescaling of the particle coordi- 
nates -^r^(t) = cr^(t),c = 0), while they are not translation-invariant. 
They feature only one- and two-body forces. The former are of two (or 
rather three) kinds: a contribution that is quadratic in the velocity, and 
depends nonlinearly on the coordinate, of the moving particle, and an ad- 
ditional velocity-independent term linear in the particle coordinate (actu- 
ally a one-body term linear in the velocity of the moving particle is also 
entailed by the term in the sum with m = n). The latter depend linearly on 
the particle velocities and nonlinearly on the particle coordinates. 

A translation-invariant generalization, involving two types of parti- 
cles, reads 

= ± [ 2 F„ (F„ -FJ-F„ (F„ -FJ ]lrl ±(a„ +a' ^a)F„ 



iv 

+ filmic) •?,)+?.(?. ]/r^ 






ff!=I 



(rnm+rL^^)Rn 



(2a) 



with, in the right-hand-side, 

K ]/2 , 



(2b) 

(2c) 



These 2N equations of motion for the 2N particle positions 
feature the 2N{2N+l) arbitrary (real) coupling constants 
J^nm’ P'nm’ Y nm’ fum' Notc howcvcr thc prescncc of 4-body forces, as 
demonstrated by the presence in the right hand side of (2a) of terms that 
depend on the coordinates of 4 different particles, say F„^'"\F„^"\Fj^\Fj"^ . 

The equations of motion of the third model read 



Fj-^; fJ-) ) + v(FJ-^; FJ"^; F„^^^ ) ] 
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±{a„;i(FW, F«)-< + r^)]kA }rf^ 



m=\ 

\u{r!;-\ ri^^)-«(F„^-^; Fj"^; Fj"^) ] 

+ S <^F„;,,+rL^A)[M(Ff\Fj^^;Fi^^)+M(Fj*\Fj"^;Fj"^)] , (3a) 

m=I 

w(^>^2;^3)-[^(^2’^3) + ^2(n-^3)-^3(^r^2)]/^3^ 5 (^^) 

V (Fi,F2;F3) = {Fi[ 2(F^-F3)' -^z'^'l+^F^CFj -F3)(F2 -F3)-2F3 (Fi ^r^W^-r^) }l4 



,4 

'3 5 



(3c) 

^'{r^,r^)=-X’{r^,r^) = e^-0^ , (3e) 

/^(^/2) = -/“(^2>^l)=l0g(^l/^2)/[l0g^(^l/^2) + (<^l-^2)M 5 0^) 

//'(F,,F3) = -//'(F3,^') = (^i-^3)/[V(r,/r3)+(0,-0,)^ ] , (3g) 



v(f-;F3;F3;F4) = -v(F2;Fi;F3;FJ = -v(?';F3;F4;F3)=v(F2;Fj;F4;F3) 

s [ log(ri / r 2 )log(r 3 / r^) + ( 0 ^ ~0j){6^ -9^) ]/ [ log^(r 3 / r4)+((93 -^ 4 )^ ] , (3h) 

v'(Fi;F2;F3;FJ = -v'(F2;Fi;F3;FJ = -v'(^;F2;F4;F3) = v^(F2;F3;F4;F3) 

s [ log(ri / r2)(^3 -(94)-log(r3 / r4)(^i -^ 2 ) ]/ [ log^(^3 ! ^4)+(^3 “^ 4 )^ ] • (^0 

Note that, in (3d^i) , we found convenient to use the circular coordinates 
r, 9, see (4.1-4). 
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4.3.1 A rescalmg-inyariant solvable one-dimensional 
many-body problem 

In Sect. 4.3.1 we manufacture the scale-invariant solvable one- 
dimensional many-body problem that corresponds to (4.3-1) via the com- 
plexification trick of Sect. 4.1. 

We take as starting point the system of N linear ODEs 

N 

L=<^n+^Z b„m gm » ( 1 ) 

m=l 

which feature in their right-hand-sides the N arbitrary constants and 
the arbitrary constants 
We then set 

gnit)=^n(t)/^n(f) > (2a) 

entailing 

gn(f) = -^„(0/^„(0 -[^„(0/2t„( 0]' , (2b) 

and we thereby get from (1) the system of second-order ODEs 

• (3) 



These equations are clearly scale-invariant, and it is easily seen that, 
via the complerification trick, see (4.1-17), they yield (4.3-1), with the 
identification 

a„=a„+ia'„, b^= . ( 4 ) 

Exercise 4.3. 1-1. Verify ! 

On the other hand these equations, (3), are easily solved by algebraic 
operations. Indeed (1) entails 

?.(0 = i; [{c,(0)exp(i<">0+(a‘"’,2)[expa'">/)-l]/A<”) }v« ] , (5) 
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where the N numbers are the N eigenvalues of the (NxiSf)-mstnK 
B having matrix elements 

, ( 6 ) 

the quantities n = l,...,N, are the N components of the eigenvectors 

of B, see (6), the N N -vectors are orthonormal to the N N -vectors 

( to ) 

r , 



^=1 

of course 



n=l 

and the N constants c^(0) are defined by (5) at ^ = 0 : 
?,(o)=i; c.(o)v« , 

m=l 



( 7 ) 



( 8 ) 



(9a) 



hence (see (7)) 

= . (9b) 

n=0 



Proofs. Let us rewrite (1) in N -vector form: 
g{t)=^a+Bg . ( 10 ) 

Then set 

g(o=S c,(0v” (11) 

n=\ 

SO that, via (6), 

Zi.(0v<">=£+|;i«c.(0v"> , (12) 

«=1 n=l 
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hence, via (7) 



( 13 ) 



hence 

c,® = c.(0)exp(A'">0+(a'">,s)[exp(l'”>0-l]/A<"' . (14) 

Insertion of this formula, (14), into (11), yields, componentwise, (5), which is thereby 
proven. 

As for the derivation of (9b) from (9a), it is plain, via (7). 

Note however that we have implicitly assumed that the (constant) (NxN)- 

matrix B is diagonalizable, 

(«<">,£ v“) = <5'„A<*> , 

and that it possesses N distinct (possibly complex) eigenvalues if 

n^m). 

Exercise 4.3. 1-2. Discuss how the solution formulas written above get modified 
when these assumptions cease to hold. 



The next step to solve (3) is via the integration of (2a) with (5). This 
clearly yields 

z.(0 = z,(0) exp(X [ {c.(0)[exp(A<">0-l]/4<-> 

m=l 

+ (K'">,2)[exp(l<">()-l-A'->f]/[/l<">I }v«]} , (15a) 

with 

c.(0) = i;«ri,(0)/z.(0) (15b) 

n=0 

(see (9b) and (2a)). 

The time-evolution of these coordinates z„(0 in the complex plane 
corresponds directly, via (4.1-17), to the motion of the particles F„(f) that 
satisfy the Newtonian equations of motion (4.3-1) in the physical plane. 
While a detailed analysis of these motions is left as an instructive exercise 
for the diligent reader, we tersely outline here some of its most interesting 
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features, focussing on the case treated above, characterized by a diago- 
nalizable (generally complex) {N x N) -matrix B . 

Clearly the most important elements that characterize the behavior of 
the system (4.3-1) are (see (15a)) the eigenvalues of the (NxN)- 
matrix B , whose elements are the two-body coupling constants, 

. ( 16 ) 

as well as the values of the one-body coupling constants a^=a^+ ia'„ . For 
instance, if all the eigenvalues are imaginary, 

m = l,...,N , (17) 

and moreover the N constants 

2 ) ( 18 ) 

m-l 



are also all imaginary (or vanishing) 

K=-Mn . ( 19 ) 

then clearly (see (15)) all solutions of the many-body system (4.3-1) re- 
main confined to a finite region of the plane for all time, including the 
asymptotic limits ? ±oo . The behavior of such a system depends quite 
sensitively on the initial data (which enter exponentially in the solution, 
see (15)). Note that sufficient (but not necessary) conditions to guarantee 
(17) are the following (symmetry and antisymmetry) properties of the 
two-body coupling constants: 

, (20a) 

as well as 

(20b) 

(indeed (20a) guarantees that the (A/^xiV) -matrix 5 be antihermitian, 
namely that iB be hermitian, while (20b) excludes that any one of the 
eigenvalues 2^"*^ of B_ vanish), while the simpler way to satisfy (19) is to 
assume, see (18), that all the one-body coupling constants vanish. 
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a„ = a' =0 . 



(21) 



Likewise, if any one of the eigenvalues is imaginary, say 

(22a) 

(without any restriction on the other eigenvalues, with m^^k) and the 
corresponding value, of the constants , see (18), is congruent to 



=(p/q)A^^^ (22b) 

with p and q both (arbitrary!) integers {q^0;p might also vanish), then 
clearly (see (15)) the many-body system (4.3-1) possesses a periodic so- 
lution (with period r = 2;rg/A^*^ if p^O, T = 27 t if p = 0), character- 
ized by initial data, see (15b), such that c^(0) = 0 for m^k. 



Exercise 4. 3. 1-3. Show that all solutions of the many-body problem in the plane 
(4.3-1), with ah one-body coupling constants vanishing, see (21), and with the fol- 
lowing values of the two-body coupling constants, 

Pnm =c(l-^„„) sin[2;r(m-«)/A/' ] / { 1 -cos[2 n:{m-ri)IN ]} , (23a) 

PL-c{1+N5„J, (23b) 

where c is an arbitrary (real, nonvanishing) constant, are completely periodic, with 
period T = kIc\ and construct other many-body problems of type (4.3-1) that also 
feature only completely periodic motions of a given period T . Hint: see Sect. 2.4.5.I. 



Another interesting instance of the system (4.3-1) is characterized by 
the v anishing of the one-body coupling constants, see (21), and by appro- 
priate restrictions on the two-body coupling constants, such as to guaran- 
tee that all the eigenvalues of the matrix B, see (16), have negative real 
parts, 

Re[A^'"^ ]<0, m = l,...,N . (24) 

Then clearly (see (15)) all solutions of the many-problem (4.3-1) remain 
confined as ^ oo and tend to stand-still configurations. 
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(25) 



z.(«>) = z,(0)exp{-2] [c,(0)v“/A<"> ]} , 

m=l 



while the velocities of all particles vanish asymptotically (exponentially 
fast) as t 00 . 

If instead one or more of the eigenvalues of 5 have positive real 
parts, the behavior of the system (4.3-1) in the remote fixture depends 
dramatically on the initial conditions: as ? ^ oo , one or more particles 
may shoot off to infinity doubly-exponentially fast, while others may 
converge to the origin (doubly exponentially fast: this entails no diver- 
gence of the forces, since the corresponding velocities also vanish, even 
faster, as r ^ oo : see (3) and (15)). 



4.3.2 A rescaling- and translation-invariant solvable 
one-dimensional many-body problem 

In the preceding Sect. 4.3.1 we have manufactured, and tersely analyzed, 
the solvable one-dimensional many-body problem, see (4.3. 1-3), which 
by complexification yields the first many-body problem in the plane re- 
ported in Sect. 4.3, see (4.3-1). As noted above, these models, (4.3. 1-3) 
and (4.3-1), are not invariant under translations. In Sect. 4.3.2, via a sim- 
ple trick which involves a doubling of the number of particles, we manu- 
facture a translation-invariant extension of (4.3 .3-3), which involves the 
introduction of two different types of particles, and whose two- 
dimensional version, obtained by complexification, coincides with the 
second model reported in Sect. 4.3, see (4.3-2). 

The trick is to introduce, in parallel to (4.3. 1-3), the set of ODEs 

Z.=Zc„Z, . (1) 

m-\ 



Here the constants are generally complex, 

• (2) 

Note that these equations of motion are translation-invariant, and that 
they are, rather trivially, solvable: 

z,(t) = z,(0)+t [ A(0){ “p[ ]-l }/V"> ]vr> , (3a) 
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(3b) 



/.(0)=s «r^,(0) > 



where a'"’ respectively v‘“’ are the left- respectively right-eigenvectors of 
the (Wxjv) -matrix C, with elements c„, see ( 1 ), and 7 '“' ate the cotre- 



sponding eigenvalues: 






(4a) 




(4b) 


(h'">,v«) = 5„ , 


(4c) 


)=(«'” £ v‘"’ ) = 7 “ . 


(4d) 



Exercise 4.5. 2-1. Prove the solution formula (3), whose validity is conditional on 
the two assumptions (i) that the {N x N) -matrix C be diagonalizable and (ii) that its 

N eigenvalues be all distinct ( 77 ^”^ if n^m)\ find how it must be modi- 
fied when these assumptions do not hold. Hint: see Sect 4,3,1. 



We now introduce two kinds of particles, respectively characterized 
by the coordinates and by setting 



z “(0 = z.(0±z,(0 , 


(5) 


entailing 






( 6 a) 


z.(0=[z"(0+4-’(ri]/2 , 


( 6 b) 



and we assume that Z„(0 respectively z„(0 evolve according to (1) re- 
spectively (4.3. 1.3). These implies that these coordinates, evolve 

according to the following equations of motion: 

m ' ^m\] 5 ( 7 ) 
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where, in the right-hand-side, and must be expressed in terms 
of and (or z^^^ and z^"^) via (6). 

These equations are invariant under translations 
(zf ^ (0 ^ (t) = (f)+ZQ, Zq = 0) ; and they are clearly solvable via (5), 

(6), (3) and (4.3.1-15). And it is easily seen that, by complexification, 
they correspond to (4.3-2) (via (2), as well as (4.3. 1-4) and of course (4.1- 
17)). 

Exercise 4. 3. 2-2. Verify ! 

Exercise 4. 3. 2-3. Discuss the behavior of the solutions of the many- 
body problem in the plane (4.3-2), making appropriate hypotheses on the 
coupling constants featured by this model. Hint: see (3) and (4.3.1-15). 

Exercise 4.3. 2-4. Generalize the treatment of Sect. 4.3.2 by adding N 
arbitrary (complex) constants to the right-hand side of (1) (note that this 
does not spoil the translation mvariance of (1)). 



4.3.3 Another rescaling-invariant solvable one-dimensional 
many-body problem 

hi the preceding Sect. 4.3.2 we manufactured a solvable one-dimensional 
many-body problem, see (4.3. 2-7, 6), that is invariant under (common, 
time-independent) translations of all particle coordinates. This model is 
also invariant under (time-independent) rescaling of the particle coordi- 
nates, hence, by complexification, it yields the rotation-invariant many- 
body problem in the plane (4.3-2). 

But, as explained in Sect. 4.1, the property of translation-invariance 
can be turned into rescaling-invariance by the change of variables 

^„=log(C). ^«=exp(zj , (la) 



which of course entails 

(lb) 

We now perform this change of dependent variables on the model 
(4.3. 2-7,6), namely we set 

zf =log[ ], =exp[ zf ] , (2) 
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and we thereby obtain a new many-body problem, which is now no more 
translation-invariant, but it is instead invariant under rescaling of the par- 
ticle coordinates ^f\t) . It reads: 









±a„f<«log[ ] 

iff I { 6 . [ ff /ff -ff /ff ] lod ff /ff ] ! l«g[ ff /ff ] } } 

m=\ 

+ffi ]} • (3) 

m-\ 

This model is obviously solvable, and it is easily seen that, via the 
complexification technique of Sect. 4.1, it yields the third of the many- 
body problems of Sect. 4.3, see (4.3-3). 

Exercise 4. 3. 3-1. Verify ! Hint prove firstly the identities 



z^Zj^lz^=u{r^,r^\r^) , (4a) 

^1 (^2 / = V (f- ;r2;r3) , (4b) 

log(zi /zj) = A (f* , F 2 ) + zA'(F- , F 2 ) , (4c) 

[log (zi /Z 2 )r ^ 2 )+^’ /“'(^ >^ 2 ) » (^d) 

[iog(zi /z2)]/[iog(^3 /^4)]=^ (fi;f2;f3;f4)+^’i"'(fi;f2;f3;f4) » (4e) 



with the quantities in the right hand side of these equations defined by 
(4.3-3b^3i) (see (4.1-17,18), and note that (4a) coincides with (4.1-19,5) 

...). 

Exercise 4. 3. 3-2. Discuss the behavior of the solutions of the many- 
body problem in the plane (4.3-3), making appropriate hypotheses on the 
coupling constants featured by this model. Hint, see Exercise 4. 3. 2-3, and 
use (2). 
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The model (3) is not translation-invariant But a translation-invariant 
model can be manufactured from it by using the same trick, involving a 
doubling in the number of particles, that was used in Sect 4.3.2 to manu- 
facture the translation-invariant model (4.3. 2-7,6). Then, having obtained 
in this manner a translation-invariant model, a rescaling-invariant model 
can be manufactured using the trick (1). 

In this manner a hierarchy of translation-invariant, and rescaling- 
invariant, models can be manufactured, and each of the rescaling- 
invariant models yields, by complexification, a rotation-invariant model 
in the plane. And all these models are of course solvable. They do how- 
ever look more and more artificial (the equations of motion feature loga- 
rithms of logarithms of logarithms . . .), and their solutions become more 
and more complicated (they feature exponentials of exponentials of expo- 
nentials . . .). 

Exercise 4. 3. 3-3. Manufacture the next many-body problem in the 
plane yielded by this procedure, and discuss the behavior of its solutions, 
making appropriate hypotheses on the coupling constants featured by this 
model. 



4.4 Survey of solvable and/or integrable many-body 
problems in the plane obtained by complexification 



In Sect. 4.4 and in its subsections we list several many-body problems in 
the plane which have been obtained by the complexification technique 
described in previous sections of Chap. 4, see in particular Sect. 4.1. Our 
presentation follows closely (sometimes verbatim) <C98c>, and it is lim- 
ited to exhibiting the relevant equations of motion, all of them (except 
those of Sect. 4.4.10) of Newtonian type and satisfying the essential re- 
quirement to be invariant under rotations in the plane. We do not elabo- 
rate on the techniques to solve them, much less do we discuss, except for 
some occasional remark, the behavior of their solutions. We do however 
mention, for each model, the extent to which it can be treated (in particu- 
lar whether it is solvable or integrable). Bibliographical clues that shall 
suffice for the diligent reader who wishes to pursue the matter in more 
detail than is provided herein — an incentive to do so is the fact that, for 
several of the models exhibited below, a detailed analysis of the behavior 
of the solution has not yet been done— are provided in Sect. 4.N. 
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Throughout the following subsections 



r =r—r 



7 2 2 

rt = K + rt ■ 



■2 F„ 



( 1 ) 



In those examples, see Sects. 4.4.5 -^9, which feature nearest-neighbor 
interactions, we deliberately leave vague the “end-poinf’ conditions, 
namely how the relevant equations of motion are to be interpreted for 
n=l and for n = N , and, in the expressions of the Hamiltonians and La- 
grangians, the range of the sums. 



4.4.1 Example one 

The Newtonian equations of motion of this solvable many-body problem 
in the plane read as follows: 

t =[ 2F„(F„-F„)-r Jr I" ]l ~{a+a’ k^) Y, 



{ K [d-d {r^ + -r^f rL(r^ +r^)-2{r ^ ]} 



( 1 ) 



Here a and a' are two arbitrary (real) coupling constants. 

This model features one-body velocity-dependent forces (quadratic in 
the velocities), and two-body velocity-independent forces. It is obviously 
rotation-invariant; it is not translation-invariant; it is invariant under 
rescaling of the particle coordinates (F„ ^ ^ , c = 0). 

The complex version of the equations of motion (1) reads as follows: 



N 



( 2 ) 



or equivalently, via 



z„ =exp(2^J , (3) 

1 iV 

qn=-(fc + ia') Y cosh(g„ -qj [sinh(^„ -q„)\^ . (4) 

® m=\,m^n 

Exercise 4 A. 1-1. Verify that, via (3), the equations of motion (2) and 
(4) are equivalent. 
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Note the coincidence of (4) with (2. 1.5-5) (with a = l and 
= (a + ia')fl6 ). This justifies the claim made above about the solvability 
of this model. It also entails that this model is Hamiltonian, see (2. 1.5-3). 

Exercise 4. 4. 1-2. Write Hamiltonians and Lagrangians that yield (1). 
Hint see Sects. 2.1.5 and 4.1 Solution: see <C98c>. 

Exercise 4.4.1-3. Discuss the motions in the plane entailed by (1), in 
particular the behaviors as t -> ±co.Hint: use (3), and see Sect. 2.1.5. 

Exercise 4.4. 1-4. Verify that the equation of motion (2) admit the N ! 
similarity solutions 

z^(t) = AQxp(b + ct + 27 riml N) , n = l,...,N, m = l,...,N, (5) 

where n and m are matched by an arbitrary permutation and A, b and c 
are 3 arbitrary (complex) constants, and analyze the corresponding con- 
figuration and its time-evolution in the plane. Hint: use the identity 

N 

^ Qxp\l 7 i:i(m + n)/ N][ exp( 27 rinl N) + Qxp{l;riml N) ] 

m=lym^n 



/[ex^{27rin/N)-exp(27rim/N)Y = 0 , (6) 

which can be proven by first showing that its left hand side is in fact in- 
dependent of n (dividing by ex^ {6 k in IN) and setting m = j+m' mod(A^)), 
and by then sununing over n from 1 to iV , which yields a vanishing re- 
sult due to the antisymmetry of the summand under the exchange of the 
two dummy indices m and n . 

Exercise 4.4-5. Show that the system (1) possesses the following two 
constants of motion: 



N 



n=l 

C'=X k-r„ArJr^ 



(7a) 

(7b) 



Hint: aote that the equations of motion (2) entail 

{dldi)[j^{,ijz,)] = 0 . ( 8 ) 

H=1 
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4.4.2 Example two 

The Newtonian equations of motion of this many-body problem, written 
in complex form, read as follows: 

z^z^z„iz^+zJ/[{z„-zj[Az^z^+biz„-zJ^ \} , 

m=l,m^n 

( 1 ) 

with a and b two arbitrary complex constants. These equations of mo- 
tion, via the position 

z„(0 = exp[2w„(0] , (2) 

take the form 

N 

K =au„+2 cotanh(M„ +b sinh^(M„ ~uj Y » 0) 

hence they are integrable, md.QQ& solvable, see Sect. 2.1.12.4. 

On the other hand these equations of motion, (1), are clearly invariant 
under rescaling of the particle coordinates, hence, by complexification, 
they yield a rotation-invariant many-body problem in the plane. 

Exercise 4.4.2-L Write the Newtonian equations of motion of the 
many-body problem which obtains by complexification from (1). Hint 
see Sect. 4.1. 

Exercise 4A.2-2. Discuss the motions in the plane of the many-body 
problem of the previous Exercise 4. 4. 2-1, and note the special (com- 
pletely periodic!) behavior if a = i(o with co real and nonvanishing. Hint 
see Sect. 2.1.12.4. 

Exercise 4. 4.2-3. Verify that, if one sets 
W(0=S ] 5 (4) 

n=\ 

then (1) entails 

w(?) = w(0)exp(a?) . (5) 
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Exercise 4A.2-4. Verify that the system (1) possesses the N ! similar- 
ity solutions 

(0 = (p (0 exp(2 ;?r imIN) , ( 6 ) 

with the indices m and n matched to each other according to any permu- 
tation of the N numbers 1,2,..., N, and with 

(p(t) = X exp{ ju [exp(a 0 -1 ] / a } , (7) 

where X and ju are two arbitrary complex constants. Hint first show that 
( 6 ), with some appropriate (p{t), indeed provides a solution to ( 1 ) (hint 
see Exercise 4.4. 1-4); then note that ( 6 ), (4) and (5) entail the ODE 

N ^{i)l (p{t) = w ( 0 ) exp(a i) . ( 8 ) 

Exercise 4.4.1-5. Verify that the Hamiltonian 

= Z {-(a/s)log(zJ 

n=l 

+exp(iz,C) n { [ ]'"/(z.-zJ } } (9) 

yields the equations of motion ( 1 ) (5 being an arbitrary constant that does 
not show up in ( 1 )). 

Exercise 4.4. 2-6. Verify that the Lagrangian 
L(z,^=Yu 

n=l 



■{l + log[z,/(iz,)]- Y. log{[Mz,^+z^)-2(2 + 4)z,z. ]''^/(z,-z.) }}} 

( 10 ) 

yields the equations of motion ( 1 ) (s being again an arbitrary constant 
that does not show up in ( 1 )). 
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4.4.3 Example three 



The Newtonian equations of motion of this integrable (indeed, solvable) 
many-body problem in the plane read as follows: 

]/r„"+[g„© + g„(r)^A ]r„ , (1) 

or equivalently, in circular coordinates 

On=L& 5 

with 

S„d)= E {«log(r„/r,J-a'(6»„-^„) 

m=\,nv^n 

+ log(r„ / r„){[log(r„ / r„)]^ -3(^„ -6J 

(3a) 



(2a) 

(2b) 



JV 

g„(D= E 



+ [P' logfr. /r.){[log(r, lr,)Y-m -9,) 

(3b) 

Note that we use here preferentially circular coordinates (see Sect. 4.1). 

This model is Hamiltonian (see below); it features one-body velocity- 
dependent forces (quadratic in the velocities), and two-body velocity- 
independent forces. It is not translation-invariant, but it is of course in- 
variant under both rotations and rescaling, indeed it is easily seen that, if 
r„(0, 6„{t) is, in circular coordinates, a solution of (1), then 



i;(0 = ^oexp(wO r„(0 , 






^«(0 -^ 0+^^ +^«(0 



( 4b ) 



is also a solution, with rQ,0f^,u,v arbitrary (real) constants. 

The Newtonian equations of motion (1) feature the 4 arbitrary (real) 
coupling constants a, a', j3, j3' .If a <0 and a' = 0, the generic solution is, 
up to a transformation of type (4), completely periodic with period 
T = l7u{-a) (see below for a justification of this statement). 

If the quantity b! a is real and negative, with a and b defined as fol- 
lows 



a = a + ia' , b=fi+i/3' , (5) 

this model, (1), possesses the following N ! similarity solutions: 

^„(0 = ^oexp(wO , (6a) 

esi)=e„-^vt+[-hi{2atr)TL (6b) 

which are conveniently written here in circular coordinates. These for- 
mulas, (6), feature 4 arbitrary (real) constants ro,^o,«,v; the indices n and 
m in (6b) are related by an arbitrary permutation; and the N real numbers 
are the N zeros of the Hermite polynomial of order N , 





(7a) 


hence (see Appendix C) 




o 

11 


(7b) 


(4 • 


(7c) 



m=\ 



Exercise 4.4.3-1. Verify that (6) satisfies (1). Hint: first try directly, 
then see below. 

The “complex-plane” avatar of (1) reads 

Z { ^ + b [lOg(Z„ / } , (8) 
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with, the 2 complex coupling constants a, b related to the 4 real coupling 
constants a,a',p,p' by (5). 

Exercise 4.43-2. Verify ! 

These (complex) equations of motion are produced by the Hamilto- 
nian 



. (9a) 

n=I 

as well as by the Lagrangian 

> ( 91 ’) 

^ n=l 



with 

X { -«[ log(z„/^„) Y +b[ log(z„ /zj ]"^ } . (9c) 

Exercise 4. 4.3-3. Verify ! 

Exercise 4. 4. 3-4. Write 2 real Hamiltonians, and 2 real Lagrangians, 
that yield the Newtonian equations of motion in the plane (1). Hint, see 
Sect. 4.1. 

The integrability (in fact, solvability) of this model, as well as quite 
straightforward proofs of the results stated above, follow from the find- 
ings of Sect. 2. 1.3. 3, since, by setting 

z„(0 = exp[w„(0] , (10) 

the equations of motion (8) become 

iin= Z ] . (11) 

m=\jm^n 



Exercise 4.4.3-S. Verify ! 




4.4.4 Example four 

The Newtonian equations of motion of this solvable many-body problem 
in the plane read 

t +{a+a' Jca) r„ 

+ 2 ; Wn^rJ-f{r„,rJk/\\r„{r^-r^) + r^{r^‘rJ , ( 1 ) 

r(n,ri) = -r(A,ri) = log(?l /r^)/! [log(rj / r^) f +(^i } , (2a) 

f(fi>^2) = -f(^2.fi)-(^i-^2)/{[log('i/'2)]^+(^i-^2)M • (2b) 

Hence they feature one- and two-body velocity-dependent forces (to write 
the latter we conveniently employed circular coordinates, see (2)). 

This many-body problem is Hamiltonian (see below). Its equations of 
motion are of course invariant imder rotations in the plane (in circular co- 
ordinates: =^„ +(9o , ^0 =0), and under coordinate rescaling 

(r^ = cF„, c = 0). They contain 2 arbitrary (real) coupling constants, 

a and a'; if a vanishes and a' does not, a = 0,a' generic motions 
are completely periodic, with period (at most) f =T’N\, T = 27r/\a'\. 

Exercise 4.4. 4-1. Prove the last statement made above. Hint: see 
Proposition 2.1.13-1, and (8, 4) below together with Sect. 4.2.5. 

The “complex plane” avatar of the Newtonian equations of motion (1) 
reads 

N 

K = l^n +2 Yu k iOg(z„ ! zj] , (3) 

m=l,m^n 

with 



a = a + ia' 



( 4 ) 



Exercise 4.4. 4-2. Verify ! 

Exercise 4. 4. 4-3. Verify that the complex equations of motion (3) 
possess the N\ similarity solutions 
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z„ (0 = exp{ c [ 6 + exp(a?) N) } , 



( 5 ) 



with b and c arbitrary complex constants, and the indices m and n re- 
lated by an arbitrary permutation. 

Exercise 4A.4-4. Verify that the equations of motion (3) are yielded 
by the Hamiltonian 

= S { -(«/-s)log(z„) + exp(^z„^J Yl [log(z„/z^)]"' } , (6) 

«=1 m=l,m^n 



as well as by the Lagrangian 

«=i 



+ [^«/ ]{ -l + Iog[i„/ (^zj ]+ Y, log[log(z„/z„) ]}} , (7) 

where ^ is an arbitrary complex constant (that does not show up in (3)). 

Exercise 4.4A-5. Write out two (real) Hamiltonians and two (real) 
Lagrangians, that yield the (real) Newtonian equations of motion in the 
plane (1). 

The equations of motion (3), hence (1) as well, are integrable, indeed 
solvable, since, via (4.4.3-10), they take the form (see (4.2.3-10), or 
equivalently (4.2. 1-1) with a = « + ia', p = p’ = X = X' = = fi’ 



N 

K =aU„+2 Y 



( 8 ) 



Exercise 4 A A- 5. Verify ! 

Exercise 4AA-6. Discuss the behavior of the many-body problem (1). 
Hint: see the discussion after (4.2.3-10). 
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4.4.5 Example five 



The Newtonian equations of motion in the plane of this solvable model 
read as follows: 

]!rl 

+ (a + a' ^ a) {r„^i - [ 2 F„ (F„ • rl ] / rl, } . (1) 

Hence they feature velocity-dependent one-body forces and velocity- 
independent “nearest-neighbor” two-body forces. 

These equations of motion, (1), are obviously invariant under rota- 
tions and rescaling, but not under translations. They feature (rather trivi- 
ally, see below) the 2 arbitrary real coupling constants a and a ' . 

These equations of motion, (1), are yielded by either one of the fol- 
lowing two Hamiltonians, Hlr^p) and #(f, p ) , as well as by either one 

of the following two Lagrangians, T F) and I (F, ^ : 



z « 

H(F,p) = 2] 

n 

L(L,b = \Y^[(t-KV-(k‘r„ArJ^]/r^-V(Q , (3a) 

z ^ 

T(F,D = “Z i^n-r„){k-r„Ar„)/r^-V(f) , (3b) 

n 

with 

y(^ = (a"+a'")“' ^ [-a(F„-F„_i) + a'(^-f« AF„_i)]/r„li , (4a) 

n 

F(r) = (a^+a'^)-' [a' (F„ • r„_, )+a (k-r„A ) ]/ . (4b) 

n 



Exercise 4.4. 5-1. Verify that (2) or (3) with (4) yield (1). 
The “complex plane” avatar of (1) reads as follows: 
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=i'/z,+a(z„^,-z"/z„,) 



( 5 ) 



with 



a = a + ia' . (6) 

By setting 

z„=fl"exp(w„) (7) 

it goes into the integrable (indeed, solvable: see Exercise 2.1 , 7-5) “Toda” 
equations 



=exp(M„^i-M„)-exp(M„-M„_i) . (8) 

Note that the complex constant a has dropped out of these equations. 
Exercise 4. 4. 5 -2. Verify ! 

Exercise 4. 4. 5-3. Verify that the complex equations of motion (5) 
possess the similarity solutions 

z„{t) = QX^[{b + nc)t] , (9) 

with b and c arbitrary complex constant, and analyze the behavior of the 
corresponding solutions of (1). 



4.4.6 Example six 

The solvable Newtonian equations of motion in the plane of the first ex- 
ample exhibited in Sect. 4.4.6 read 

K =(a + a'A^) r„ - [ r„{r^ + (F„ -r^)] , (1) 

m=n±\ 



of course with (4.4-1). Hence they feature velocity-dependent one-body 
and nearest-neighbor forces. The similarity, and especially the difference, 
should be noted, among these equations of motion, (1), and, say, (4.2-1) 
(the latter, of course, with p = = = = = Q):mt only, of course, 

in the range of the sum, but as well in the factor in fi-ont of it, which is -1 
here, +2 there. 
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These Newtonian equations of motion are obviously invariant under 
rotations in the plane, under rescaling of the particle coordinates, and also 
under translations. They feature the two arbitrary (real) coupling con- 
stants a and a', and it is clear (see Proposition 2.1.13-1, and below) that 
their generic solution is completely periodic if a = 0 and a' ¥^0. 

The complex-plane avatar of (1) reads as foUows: 

K 5 ( 2 ) 

m=n±l 



with 



a = a + ia' 



( 3 ) 



Exercise 4.4.6-1. Verify ! 

Exercise 4.4. 6-2. Verify that the (complex) equations of motion (2) 
possess the similarity solutions 

z„{t) = A" exp{ b + c[ exp(aO“l ]l^ } j (^) 

with A, b and c arbitrary complex constants, and discuss the behavior in 
the plane of the corresponding solutions of (1). 

The integrability (indeed, solvability) of the many-body problem in 
the plane (1) is entailed by the coincidence, up to trivial notational 
changes and to the insertion of the term proportional to the constant a 
(for which, see Proposition 2.1.13-1), of (2) with (2.1.13-24). 

As suggested by the treatment of Sect. 4. 1, we now set 

^„(0=iogk(0], M„(0=expk(0] , (5) 

and thereby transform the translation-invariant system (3) into the fol- 
lowing rescaling-invariant system: 

^nUml[uJO%{uJuj] . ( 6 ) 

m=n±\ 

Then we complexify this system, and we thereby get the following solv- 
able many-body problem in the plane: 
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^« =[ 2r„(F„-rJ-F„|r„|' ]/r„" +{a + a' kA)r^ 

m=n±\ 

•[ K -rJ + r^iK-rJ- (r„ • t) ]/{ [ ^og(rJrJ f } }, ( 7 ) 






( 11 ) 



Z, = Z ' / Z. + a Z. - Z, { Z._, / (z. - z,_, ) + z„i z„ / [ z„, (z, - Z,^1 ) ] ) , 

and discuss their integrability/solvability. Hint see (2.1.13-23) and 
Proposition 2.1.13-1. 

Exercise 4. 4. 6-8. Verify that the following two Hamiltonians, as well 
as the following two Lagrangians, yield the equations of motion (1 1): 

(^n+(l+o-) / 2 ^ ^n+(l-o-) / 2 ) ]}. ( 12 ) 

n 

(iS = Z { l0g(^J + (4 l^n) 10g{ ^n+(l+a )/2 /[(^,-^.«.)]}}-( 13 ) 



Here a = +l or cr = -l, while 5 is an arbitrary (complex) constant, that 
does not show up in (1 1). 

Exercise 4. 4. 6-9. Write out 4 (real) Hamiltonians, as well as 4 (real) 
Lagrangians, that yield directly the real equations of motion obtained in 
Exercise 4.4.6-J. Hint, see Exercise 4.4. 6-8 and Sect. 4.1. 



4.4.7 Example seven 

The Newtonian equations of motion of this integrable many-body prob- 
lem in the plane read as follows: 

t =0- + r + r'kA) [ 2F„(r„ -FJ-F If h ]/r^+(a+a'kA) r^+{P + p'icA) r„ 



- Z {(F+/-^a)[2F„(F„-F„„)-F„^|f„|' ] 

m=n±l 

+ (a+a'kA){f„[ -(r„-rj+r^ ]-f„ (f„ '4)+^^ (f« -fj } 

+ {P + P'kA){r„ [-2 (F„ -FJ + r„" ]+r„ }}/ , (1) 

where of course r„„ = F„ -F„, see (4.1-1). 

Hence this iV-body problem features velocity-dependent one-body 
and “nearest-neighbor” forces. The 6 (real) coupling constants 
a,a’,p,p',r,r' are arbitrary. 
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The equations of motion (1) are obviously rotation- and rescaling- 
invariant. They are, generally, not translation-invariant (see, however, 
below). 

The complex-plane avatar of this system reads as follows: 

z„ =(l + c)z//z„ +az. +Az, -(cz] +ai,z, +bzl)[ (z, -z„,)‘' +(z, -z„_,)‘‘ ] 

( 2 ) 

with 

a = a + ia', b=/3->rip’, c=Y+iy' . (3) 

Exercise 4.4. 7-7. Verify ! 

These equations of motion, (2), are yielded by the following Hamilto- 
nian h(^Q and Lagrangian 7(z,|) : 

= Z {2 +i/{//log[sinh(z„ /v)]+/7log[l-(z„^i /zj ]}} , (4) 



= +l)log(w„ +l)-(w„ -l)log(w„ -l)]-/7log[l-(z„^j/z„)]}, 

( 5 ) 

with 

^ 5 ( 6 ) 

and with the 4 (complex) constants related to the 3 (complex) 

constants a,b,c(see (3)) as follows: 

a = 2Zpl{juv), b = p(ji^ -Z^)l(pv), c = ~pl(pv) . ( 7 ) 

Exercise 4. 4. 7 -2. Verify that the (complex) Hamiltonian (4) and La- 
grangian (5) yield the (complex) equations of motion (2), and write out 
real Hamiltonians and Lagrangians that yield the real Newtonian equa- 
tions of motion in the plane (1). Hint, see Sect. 4.1. 

The integrable nature of the equations of motion (2) (hence as well of 
(1)) is demonstrated by setting 

(0 = exp [- c u„ (0 ] . (8) 
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Thereby the equations of motion (2) become the integrable equations 



«« = - Vi) ] » (^) 

R(y) = Ev^+Av+B , (10) 

g(.n) = [gi~g 2 exp(-cw) ] / [ 1 - exp(-c w) ] , (1 la) 

entailing 

g'(u) = E[g(u)-g^][giu)-g^] , (11b) 

with 

c = E(g^-g^), a = A(g^-gJ, b=B(g^-gJ . (12) 



Exercise 4.4J-3. Verify that (9) with (10), (11) and (12) correspond 
to (2) via (8), 

Exercise 4.4, 7-4. Verify that (2) admits the similarity solution 

2„(0 = ?7"exp(f0 , (13) 

with rj and s two arbitrary (complex) constants, and analyze the behavior 
in the plane of the corresponding solution of (1). 

An interesting variation of the many-body problem in the plane (1) 
reads 

K =(l + r + /^A) [ lr„{r„ •r„)-F„|r„| ^ ]/r„V(a + a'^A)r„ 

-(r+r'kA) 2] { [ 2F„ (f„ F„| M/d } • (14) 

m=n±l 

In can be obtained from (1) by firstly setting a = a' = J3 j3' = 0, and then 
by applying the change of dependent variable (2. 1. 13-5a) with a = a+ia' . 
Hence if a = 0 and aVO, one can assert (via Proposition 2.1.13-1) that 
the generic solution of this many-body problem in the plane, (14), is 
completely periodic. 
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Exercise 4AJ-5. Verify that the equations of motion (14) possess the 
similarity solution (written in circular coordinates) 

^«(0 = ^oP”exp{ exp(«0 [ Xco5(a't)-fism{a't) ] } , (15a) 

6At) = 0^+T]n + exp(a t)\ n cos(a' t) + X sin(a' f) ] , (1 5b) 

featuring the 6 arbitrary real constants r^,p,X,n,e^,r]{.h >0,p>0; the 
presence of and 0^ reflects merely the invariance under rescaling), and 

discuss the corresponding motion in the plane (in particular, consider the 
3 cases: a>0, a<0, a = 0). 

Let us end Sect. 4.4.7 by highlighting certain special cases of (2) and 
of (14) that deserve to be singled out 
If c = a = 0 , and by setting in (2) 

z„(t) = exp[u„(t)] , (16) 

one gets equations of motion which are translation-invariant and which 
feature only velocity-independent forces: 

= 6{l-[l -exp(M„^i -«„)]“^ -[l -exp(M„_i -u^Y } , (17a) 

Un =b[ exp(K„^i -2 mJ-1] • 

•{[l -exp(w„^i -«„)]-exp(w„_i -«J+exp(«„^i -2uJ ] . (17b) 

On the other hand, if y = -l and f = 0, the Newtonian equations of 
motion (14) become translation-invariant and read 

'i={a^a'kA)7„+ Z {{^KYn-rrJ-r^\K\YlrL} • (18) 

m=n±\ 

Note the similarity (and difference!) between these equations of motion, 
(18), and (4.4.6-1) as well as (4.2-1) (the latter, of course, with 

p = j3’ = X = X' = p = p'^0). 

Of course the complex-plane avatar of these equations of motion, 
(18), is also translation-invariant and it reads 
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(19) 



m=«±l 



Exercise 4.4J-6. Use the transformation (4.4.6-S) on this equation, 
(19), and thereby obtain an equation similar to, yet different from, (4.4.6- 
6), which provides via complexification another instance of integrable 
many-body problem in the plane. 



4.4.8 Example eight 

The Newtonian equations of motion of this integrable many-body prob- 
lem in the plane read as follows: 

= [ 2 (r„ • r„ ) - I F„ I " ] / ^ ' + (^ + ^ ' ^ a) { • 

•{ 2F„(F„ •F„_i)(F„_i + 2(r„ -|f„| ' rl, ]-2F„_i(F„ -F„_i)(F„ -F„_i) } 

{ 2F„(F„ -FJ(F„^, -FJ-F„^i[2(F„ -FJ^-If 1 " ]+2F„ (F„ -F„^i)(F„ -F„) } }.(1) 



Hence they feature one-body forces quadratic in the velocities and near- 
est-neighbor forces cubic in the velocities, and, rather trivially (see be- 
low), the two coupling constants p and p ' . 

These equations of motion are obviously rotation- and rescaling- 
invariant. They are not translation-invariant. 

The complex-plane avatar of these equations of motion reads 



Z, = z/ /z. +6 (z.)H(z,-i ! zii)-(z.-n ! . 



( 2 ) 



with 

b = p+ip’ . (3) 

Exercise 4.4.8-L Verify ! Hint: prove first the identity 
(Z2 /z^Y ={r^ [2 (F^ • Fj) ^ ]+2 (^ • rP)(r^ ■ F3) -2F3 (F^ • • F3) }/ . 

( 4 ) 

Remark 4A.8-2. If z„(0 satisfies (2), so does 
2'„(0 = c”^„(c0 , (5) 
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with c any arbitrary (complex) constant 

Exercise 4A.8-3. Verify that the equations of motion (2) admit the 
similarity solution (4.4.7-13). 

Exercise 4. 4. 8-4. Verify that the (complex) equations of motion (2) 
are yielded by the Hamiltonian 



h(^Q = ~Y log{z^[C„-bizJz„_,)]} 

n 



( 6 ) 



as well as by the Lagrangian 

^(^D = S [b(zJz„_J-log(zJz„) ] . (7) 

n 



Exercise 4. 4. 8-5. Write out two real Hamiltonians, and two real La- 
grangians, that yield the (real) equations of motion in the plane (1). Hint 
see the preceding Exercise 4. 4. 8-4, and Sect. 4.1. 

The integrability of this many-body problem in the plane, (1), is dem- 



onstrated by setting 

z„=r"exp(Mj , (8) 

whereby (2) become the integrable equations 

exp(«„ -«„-i)-K„^i exp(M„^i -M„) ] . (9) 

Exercise 4. 4. 8-6. Verify that the equations of motion (2) are invariant 
under the transformation (t) - 0]“' , namely that if one sets 

(0 = [%+!-„ ( 10 ) 

with an arbitrary constant, then (2) entail 

t =2'/ /z„ +^(zj" [(z„_i /z/_i)-(2„,i /z„') ] . (11) 

Exercise 4. 4. 8-7. Set 

z„(0 = exp(20 z„(0, b = a!X^ , (12) 
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and write out the (autonomous) equations of motion entailed by (2) for 
Then take the limit 2 ->oo, and show that, up to trivial notational 
changes (z„(?) z„(0) , these equations of motion reduce to (4.4.S-5). 



4.4.9 Example nine 

The Newtonian equations of motion of this integrable many-body prob- 
lem in the plane read as follows: 

K =[2 r„{r„ ^ ]lr^ +(^ + ^'^a) {F„^, • 

•{ -rl rl, ]+2 -2F„_i(F„_, -F„)(F„ -F„_i) } } 

+ {j3^ -P’^+lp P' kA){rf[ - 2 F„^i (F„ • F„^j ) +F„ ] 

+ ^„'i{^j4(F„-F„_i)"-r„" r„lJ-2F„_,r„"(F„-F . (1) 

Hence they feature a one-body term quadratic in the velocities, a nearest- 
neighbor term linear in the velocities and another nearest-neighbor veloc- 
ity-independent term. They contain, linearly and quadratically, the two 
arbitrary real coupling constants p and p' . They obviously are both rota- 
tion- and rescaling-invariant; they are not translation-invariant. 

The complex-plane avatar of these equations of motion reads 

]+^^[ ~ ^ n) + I » P) 

with 

b = P + iP' . ( 3 ) 

Exercise 4.4.9-1. Verify ! Hint see (4.4.S-4). 

Exercise 4A.9-2. Verify that the Remark 4.4.S-2 applies also to these 
equations of motion, (2). 

Exercise 4. 4. 9-3. Verify that the equations of motion (2) admit the 
similarity solution (4.4.7-13). 
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Exercise 4A.9-4. Verify that the (complex) equations of motion (2) 
are yielded by the Hamiltonian 

= Z , (4) 

n 

where s is an arbitrary (complex) constant that does not show up in (2), 
as well as by the Lagrangian 

^(l,D=E [ zl+b\z^^J z„Y ] . (5) 

n 



Exercise 4.4.9- 5. Write out two real Hamiltonians, and two real La- 
grangians, that yield the equations of motion in the plane (1). Hint: see 
the preceding Exercise 4. 4.9-4, and Sect. 4.1. 

The integrability of this many-body problem in the plane, (1), is dem- 
onstrated using (4.4.8-S), since (2) is thereby transformed into the inte- 
grable equations 

“n = eXp(K„^i -U„) 6Xp(«„ -W„_l) 

-exp[ 2(m„^j -uJ ]+exp[ 2(u„ -u„_,) ] . (6) 

Remark 4. 4. 9-6. The equations of motion (2) are invariant under the 
transformation {t) ->• {t^ -O] ^ namely if one sets 



(0 ~ \?N+\-n (^0 O] J 

with tg an arbitrary constant, then (2) entail 

-K-l (z/^i (z/ /zA) ] 



Exercise 4. 4. 9 -7. Set 



( 7 ) 

( 8 ) 



z„(0=exp(20^„(0» b = alZ , (9) 

and write out the (autonomous) equations of motion entailed by (2) for 
Then take the l imit 2-»cx3, and show that, up to trivial notational 
changes (z„(0 z„(0), these equation of motion reduce to (4.4.5-S). 
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4.4.10 A Hamiltonian example 

In the preceding subsections of Sect. 4.4 we generally focussed on 
Newtonian equations of motion in the plane, although we often also pro- 
vided the corresponding Hamiltonians and Lagrangians. In this Section 
we exhibit an example in which one must deal directly with the Hamilto- 
nian equations of motion, since they cannot be easily written in Newto- 
nian form. 

Let us start from the Hamiltonian 

I , (1) 

n,m=l 

whose solvability is guaranteed by its coincidence, up to trivial notational 
changes, with (2.1.15.2-6,4) (with a=l, 2=1, = we stick hereafter, 
for simplicity, to this simple choice of these 3 constants, the diligent 
reader is welcome to consider the more general, albeit essentially 
equivalent, case when they have generic complex values). 

The corresponding Hamiltonian equations of motion read 

m=l 

(2b) 

m=\ 



Hence, via (4.1-33,15) they can be rewritten as the following Hamiltonian 
equations in the plane: 

N 

m=l 



[KmiPn-Pm)-PAPm-r„J-pAPn'r^)] * 

m=l 



(3b) 



Note the obvious invariance under rotations, and also under translations 

these equations of motion, (3). 

Exercise 4.4.10-1. Verify that (3) corresponds to (2). Hint see (4.1- 
33,15). 

An equivalent version of these equations of motion, (3), reads 
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(4a) 



B!=l 

- iV^ 

Pn='^Yu + ] (4b) 

m=l 



with 

P„=^Ap„, p„=-kAp„ . (5) 

Exercise 4.4.10-2. Verify that the following two real Hamiltonians, 
obtained from (1), 

Z [ 2(y5„ -r^)- (^„ •y5,)d ] , (6) 

m,n=l 

respectively 

Z [ iPn-rnmW-P„ Ar„„)+0^ aF„^) ] , (7) 

yield the Hamiltonian equations (3) respectively (4) (equivalent via (5)). 



4.5 A many-rotator, possibly nonintegrable, 

problem in the plane, and its periodic motions 

In Sect. 4.5 we discuss the many-body problem in the plane characterized 
by the Newtonian equations of motion 

r„=a)kAr„ 



N 

+ 2 Z (^nmT\^nm ^a) [F„(F^ -F^) + F„(F„ *F^)-F^(F„ • t)], (la) 



where of course (see (4.1-15)) 

Km=K-r,n^ rL=rl+rl-lr„-r^ . (lb) 
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These equations characterize tiie motion of N, generally different, 
particles, all having the same mass (set conveniently to unity), all inter- 
acting with the same one-body force ( first term in the right hand side of 
(la) ), and also interacting pairwise via forces whose strengths may vary 
for every particle pair. The dynamics is clearly invariant under both rota- 
tions and translations (in the plane), but not under Gahleian transforma- 
tions ( (0 -> (0 = (0 + vO- 

The one-body force is of Lorentz type: it suggests interpreting the N 
particles as point-like massive charges moving in a plane in the presence 
of a constant magnetic field orthogonal to that plane (“cyclotron” con- 
figuration). The (real) “coupling constant” a is then the “Larmor circular 
frequency”. We assume, without loss of generahty, that this quantity is 
positive, ® > 0 , and we denote by T the corresponding period, 

T = 27tIo). ( 2 ) 

If only this one-body force is present, namely if the two-body interactions 
are switched off by setting to zero all the corresponding coupling con- 
stants («„^ =a\^ = Q), then the «-th particle rotates (of course, independ- 
ently of all the others) on a circular trajectory whose center and radius 
p„ are determined by its initial position F„(0) and velocity r„(0): 

(0 = sinC^y t)-k A p„ cos(g? t) , (3a) 

=f„(0) + ^A^„, (3b) 

P«=®"'^„(0)- (3c) 

Of course in this case the motion is completely periodic, with period T . 

Exercise 4.5-1. Verify that (3) satisfies (1) with a„^ = = 0 . 

If the two-body interactions are not altogether switched off, namely if 
not all the 2iV(V-l)(real) “coupling constants” a\^ in (la) vanish, 
then the motions are much more complicated, since every particle inter- 
acts pairwise with every other particle, via two-body forces proportional 
to the speeds of the two interacting particles and depending nonlinearly 
on their (relative) positions. Previous results entail the following infor- 
mation on this model. 

If the coupling constants depend symmetrically on the two particles of 
the relevant interacting pair. 



495 




( 4 ) 



^nm ^mn 5 ^ nm ^ mn^ 

the Newtonian equations of motion (1) are Hamiltonian (see below). In 
this case the center-of-mass of the system, 



m = (5) 

fl=l 

moves itself as a single rotator: 

f{t) = c + p sm(o t)-k A p cos{g} t) , (6a) 

c = r (0) +JcAp, (6b) 

p = co~^ r(0) . (6c) 



Exercise 4.5-2. Prove this result. Rint\ note the antisymmetry of the summand in 
the right hand side of (la), under the interchange of the two indices n and m , when 
(4) holds. 



If moreover all the constants a\^ vanish and all the coupling con- 
stants equal unity, 

= 1 . 0 ) 

then the system of interacting particles (1) is integrable indeed solvable, 
and all its motions are completely periodic, with period (at most) 
f = T'Nl; note that this does not exclude the presence of completely peri- 
odic motions with period Tm=T-M where 1 < M < iV! , provided N\ is an 
integer multiple of M (so that periodicity with period automatically 
entail periodicity with period f ). 



Exercise 4.5-3. Trace these findings! Hint: see Sect. 4.2.5, and below. 

The mechanism whereby the initial data for the solvable model (1) with (7) divide 
into sets of finite measures which yield motions with different periods , see above, 
will be evidenced below via the analysis of the periodic character of the motions of the 
system (1) (in the generic case, without (7) ), which constitutes the core of Sect. 4.5. 
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The equations of motion (1) are clearly invariant under (time- 
independent) rescaling of the dependent variables Indeed, via the 

standard correspondence (4.1-17), they can be conveniently recast in the 
complex one-dimensional format; 

N 

+2 Y, ^nm ~ ^m) , (Su) 

OT=1, 



with 

(8b) 

Hereafter, we use this avatar of the equations of motion (1), and we 
moreover exploit its connection, via the change of variable 

= <'„(r) , T = [exp(ia)t)-l]/ (ico) , (9a) 

with the system 

X (lo) 



Here and below, the primes denote of course differentiations with respect 
to the independent variable r . Note that the constant a has completely 
disappeared from (10); nor does it feature in the relations among &e ini- 
tial data for (8) and (10), which read simply 



^„(0) = 4„(0), i„(0) = C(0). (9b) 

All this of course entails that, to obtain the solution z„{t) of (8) corre- 
sponding to a given set of initial data, one can instead solve (10) with the 
same set of initial data, thereby determine 4'„(r), and then use (9a) to ob- 
tain z„(?) (hence, as well, the solution of the initial value problem for (1) ). 



Exercise 4.5-4. Verify the connection, via (9a), among (8a) and (10), as well as 
the validity of (9b). 

Exercise 4.5-5. Verify that the (complex) equations of motion (8a) are yielded by 
the (complex) Hamiltonian 
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(11a) 



H{z,^ = £[f /c)z„ +exp(c/7j fj(z„ ], 

n=l m=l,m*n 



with c an arbitrary (non vanishing) constant, provided the constraints (4) hold, namely 



= a„ 



(11b) 



and note that this fact entails (see Sect. 4.1) the Hamiltonian character of (1) with (4). 

Exercise 4.5-6. Review all other spots in this book where the change of inde- 
pendent variable (9a) has been used, and ponder on the fact that it is now being ap- 
plied in the context of (possibly) nonintegrable many-body problems (namely, (1) or 
(8) possibly without (7) ). 



Let us now proceed and discuss the motions in the plane entailed by 
the (presumably nonintegrable) Newtonian equations of motions (1) de- 
scribing N pairwise-interacting rotators, or equivalently the motions in 
the complex plane entailed by (8a), without any restriction on the cou- 
pling constants see (8b). The cornerstone of our findings is the con- 
nection among (8) and (10) via (9), and the following property entailed 
by the change of independent variable (9): 

Lemma 4.5-7: If considered as a fiinction of the complex vari- 
able T, is analytic in the closed disk C, with radius H a, centered, in the 
complex T -plane, at t = Tq =U(d, then z^(t), considered as a fimction of 
the real variable t , is periodic in t with the period T , see (2), 

z„(r+r) = z„(0- (12) 



This Lemma is merely a special case of Proposition 2.1.13.1; ist validity is im- 
plied by the observation that r(t ) , see (7a), is itself periodic in t with period T , 

T{t+T) = t{t). (13) 

The diligent reader is in any case advised to draw the disk C in the complex t -plane. 



But on the other hand the standard existence/uniqueness/analyticity 
theorem, applied to the initial-value problem for the system (10), entails 
that the solution ^„(z), corresponding to given initial data £(0), ^(0) 
(arbitrarily assigned at r = 0 , but of course nonsingular, namely such that 



498 





C(0)^^i(0) if j^k, see (10) ), is an analytic function of the complex 

variable r in a disk D centered at r = 0, whose (nonvanishing!) radius d 
depends on the given initial data, and on the coupling constants see 
(10) (note that d cannot depend on (o , since this quantity does not ap- 
pear in the evolution equation (10); also note that the dependence of d on 
the initial data ^(0) and ^(0) entails, via (9b), a completely analogous 

dependence on the initial data, z(0) and 1(0) , of (8) ). It is moreover clear 
that, if the coupling constant or the initial data z(0) and i(0), are 
changed by setting 

z„(0) = ;iz^(0), z,(0)=//2'„(0), (14) 

and by then letting the (scaling, real) parameters a, A,, jj. vary while keep- 
ing the barred and tilded quantities in (13) JSxed, then d diverges, d^oo, 
as a-^0 or>^,^oo or 



These assertions follow clearly from the structure of the ri^t hand side of 
(10): the radius d of the disk D is determined by the closest singularity to the origin, 
in the complex r -plane, that is developed by the solution 4„(r) of (10), due to the 
nonlinear character of the evolution equations (10); clearly this singularity gets 
pushed farther away from the origin by “making smaller” the right hand side of (10), 
and this is precisely what the changes detailed above achieve, by decreasing the scale 
of the coupling constant or of die speeds z^ , or by increasing the scale of the 
coordinates z„. 

Exercise 4.5-8. Write out a formal proof of the statements made above, about 
the behavior of the radius d when the coupling constants , or the initial data z^ (0) 

and z^ (0) , are varied as indicated above. Hint: see the proof of the standard exis- 
tence/uniqueness/analyticity dieorem for (systems of) ODEs. 



But clearly, as soon as the radius d of the disk D exceeds the diame- 
ter, 2/o, of the disk C, it encloses C and this entails, via. Lemma 4.5-7, 
that z„(0 is periodic in t with period T , see (2) and (12). Hence we can 
state the following 

Proposition 4.5-9. Let F„(0 be the solution of (1) with 

^nm ^ ^nm > ^ nm~ ^ ^ nm> ® b G) , (15a) 
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and with assigned initial data 

r„(0) = Aw„, F„(0)=//v„, \u„^u^ if n^m\ (15b) 

where the positive numbers a, b, X, /i play the role of scaling constants 
(as we shall see immediately). Then the solution F„(0 is completely peri- 
odic with period T , see (2), 

rn{t + T) = r^{t), (16) 

provided one of the following conditions hold: 

(i) for given w, r„(0) and v„, the scaling number p, hence 

as well the initial velocities F„(0), are sufficiently small: Q<p<p^, where 

is a positive number, p,>0, whose value depends on the given quan- 
tities; 

(ii) for given a\^, co, F„(0) and u„, the scaling number X is suf- 
ficiently large, 2 > 4 (hence the initial positions of the N particles in the 
plane are sufficiently well separated), with 4 a positive number, > 0 , 
whose value depends on the given quantities; 

(Hi) for given a, r„(0) and 4(0) » Ibe scaling number 

a, hence as weU the magnitude of the coupling constants are 

sufficiently small, 0 < a < , where is a positive number, a^>0, whose 
value depends on the given quantities; 

(iv) for given m, F„(0) and r„(0), the scaling number b, 

hence as well the Larmor circular frequency a, is sufficiently large, 
Zj > 4, where 4 is a positive number, 4 > 0 , whose value depends on the 
given quantities. 



Note that we have chosen to formulate this Proposition 4.5-9 in terms of the 
physical system (1) rather than the (equivalent) complex system (8). As for its valid- 
ity, clearly in its first three formulations (see items (i), (ii), (Hi) above) it is implied by 
the discussion given above, hence it requires no additional elaboration here. As for the 
last formulation (see item (iv) above), its proof follows even more directly firom our 
treatment: since the {positive!) radius d of the disk D is independent of o ) , for suffi- 
ciently large co (indeed, precisely for a>> o)^ =21 d) the disk C gets completely 
inside the disk D (draw diagram!), hence the corresponding solution of z^{t) of (8) 
(or, equivalently, the solution r^{t) of (1) ) is completely periodic with period T , see 
( 2 ). 



500 





The first two aspects of this Proposition 4.5-9 ( see items (i) and (ii) ) refer to 
a given system of equations of motion, (1), and to different choices of initial data: we 
have formulated this Proposition 4.5-9 imagining to vary, and in a very special man- 
ner (by a common rescaling), either only the initial velocities, or only tiie initial posi- 
tions; clearly the essence of the results holds much more generally, and it amounts to 
the statement that, for any given system of type (1), there exist sets of initial data, 
having nonvanishing measure in phase space, which yield completely periodic mo- 
tions, with period T , see (2). Qualitatively, these initial data are characterized by the 
requirement not to entail too much interaction among the (interacting!) rotators, 
which should be sufficiently far apart firom each other, and not move too fast. On the 
other hand it is clear (see below) that, if the initial data entail a sufficiently strong 
interaction among the rotators, in the nonintegrable case (when (7) does not hold) the 
corresponding motions cease to be periodic. 

And even in the integrable case (namely when the restriction (7) on the cou- 
pling constants does hold), if the initial data entail a sufficiently strong interaction 
among the rotators, the corresponding motion ceases to be periodic witii period T , 
although in that integrable case it remains completely periodic, but with a larger pe- 
riod which is a multiple of T , at most T = T-N\. We will revisit this issue below, 
after we have gained a better understanding of the mechanism that underhes this phe- 
nomenon via the discussion of a simple example. 

The other two aspects of Proposition 4.5-9 ( see items (in) and (iv) ) refer in- 
stead to the (somewhat less “physical”) consideration of a variation in the parameters, 
be they the “coupling constants” or the “Larmor circular frequency” a, that 

characterize the model (1); a variation performed while keeping fixed the initial data 
that determine the motion. 

Remark 4.5-10. Of course Proposition 4.5-9 does not exclude that there might 
also be some values of the parameters co , a„^, a\^ of tbe model (1) (or equivalently 

&, a^^m. (8) ), or of the initial conditions £(0) , F(0) (or z(0) , i(0) ) which do not 

lie within the bounds dictated by Proposition 4.5-9, yet do yield solutions completely 
periodic with period T , see (2). 



Let us now pause to consider a simple, but quite illuminating, exam- 



ple. 



Exercise 4.5-11. Show that the solution of the equations of motion (8) 
with iV = 2, in the (Hamiltonian) case with 

flj 2 =<321 = « = «+/a', (17a) 

and with the restriction that the center of mass, z(Q = (l/ 2 )[zi( 0 +z 2 ( 0 ]> 
not move (indeed, without loss of generality, let it sit just at the origin of 
coordinates in the complex z -plane, z{i) = 0 , so that 



^ i ( 0=-^2 ( 0 =^( 0 ; 



(17b) 
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and check that the condition that the center-of-mass not move, z{t) = 0 , is 
in this case, see (17), consistent with the equations of motion (8); hint: 



see (6) ), is given by the following formula: if a -1 , 

z{t) = z(0) { [p - exp(z CO t)]l {p - 1)} , (18a) 

with 

p = l-icD z(0) / [(1 + a) z(0)] ; (1 8b) 

if a = -l, 

z{t) = z(0) exp( { i z(0) / ico z(0)] } [l - exp(i O] ) • (1 8c) 

Hint: rather than looking at the ODE satisfied by z(t), 
z -icDz-az^ /z, (19a) 



focus on the ODE satisfied by ^(z) (see (9) ), 

C = (19b) 

then divide this ODE by 4" and integrate (twice, sequentially, using the 
initial conditions, see (9b) ); finally use (9a) to recover z(t) . 

Let us now analyze this solution, (18). Clearly, if the initial conditions 
entail |p| >1 (see (18b) ), z{t) is periodic in t with period T, see (2) and 

(12) or (16) (if this conclusion is not evident see below). Note the con- 
sistency of this result with Proposition 4.5-9. 



Exercise 4.5-12. Compute the (minim al respectively maximal) values of the 
quantities and respectively 2^ and , see Proposition 4.5-9, for this case, see 
( 18 a,b). 

Exercise 4.5-13. Use this example, see (18), to illustrate a case in which Remark 
4. 5-iO becomes applicable. Hint: see (18c). 



If instead the parameters of the model (namely, the real number co 
and the, possibly complex, number a), and the initial conditions (namely, 
the generally complex numbers z(0) and z(0) ) yield a value of p , see 
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(18b), such that |/?1 < 1 , then z{t) is not periodic in t with period T . Let us 
look in detail at the mechanism whereby this happens. 

But firstly let us dispose of the special case a = -l. In this case, see 
(18c), the solution z(t) is always periodic in t with period T, see (2). In- 
deed, this case ( (1) with N = 2 and a = -1 ) corresponds to the integrable 
(indeed solvable) model (4.4.6- 1), of course with N = 2 and Fq {t) = (t) = 0 

(see (2.1.13-24)), and this periodicity property had been already pre- 
dicted, see the second paragraph in Sect. 4.4.6 (beware of the notational 
differences: the parameters a respectively a' of Sect. 4.4.6 should now 
be replaced by zero respectively a?). 

Hereafi;er we assume a -1 , so that the solution z(t) is given by (18a) 
with (18b), which, for the purpose of the following discussion, we re- 
write as follows: 

z(t) = <0)(/? (20a) 

= (20b) 

w(t) =[p- exp(i0) t)] . (20c) 

Let us now discuss how z(t) behaves as a function of (real) For a 
generic value of a, the fimction /(w) , see (20b), of the complex variable 
w , has a branch point at w = 0 (and another one at w = oo); while w(t) is a 
periodic fimction of (real) t, which, as t varies over one period, say fi^om 
0 to r, travels in the complex w -plane over a circle c of radius 1, cen- 
tered at w = p . If |/?| > 1 the branch point at w = 0 lies outside this circle c ; 

hence / (see (20b)), considered as a fimction of is periodic in t with 
period T, see (2), and the same conclusion apphes to z(t), see (20a), as 
already noted above. If instead |p| < 1 , the branch point at w = 0 lies inside 

the circle c , hence, when w completes its travel over the circle c and 
comes back to its original value (say, it goes firom p-l to p-1, as t 
varies firom 0 to r, see (2) and (20c) ), the fimction / does not come 
back to its original value, because now the contour c over which w trav- 
eled crosses necessarily the branch cut of the fimction f(w) , that starts 
inside the circle c (at w = 0) and ends outside it (at w = oo). However, if 
the exponent 1/(1 + a) is a rational number, say 



— 
l-ta q 



( 21 ) 
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condition \p\ = l, p ^ 1 , that yields singular solutions (which may be made 
periodic, with periods T or 2 r, by providing an appropriate prescription 
to continue them beyond the singularity). The physical significance of the 
singularity is a collision of the two particles, at the finite time : indeed 

as z{t) ~ , z(t) ~ z(t) ~ ; note the con- 

sistency of this behavior, entailed by the solution (20) with a = 1 , with the 
equation of motion (19a). 

An analogous phenomenology occurs in the general case, with arbi- 
trary a ( 9 ^+ 1 ); but of course with a difference. Again the initial data are 
divided into two sets, characterized respectively by the relations \p\ > 1 

and |/?| <1, see (18b). In the first case the solution is again periodic with 

period T , see (2); in the second, it is instead, generally, not periodic, ex- 
cept in the special cases (21), when it is periodic with period T q. And 
these two sets are again separated by the (lower dimensional) set of initial 
data characterized by the condition |yo| = 1 , p ^ 1 , see (18b), which defines 

via (22) the value of the critical time, t-t^, when the solution develops 

a singularity, whose physical significance is again a collision of the 2 
interacting rotators. 

We have discussed at considerable length this very special example, 
see Exercise 4.5-11, because it provides a neat illustration of the mecha- 
nism - the interplay of analyticity in the complex variable t and periodic- 
ity in the real time variable t - that underhes the vahdity of Proposition 
4.5-9, and indeed evidences a phenomenology whose vahdity may weU 
extend beyond the particular many-body model treated in Sect. 4.5, see (1). 



In this connection let us emphasize that, in the particular example we just dis- 
cussed (see Exercise 4.5-11), the case with a generic, possibly complex, value of 
a = a + ia' (see (17) and (19)) may be considered to mimic the generic, hence pre- 
sumably nonintegrable, case of the model (1); in spite of the fact that the specific ex- 
ample of Exercise 4.5-11, mainly due to the iV = 2 restriction, is of course integrable 
for generic a (at least in the subcase with fixed center-of-mass), as evidenced by the 
fact that we did indeed integrate it, see (18). 



Let us end Sect. 4.5 by pointing out that the same kind of results ex- 
pressed by Proposition 4.5-9 for the system (1) or (8) can be extended (in 
some cases with minimal modifications; but not in other cases) to more 
general systems than (1). 

Exercise 4.5-14. Formulate and prove results analogous to Proposition 
4.5-9 for the system of ODEs (more general than (8) ) 
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(23) 



N 

l,m=l 

Hint: see <CF2000c>. 

Exercise 4.5-15. Verify that the change of dependent and independent 
variables 

z„ {t) = exp(-i 0) t) (r), r = [exp(2 ia)t)-l\l{;iia>), (24) 

transforms the system 

=2 Y. simian -^rnY^ 5 ( 25 ) 



(which, for 

gl=g\ ( 26 ) 

is integrable indeed solvable, and in this solvable case only possesses, for 
real cd, completely periodic solutions with period T, see (2); see Sect 
2.1.3.3), into the system 

i’.=2 'Z gUC,-(,y\ (27) 



which does not feature at all the parameter w . 

Exercise 4.5-16. The possibility to transform (25) into (27) via (24) 
suggests that an analogous result to Proposition 4.5-9 (which has been 
shown above to be applicable to the system (1) or (8) and to (23), see Ex- 
ercise 4.5-14) be also apphcable to (25), entailing the existence of a set, 
having nonvanishing measure in phase space, of initial values which entail 
that the corresponding solutions of (25) are completely periodic with pe- 
riod r, see (2), even in the, presumably nonintegrable, case with different 
coupling constants gl^ for different particle pairs, namely when (26) does 
not hold. Why is this hunch (presumably) false (at least for the "physical" 
model (25), with real particle coordinates zj? Hint: the transformation 
(24) entails 



C(0) = ^„(0), C(0) = i„(0) + 2® z„(0) 



( 28 ) 
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(and note that this is different from (9b)). 

Exercise 4.5-17. Show that the main results about the many-rotator 
model in the plane (1) (in particular the existence of completely periodic 
motions, both in the integrable and in the nonintegrable cases) are as well 
valid, up to obvious notational changes, for the (of course rotation- 
invariant, but not translation-invariant) many-oscillator model in the 
plane characterized by the following Newtonian equations of motion (see 
(lb)): 



m=l,m^n 



(29) 



Hint: note that via the position 

= w„(t)exp{iQt ) , (30a) 



with 



Q = (o/2 , (30b) 

the equations of motion (8a) become 



N < 

m=l,m^n 

( 31 ) 



and that via the relation (see (4.1-17)) 



( 32 ) 

these equations of motion, (31), coincide with (29). 

Exercise 4.5-18. Verify that the 3-body problem in the plane charac- 
terized by the followmg (rotation-invariant!) Newtonian equations of 
motion is solvable: 
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r„ =2{a + a'JcA)r^ +(^ + ^'^a)F„ +[ 2{Yi -{-{r^ +rikA)r„ ]/D, 

(33a) 

n =ri(^>^2.^3;n/2/3) = rA(^/2/3;^i/2.^3)+r'/^(^i/2/3;^>4/3) » (33b) 

ri' = ri'(^i/2.^3;^i/2>^3)=rX^i/2/3;^i/2.^3)-r/^(n/2.^3;^i/2/3) » (33c) 

Tl =r2(^>^2>^3;^/2/3) = -rn(^l/2/3;^1.^2>^3)-r'^2(^/2/3;^l>^2.^3) » (33d) 
^2 =r2(^.^2.^3;^’^2.^3)=-r'Vl(^/2.^3;^’^2/3) + rV2(^,F2,F3;Fi,4,F3) , (33c) 

3 

Ml =M(riA’W,r2,r,)=Y, [ (t -^)(^. -^)-(^’ t a^) ] , (33f) 

/,m=l 

. . . ^ 

=/^(^,F2,F3;Fi,F,,F3)= X [ (t aF,) + (F„ -F;)(^-F„ aF^) ] , (33g) 



J 

^1 =n(n. ^2/3;^. ^2.^3)= Z [ ], 



/,m=l 



(33h) 



v^ = v^ir,,r^,r,;p,,p^,p^)^'^ 2{r^-ri){k-r^Ar{) , 

l,m=l 



(33i) 



D^D{r,,r^,r,\k,,\,?,)^Yj [^Irf -2{k-f^ AVif ] ; 



l,m=l 



(331) 



(ii) find conditions on the 6 “coupling constants” a,a' ,p,p' ,y,y’ suffi- 
cient to guarantee that all nonsingular solutions of these equations of mo- 
tion, (33), are completely periodic, and conditions on the initial data, 
^(0),F„(0), sufficient to guarantee that the corresponding solution of (33) 
is not singular. Hints: use the results of Sect. 5.1 below, in particular (i) 
identify (33) with the complexified version of the solvable 3 -vector equa- 
tion of motion (5.1-29), by considering each component of the 3 -vector 
satisfying this solvable equation of motion, (5.1-29), as a separate “parti- 
cle variable”, say {f), « = 1,2,3 , and by then identifying the complex 
numbers /?„ with the real 2 -vectors F„, see (4.1-17) (with z„ replaced by 
pf), and of course by also setting a = a^ia’ , h = p+ip' , c = y+iy' in 
(5.1-29); (ii) see Exercise 5.1-14. 
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4.6 Outlook 



In Chap. 4 it has been pointed out that the technique of complexification 
- amounting to the consideration of evolving systems in the complex, 
rather than the real, field - can in appropriate instances be interpreted as 
giving rise to genuine, rotation-invariant, many-body problems in the 
physical two-dimensional space: real motions in the plane. Several such 
systems amenable to exact treatments have been exhibited, but clearly 
many more can be introduced by this approach. Few of these systems 
have been studied in any detail: much therefore remains to be done in this 
direction as well, both fox the systems described in Chap. 4, and for new 
ones which can be manufactured by analogous techniques (for instance, 
by complexifying the partially solvable 3 -body problem (2.5-44c), and/or 
the solvable translation-invariant N -body problem (2.5-50) (for instance 
for N = 1 and N = 2>), and/or the solvable N -body problem (2.5-67) with 
A =4 =4 =A =0, - )• 

Several of the systems exhibited above are characterized by remark- 
able behaviors, for instance by the presence of many, in some case of 
only, completely periodic motions. Especially such systems are interest- 
ing candidates for quantum mechanical treatment. 

Finally, let us once more emphasize that the gamut of possible mo- 
tions is much richer in the plane than along the line; hence, even when the 
technique on which these results are based corresponds merely to an ex- 
tension from the real to the complex, it entails a physically very interest- 
ing step. 

And let us end Chap. 4 by drawing attention to the results of Sect. 4.5, 
both because they, remarkably, are also applicable to systems which are 
not integrable (nor linearizable), and because they uncover and display 
certain relations among analyticity in the time variable and the emergence 
of integrable behaviors (in particular, in this specific case, completely pe- 
riodic motions), which might have a much wider relevance, namely pro- 
vide illuminating insights in other contexts, well beyond the specific 
model treated herein. 



4.N Notes to Chapter 4 

The notion that certain (one-dimensional) many-body problems on the 
lin e yield, by complexification, rotation-invariant many-body problems 
in the plane was introduced in <C96b>, and fiirther elaborated in <C98c> 
and <C97d>. As already mentioned, the idea to complexify comes natu- 
rally in the context of models whose treatment invokes the study of the 
motion of the zeros of a polynomial, since the natural setting for any such 
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investigation is the complex plane rather than the real line; and this hunch 
was reinforced by the discovery that certain complex deformations of 
certain exactly treatable many-body problems feature the remarkable 
property to possess only completely periodic motions <C97c>, <C97d>, 
<CF2000a>. 

The treatment of Sect. 4.1 is based on the three papers <C96b>, 
<C98c> and <C97d>. 

The material of Sect. 4.2 and its subsections (except the last one, Sect. 
4.2.6) is gleaned from the first of these three papers, <C96b> (for a re- 
view of results associated with the “simplest” models treated in Sects. 
4.2.4 and 4.2.5 see also <C99b>). 

An extension (of possible interest in fluid dynamic) of the results re- 
ported in Sect. 4.2, corresponding to the limit in which the number of 
particles, N , diverges giving rise to a continuum distribution of particles 
in the plane is treated in <C97b>. 

The material of Sect. 4.3 and its subsections is largely based on 
<C98d>, but it also contains new results. 

The material of Sect. 4.4, as indeed indicated there, is mainly reported 
from <C98c> (with several corrections!), as well as from <C98a>. The 
integrabihty of (4.4.7-9,10,11) has been reported by R.I. Yamilov (on the 
basis of previous work with A.B. Shabat) <Y92>. The integrability of 
(4.4.8-9) and (4.4.9-6) has been discovered by Yu. B. Suris <S97> (see 
also <AS97>). 

The treatment of Sect 4.5 follows closely <CF2000c> (except for the 
last four exercises). 

For some follow-up to the remarks proffered in the last paragraph of 
Sect 4.6 see <CF2001>. 
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5 MANY-BODY SYSTEMS IN ORDINARY 

(THREE-DIMENSIONAL) SPACE: 
SOLVABLE, EVTEGRABLE, LEVEARIZABLE 
PROBLEMS 



In Chap. 5 we outline a technique to manufacture many-body problems in 
ordinary (three-dimensional) space amenable to exact treatments, and we 
exhibit a fairly large collection of such examples, generally characterized 
by rotation-invariant equations of motion, mostly of Newtonian type (see 
(1.1-18)). 

Of course throughout Chap. 5, a superimposed arrow identifies three- 
vectors, namely vectors in ordinary (three-dimensional) space, say 
r={x,y,z) ; the exceptions are in Sects. 5.3, 5.5 and (mainly) 5.6.5, where 
we also use (with appropriate warning!) this notation to denote S -vectors, 
with S an arbitrary positive integer. 

The main idea fi:om which the results of Chap. 5 flow is (i) to identify 
treatable evolution equations for matrices, (ii) to parametrize the evolving 
matrices in terms of three-vectors (and perhaps also of scalars), and (Hi) 
to obtain thereby evolution equations for three-vectors. This simple rec- 
ipe yields equations of motion of Newtonian type for three-vectors (see 
(1.1-18)), provided the evolution equations for the matrices are suitable 
(for instance, they should be of second-order in the time-derivative), and 
provided moreover the parametrization of these matrices in terms of 
three-vectors is compatible with their time-evolution, in the sense of 
transforming it into a covariant (hence obviously rotation-invariant) 
time-evolution for three-vectors. Several examples are given below. 

Most of these examples feature equations of motion of Newtonian 
type (“acceleration equal force”); these equations are generally covariant 
{rotation-invariant); in some cases they are translation-invariant as well. 
In most cases the forces are velocity-dependent, although some cases with 
velocity-independent forces are also presented (see in particular Sect. 
5.6.5). Some models only feature one- and two-body forces. Some models 
are Hamiltonian. 

The plan of the presentation is clear enough from the titles of the fol- 
lowing sections (see Contents), not to require additional elaboration here. 
Let us emphasize that our presentation below is aimed at explaining how 
solvable and/or integrable and/or linearizable many-body problems in 
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three-dimensional space can be manufactured, by detailing the methodol- 
ogy, by providing relevant tools, and by exhibiting several examples (the 
worth of the pudding is in the eating). But we do not delve into any de- 
tailed analysis of the solutions of the many-body problems we exhibit (so, 
we hardly eat the pudding: we only cook and serve it!), except for occa- 
sional observations, for instance about those models which feature only 
confined, multiply periodic or completely periodic motions. 

Let us finally mention that the approach described in Chap. 5 could 
clearly be as well applied to manufacture treatable N -body problems in 



This solution, as written, is applicable provided c^^l. The c = 1 case 
can be obtained by a limiting process, but the corresponding solutions 
deserve to be displayed explicitly: if c = 1 and a^O, 

M ti) = exp { \b l(2a)\\^t + exp(a t) a sinh(a O]}' 

•exp{exp(ari g~^smh('ariM(0) } M(0) ; (3) 

if c = 1 and a = 0 , 

M(0 = exp(6^V2)exp{^M0)[M(0)]”' }M(0) . (4) 



Exercise 5.1-1. Verify that (2), and, in the respective special cases, (3) and (4), 
solve the initial-value problem for (1). 



To discuss the behavior of the solution (2) of the matrix evolution 
equation (1) it is convenient to introduce the matrix 

^ = A"' { (1-c)M( 0)[M0( )]“' -a } (5) 

and, assuming for simplicity it is diagonalizable, to denote by its ei- 
genvalues and by W the matrix that diagonalizes it: 



i = rdiag(a„)r"' . (6) 

Then (2) can be conveniently rewritten as follows: 

, ( 7 ) 

SO that the time-dependence is all carried by the diagonal elements 
defined by one of the following three equivalent expressions: 

//„(ri = exp[ar/(l-c)][ cosh(A0 + «„sinh(A0 , (8a) 

//„(0 = exp[(a-A)r/(l-c)][ (l+aJ/2 exp(2Ar)-^„ , (8b) 

//„(0 = exp[(a + A)ri(l-c)][ (l-a„)/2 [ exp(r2At)-J3Y , (8c) 
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where 



-!)/(«. + 1 ) • ( 9 ) 

Exercise 5.1-2. Verify! 

Exercise 5.1-3. Show that, if the three "coupling constants" a,b,c are 
all real (which entails that A, see (2b), is either real or imaginary), a 
condition on the initial data sufficient to guarantee that the solution (2) be 
nonsingular for all (real) values of the time t is the requirement that the 
matrix A, see (5), possess no real eigenvalues. Hint: see (8a). 

The expressions (8b,c) are particularly convenient to discuss the pos- 
sibihty that (1) possess periodic solutions, 

M{t+T) = M{t) . (10) 

Let us to this end consider values of the three coupling constants a,b,c 
such that A, see (2b), be imaginary. 



A = z©/2 



( 11 ) 



assuming hereafter, without loss of generality, that the quantity a is 
positive, o}>0, and denoting by T the corresponding period, 

T = 27t/(d . ( 12 ) 

But before proceeding with this discussion, let us pause to state two 
elementary results; 

Lemma 5.1-4. The fiinction 

fit) = [exp(z at)- pY (13) 

is periodic in the (real) variable t, with period T , see (12), 
fit^T)=m, ( 14 ) 

if the modulus of the complex number p exceeds unity, 

1^1 > 1 . ( 15 ) 
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Note that no assumption is made on y, which might be an arbitrary 
(complex) number. 

Lemma 5.1-5. If 

= (a-l)/(a+l) (16) 

(see (9)), the conditions |y^|>l, |y5|=l, respectively |yff|<l correspond to 
Re(«) < 0,Re(a) = 0, respectively Re(a) > 0 . 



Proof of Lemma 5.1-4. Clearly the complex number 

z(t) = exp(i cot)- p (17) 

is periodic in the real variable t with period T , see (12), indeed as t varies over a 
period it travels fiiU circle on a circular contour in the complex z -plane, centered at 
P and of unit radius. Hence, if (15) holds, this contour does not include the origin, 
z = 0 (draw diagram!). Hence 

fit) = [zif)Y (18) 

(see (13) and (17)) is periodic as well, with period T . This completes the proof of 
Lemma 5.1-4. But note that this conclusion would not have been warranted if (15) did 
not hold, because in such a case the circle traveled by z(t) would traverse the branch 

cut, from z = 0 to z = 00 , of the fiinction z^, see (18). It is indeed clear that, if 
[y^l =1, hence 

y5 = exp(r» (19a) 

with cp real, the fimction f{t) would hit the branch point at z = 0 whenever t = t^, 

t^=q>l(D mod(r) ; (19h) 

while if ly^|<l, the function fif) would be periodic only if y were rational, 
^ = p / g , but then with period T = qT (because by traversing the branch cut z(r) 
would get on a different Riemann sheet of the function z ^ ; only if y were rational, 
y = pfq, the number q of different sheets would be finite, hence by traversing the 
cut q times z(0 would return to the origin sheet). 



I 2 

Exercise 5.1-6. Prove Lemma 5.1-5. Hint compute \P from (16). 
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Let us return to our discussion of tlie solution (2), or rather (7) with 
(8), in the case (1 1). The following results are now plain. 

Proposition 5.1-7. If (11) holds and moreover 

a = A + /(l-c)(j7/g)o = f[l + 2(l-c)(/>/^)](o/2) , (20a) 

then all solutions (2) of the matrix evolution equation (1) which ensue 
from initial data M(0), M(0) such that all the eigenvalues of the matrix 

A, see (5), have (strictly) negative real parts, 

Re(«J<0 , (20b) 

are periodic, see (10), with period 

f = gr; (21) 

if (11) holds and moreover 

a = -K + i(V-c){pl q)(D = i\^\-vl(5-c){pl q)\{(oll) , (22a) 

then all solutions (2) of the matrix evolution equation (1) which ensue 
from initial data M(0)>M(0) such that all the eigenvalues of the matrix 
A, see (5), have (strictly) positive real parts, 

Re(a„) > 0 , (22b) 

are periodic with period f, see (21). Here p and q are the two integers 
which define the (arbitrary) rational number piq, hence they are arbi- 
trary, except for the requirement that q be positive, q>0, and that they be 
relatively prime (namely, such that their decompositions into products of 
primes possess no common factor). 

Exercise 5.1-8. Prove Proposition 5.1-7. Hint: insert (11) and (20a) 
respectively (20b) in (8b) respectively (8c), and use the Lemmata 5.1-4 
and 5.7-5. 



Remark 5.1-9. If (11) and (20a) or (22a) hold (namely, two relations, 
or rather one and a half -- since a , see (1 1), is constrained to be real, but 
is otherwise arbitrary — for the three, a priori arbitrary, and possibly 
complex, “coupling constants” a,b,c), while, say, c is generic (t)OSsibly 
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complex; certainly not rational), then the matrix evolution equation (1) 
possesses a lot of nonperiodic solutions; but there also are sets of initial 
data, clearly having nonvanishmg measure in phase space, that yield pe- 
riodic solutions, as detailed by 5.1-7. 

Proposition 5.1-10. If the three coupling constants a,b,c in (1) can be 
expressed as follows: 

a = i[(qi Pi +qi Pi)/(^i Pi -?2 P\) ] , (23a) 

b = [a Pi / (a A-^2 a)]®' » (23b) 

C = 1 - ^1 ^ 2 /(a Pi-(hPx) » (23c) 

where m is positive, © > 0 , and p^,P 2 4 integers, arbitrary except 

for the following restrictions: p^ and q^, and likewise P 2 and q^, are 
relatively prime, q^ and q^ are positive, and qiPz~qiPi^^ (namely, 
pjq^ and Pzfqi are two arbitrary different rational numbers; note that 
a,b,c, as given by (23), only depend on these two rational numbers, in 
addition to the positive real number <»); then all nonsingular solutions of 
(1) are periodic, see (10), with the period T given by the following rules: 
if the initial data M(0), M(0) are such that all the eigenvalues of the 
matrix A, see (5), have (strictly) negative real parts, Re(of„)<0, then 
T =qff, see (12); if the initial data M(0), M(0) are such that all the ei- 
genvalues of the matrix A, see (5), have (strictly) positive real parts, 
Re(a„) >0, then f = see (12); if the initial data M(0), M(0) are such 
that all the eigenvalues of the matrix A, see (5), have nonvanishing 
real parts, Re(aJ ^0, which however do not all have the same sign, then 
T =qT, with q the miTiiimTim common multiple of q^ and ^ 2 - Note that 
the cases we just enumerated exhaust all the initial data M(0), M(0) which 
yield nonsingular solutions of the matrix evolution equation (1): indeed, 
if the initial data, M{0), M(0) , entail that one or more of the eigenvalues 

of the matrix A, see (5), are imaginary, say Re(a^) = 0, then there ex- 
ist one or more (finite, real) values t^, defined mod(r) , see (19), at which 
times, t = t^, the solution MJt) becomes singular (divergent and/or nonin- 
vertible). 

Exercise 5.1-11. Prove Proposition 5.1-10. Hint note firstly that (23) 
entail (11) (via (2b)), as well as the simultaneous validity of both (20a) 
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(with q = qi,p = Pi) and of (22a) (with q = q 2 ,p = Pi)l then use Proposition 
5.1-7. 



Remark 5.1-12. The expressions (23b) respectively (23c) entail that b 
is real, respectively that c is {real and) rational, while (23 c) entails that 
a is imaginary, unless it vanishes, which is indeed the case if the 4 inte- 
gers ,P2qi, ^2 satisfy the single restriction q^p^ +q^ p^ =0, namely if the 
two rational numbers Pxlqx,P2lqr sre equal in modulus and opposite in 
sign, entailing, say, qi=q2=q>^,P\.=-Pi= p, hence 

a = 0 , 

1 , 
b=-{plq)(D , 

c = l + ^{qtp) (24c) 

(note that in this case the 3 periods T = q^T,T = q^T,T = qT coincide, 
hence all nonsingular solutions (2) of (1) are, in this case (24), periodic 
with the same period f , while of course the matrix evolution equation (1) 
is real). 

Exercise 5.1-13. Discuss the consistency of these findings (see 
Proposition 5.1-7, Remark 5.1-9 , Proposition 5.1-10 and Remark 5.1-12) 
with Proposition 2.1.13-1. 

The next step is to introduce a convenient parametrization of the ma- 
trix M{t) in terms of (one or more) 3 -vectors, as well as, possibly, of (one 
or more) scalars. An analysis of various such possibilities is given below 
(see Sect 5.5). Here we assume MO to be a (2x2) -matrix, and we set 

K{t) = P0)l+i r{t)'d . (25) 

Here and below 1 is the unit (2x2) -matrix, and the 3 components of the 
3 -vector a are the standard Pauli matrices: 



(24a) 

(24b) 



Jl 0] fO 1] (0 i] (1 0 

1 0 I j il 0 [-1 0 lO -1 



Generally, in the following, the unit matrix is omitted. 
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This parametrization, (25), entails the following relation (see Appen- 
dix H): 

M \M ] ~^ M = \p \p p + l{r-r) p if -r) 

+ z (2 F [ /? /7 + (r -r) ]-r[ p^+(r -r) ])-^ }/(p^ +r^) . (27) 

Hence (1) gets transcribed, via (25), into the following evolution equa- 
tions: 

p=lap + b p-^c{p\ p p-\-l(r 't) p{r ’v)]l{p^ +r^) , (28a) 

F =2a r +Z> r + c{2 F [ p/7+(r -r) ]-F [p^ + (F -r)]}/(p^ +r^) . (28b) 

These Newtonian equations of motion describe the (coupled, nonlinear) 
time-evolutions of the scalar p{t) and of the 3 -vector r{t). They are 
clearly rotation-invariant. They are not translation-invariant. Their solv- 
able character is entailed, via (25), by the solvable character of (1). 

These equations of motion, (28), are clearly compatible with the re- 
duction yo(0 = 0 (namely, if initially p(0) = /?(0) = 0, then p(t) = Q for all 
time), in which case they take the simpler, 3 -vector form 

F=2a F + 6 F + c[2 F (F-F)-F (F-F)]/r^ . (29) 



Exercise 5.1-14. Verify that (27) corresponds to (1) via (25). Hint: verify firstly 
that the following relations are entailed by (25) with (26): 

M~^ =(p-i r'a)l{p^ +r^) , (30) 

MM~^={pp+(r-r)+i\pr-pr+rAr]-a}/(p^+r^) , (31a) 

M~^ M ={pp+(r ■r) + i[p r- p F-F AF]-ri }/(p^ +r^) . (31b) 

Exercise 5.1-15. Show that, if a,b,c are {real, as) given by (24) (with q>Q, p 
relatively prime to q , and of course both integers), then (i) all nonsingular solutions 
of the Newtonian many-body problem (29) are completely periodic with period 
T =qT, see (12), and (ii) the necessary and sufficient condition for the motion to be 
nonsingular is that the initial position and velocity not be aligned, 

|F(0)aF(0)U0 . (32) 
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If this condition, (32), does not hold, compute the time (defined mod(r) , see (19)) 
at which the solution r{t) of the {real) equation of motion (29) vanishes (if /? < 0 ) or 
diverges (if p > 0). Hint: see Proposition 5.1-10 and (25) (with p = 0). 

Exercise 5.1-16. Verify that the Newtonian equation of motion (29), in the a = 0 
case, yielded by the Hamiltonian 

H(r,p) = p^ f(r^) + g{r^)(r-p) + h{r^) , (33a) 

with 

f{s) = ks\ (33b) 

(1 - c) ( 5 ) + 2 5- g'(s) g(s) -4/cs^ h'{s) = b. (33c) 

Here ^ is an arbitrary (nonvanishing) constant; and note the ample choice permitted, 
by the single constraint (33c), for the two arbitrary functions g(s),h{s) (for instance a 

very simple choice consistent with (33c) is g(s) = \b /(I - h{s) = 0). 

Exercise 5.1-1 7. Formulate and solve the analogs of the preceding Exercises 5.1- 
15 and 5.1-16, but for the scalar/vector equations of motion (28) (rafter than for the 
three-vector equation of motion (29)). 



5.2 Another simple example: a linearizable matrix 

problem, and the corresponding one-body problem 
in three-dimensional space 

In Sect. 5.2 we illustrate again the main idea on which the results of 
Chap. 5 are based, via another simple example. 

The matrix evolution equation that serves as point of departure for our 
treatment reads now 

U = G(U.U)+[U,F(^] . ( 1 ) 

Here U = Ui{t) , the dependent variable, is a square matrix of arbitrary 
rank; dots denote of course differentiations with respect to the independ- 
ent variable t (“time”); and G(U,U), F(U) are scalar/matrix functions, 
namely they depend on scalar arguments (including possibly various 
"coupling constants", as well as the time t, although for notational con- 
venience these dependencies are not indicated explicitly) as well as on 
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their indicated matrix arguments (in the case of G{^, U) their order is of 
course important, since U = U{t) and U=Uit) need not commute), but 
they do not depend on any other matrix, so that there holds the essential 
property 

W G(^U) = G(WUW~\ WUW~') , (2a) 

WF{U)W~"= F{WUW_ ) , (2b) 

for any matrices ^ y_ and ^ (the latter being, of course, invertible). Of 
course both ^(T/, U} and F(IJ) are matrices (of the same rank as ti and 
^), while G{a, b), F(c) are scalars when a, b,c are scalars. 

We moreover assume that the matrix evolution equation (1) with 
F = 0, say 



2=g(£,2), (3) 

is solvable and/or integrable; this is, for instance, the case if 

G(U,lD=2aU+bU+cUir'U , (4) 

with a, b,c three arbitrary constants, see the preceding Sect. 5.1. 

The first point we now make is that (1) is then linearizable, for any 
arbitrary choice of the scalar/matrix function F(IT); in some special 
cases, see below, it might itself be solvable and/or integrable. 

Indeed, let us introduce the matrix U_ = Uit) related to U(t) by the 
similarity transformation 

U = WUW~^ , (5a) 

U = W~'UW , (5b) 

with the matrix W = W(t) satisfying the first-order matrix differential 
equation 



w = WF(U) , (6a) 

w=F(S)K • (6b) 

The equivalence of (6a) and (6b) is of course entailed by (5) (see (2)). 
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This linear differential equation, (6a) respectively (6b), defines 
uniquely the matrix W(t) in terms of the matrix L/(t) respectively Q(t), 
provided it is supplemented by an initial datum ^(0) . Hereafter, for sim- 



plicity, we assume this to be given by the simple rule 
K(0)=L (7) 

It is now easily seen that (5) and (6) entail the relations 
U=WUW~^ , (8a) 

U=W~'UW , (8b) 

as well as 

u = w{u-[u,F(^)]}w~' , (9a) 

U = W~'{U-h[u,F(U)]}W . (9b) 



Here and always below \a,^ is the commutator of the two matrices 

A,B: 

\a,^^ab-ba . ( 10 ) 



Proofs. Tune-differentiation of (5a) yields 

^=WUW~" +WUW~^ -WUW~'WW~' , (11a) 

U = w{u + [F(lf),u] }W~' . (11b) 

Here the second step is a consequence of (6a), which clearly entails 

F(U)=K~'K . (6c) 

But F(U) clearly commutes with U_ (since it is a ftmction of no other matrix but U_), 

[F(C£),C/] = 0 . (12) 

hence (11b) entails (8a), and (8a) entails of course (8b). 

Likewise, time-differentiation of (8a) yields, via (6a), 
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(13a) 



U = W{u: + F(^U-UF(^ }r~' , (13b) 

which coincides with (9a), that is thereby proven. As for (9b), it follows from (9a) via 
(2), (5) and (8). 

Note moreover tiiat (7) entails, via (5) and (8), that the initial data for the two 
matrices [/(t) and C/(i) coincide: 

U(0) = U(0), U(0) = U(0) . (14) 



It is now clear, from (8) and (9), that if U(t) satisfies (1), then U(t) , 
related to U(t) by (5) with (6), satisfies the solvable and/or integrable 
evolution equation (3), 



U = G{U,m 



(15) 



Hence the matrix evolution equation (1) is linearizable. 



To substantiate this claim, let us indicate how to solve the initial-value prob- 
lem for (1). The first step is to obtain, via (14), the initial data for (15). The second 
step is to obtain U{t) from these initial data, see (14), via the evolution equation (15), 
which is by assumption solvable and/or integrable, see (3). The third step is to com- 
pute ^(t) , by solving, with the initial condition (7), the first-order ODE (6b); note 

that tiiis is generally a nonautonomous matrix differential equation, since Ufit) is 
generally time-dependent; it is, however, a linear evolution equation, and this fact 
justifies the claim made above: since indeed, once Ufit) and Wfit) are known, U_{t) is 
given by the explicit formula (5b), whose utilization constitutes the fourth, and last, 
step to solve the initial-value problem for (1). 

As we indicate below, in some cases in which (15), or equivalently (3), is 
solvable, the linear matrix ODE (6b) can also be exphcitly solved in terms of known 
special functions. In those cases the matrix evolution equation (1) is, more appropri- 
ately, cdW&di solvable. 



To proceed with the illustration of our method we must now im- 
plement its second step, namely introduce an appropriate parametrization 
of the matrices in terms of three-vectors. But firstly we must make a more 
specific choice for the matrix equation under consideration. So we make 
the specific choice (4), namely we focus on the matrix evolution equation 



523 



( 16 ) 



2 = 2a^+6^+cTO"'^+[^,F©] , 

SO that U satisfy the matrix evolution equation 

^ = 2a^+bU+cUir^U^ , (17) 

whose solvable character has been demonstrated in the preceding Sect. 
5.1. We moreover assume, as we did in the second part of the preceding 
Sect. 5.1, that the matrix Uit) (as well as U_{t)) have rank 2. And we also 
use for Hit) the following parametrization in terms of (only!) a three- 
vector: 

Uit) = ir{t)'a , (18) 

with a deiSned as in Sect. 5.1, see (5.1-26). It is easily seen that this 
parametrization (which is analogous to (5.1-25), but with pit) = 0 , entail- 
ing that the matrix H{i) is traceless) is compatible with the matrix evolu- 
tion (16), and that it transforms it into the 3 -vector evolution equation 

f =2a r+b r+c \lr (F *r)-r (r 'F)]/r^ + /(r) r aF , (19a) 

where f(r) is related to the fimction F(u) , see (16), by the formula 

/W = [F(ir)-f(-,»]/(ir) . (19b) 

Hence fir) is generally an (arbitrary) even fimction (but, as we will see 
below, the restriction to even fimctions can be by-passed). 



Exercise 5.2-1. Verify that (19) corresponds to (16) via (18). Hint: prove first 
the identity 



F(m • ^ = (w) + ( m) (m . ^ / M = (m) + 1 / (m) (m . ^ , (20a) 

where F^(w) respectively F^iu) are the even respectively odd parts of F(m), 

F(u) = F,(u) + F,(u),F,(u) = ~[F(u) + F(-^)1 F,(u) = Hf(u)-F(-u)], (20b) 

2 2 
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and of course / (w) is defined by (19b). Note that {u) , (u) and f{u) , as defined 

here, are all scalar (namely, neither matrix- nor vector-valued) fimctions of the scalar 

M = +u1 ) , 

Exercise 5.2-2. Prove that, if the parametrization (18) is replaced by the more 
general parametrization (5.1.25), then in place of the 3 -vector equation (19) one gets 
from (16) the (more general) scalar/three-vector equations of motion 

p=2ap + b p+c[ p[ pp+2{r-r) \-p{r-r) }l{p^+r^) , (21a) 

r =2ar4-6 r+c{2r[p/7+(r-r)]-r|/b^+(r-r)]}/(yO^ +r^) + ^z?(r) FaF , (21b) 

q){r) - [ F{p + ir)- F{p - i r) ]/ (i r) , (21c) 

which are of course compatible with p(t) = 0, whereby they reduce back to (19). 
Hint: prove firstly the identity 



F{p + ir-^=-[F{p + ir) + F{p-ir)]+]-[F{p + ir)-F{p-ir)]{ir) ^r-a . 

( 22 ) 



We have thus seen that the Newtonian equation of motion (19) (as 
well, indeed, as (21)) is linearizahle. Let us now pursue in more expHcit 
detail the technique of solution of this equation of motion, (19). But, in 
the interest of maximal simplicity, let us restrict attention to the case with 
a = 6 = c = 0,so that (16) take the simple form 

u=[iL,ntD] . (23) 

and correspondingly (19) take the simple (yet quite interesting, see be- 
low) form 



F = /(^)FaF , (24) 

with fir) again related to F{u) by (19b). Then the evolution equation of 
the matrix Uit) takes the very simple form 



u=o 



(25) 



entailing 
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(26) 



where we also used (14). Hence (6b) now reads 

W(t) = F(A + Bt)Wit) , (27) 

with the two constant matrices A and B defined, via (18), in terms of the 
initial data as follows: 



A = UiQ) = i?{Q)-a , 


(28a) 


B=U{Q) = i7{Q)-a . 


(28b) 


Remark 5.2-3. Via (20) and (28) the evolution equation (23) can be 
recast in the following form: 


®) = {^.(^|f(0)+F(0)i|) 




+^/(^| F(0) + F(0) t\) (r[F(0) + F(0) t\a)]mf) , 


(29) 


of course with f{u) defined by (19b). 




Remark 5.2-4. For our purposes (namely, to eventually insert VL(f) 
and in (5)), the evolution equation (29) can be equivalently re- 

placed by the equation 


Kit) =-i/(| F(0) + F(0) t|) (z[F( 0) + F(0) t]-a) K(t) 5 


(30) 



with f(r) defined by (19b), and with the same initial condition (7). 



Proof, Set 

t 

K(t) = exp[- (i I F (0) + F(0) t ' | ) ] W(t) . 
0 



Then, also using (19b) and (29), 

^|)([F(0)+F(0)?].^)#(0 , 



(31) 



(32a) 
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while (7) and (3 1) entail 

#( 0 ) = 1 . 



(32b) 



On the other hand the insertion of #(r) , see (31), in place of ^(t) in (5) entails no 
difference. Nbta bene: throughout this argument the fact that is a scalar, not a ma- 
trix, plays an essential role, since it entails that it co mmu tes with every matrix. 

Exercise 5.2-5. If the matrices A and 5 commute, the matrix evolution equation 
(27) can be immediately solved by a quadrature; hence in this case the equation of 
motion (24) is solvable. But this is a trivial finding. Why ? Hint: a necessary and suf- 
ficient condition for the commutativity of A and 5 , see (28), is the following rela- 
tion among the initial data for (24): 

F(0)=77r(0) , (33) 

with 7] an arbitrary (scalar !) constant (possibly vanishing); but then the right hand 
side of (24) vanishes; initially, and not only initially. 



Let US now focus on the 3 -vector equation of motion (24), with f{r) 
an arbitrary function (not necessmly even, see below). It is easily seen 
that this equation of motion entails 

r{t)-r{t) = v^ , (34a) 

r\t) = s^-viptWe , (34b) 

with the 3 constants s, p,v defined as follows in terms of the initial data: 
=r"(0), y^ = F(0)-F(0), v" =F(0)-F(0) . (34c) 



Proof. The scalar product of (24) with F(t) respectively r(t) yields 



r(t) ■ r(t) = 0 



(35a) 



respectively 



F(?)-F(0 = 0 . (35b) 

The first of these equations, (35a), entails (34a), which is thereby proven. Then (35b) 
with (34a) entails 
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(36) 



d^\r^{t)]l = 2v'^ 

hence 

r'^(t) = s^ + 2pt+v^t^ (37) 

with and P appropriate constants. The identification (34c) is then confirmed by 
setting t = 0 in (37) and in its ^ -derivative. 



Remark 5.2-6. The finding, (34), we just proved, not only opens the 
possibihty to treat the 3 -vector evolution equation (24) even when the 
fimction f(r) is not even (indeed, no such hypothesis was required to de- 
rive (34) firom (24)); it also entails that, firom the point of view of the ini- 
tial-value problem, solving (24) is equivalent to solving the (nonautono- 
mous 3 -vector) ODE 

f(t) = h(f) r A f{t) , (38) 

or equivalently the (2x2) -matrix equation that corresponds to this 3- 
vector ODE via (18), 

( 39 ) 

2 

with (in both cases; see (34b)) 

h{t) = f[{s^^2ptWpy'^ ] . (40) 

The rest of Sect. 5.2 is devoted to the study of the (2 x 2) -matrix evo- 
lution equation (39) (or equivalently of the 3 -vector evolution equation 
(38), which corresponds to it via (18)). The developments reported above 
entail that the solution of this matrix evolution equation, (39), is given by 
the prescription (5b), with Uit) given by (26) and W(t) given by (30), 
which now takes the form (via (40)) 

W(t) = ^ h(t) (A+ B t) W{t) , (41) 

with (28) and (7). Hence the solvabihty of (39) (hence of (38), hence as 
well of (24)) hinges on the solvabihty of this first-order linear (2x2)- 
matrix evolution equation, (41). 
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An additional simplification flows from an appropriate choice of the 
reference frame (or equivalently by performing an appropriate, time- 
independent, similarity transformation of the matrix U}. Let us assume 
that the z -axis of the 3 -dimensional reference frame for 3 -vectors is par- 
allel to the initial velocity r (0) , and that the y -axis is orthogonal to the 
initial coordinate r(0) : 



r(0) = (x(0)A<0)), r(0) = (0,0,v) 

entailing (via (28) and (5.1-9)) 



A = i\^ 


'b o' 




fv 0^ 




,C -bj 


3 — 


> 

1 

o 



with (see (34c)) 

b = z(0) = f(0)-r(0)/v = ^ /v , 



(42) 



(43a) 



(43b) 



c = x(0)= r(0)Ar(0)/v = 5'{l-[y5/(5v) ^ 



(43c) 



where of course (see (34c)) 

V = |r(0)| = |r(ri| . (43 d) 



Note that the matrices A and 5 are traceless, 

traced] = trace[s] = 0 , (44) 

as it is generally entailed by the representations (18) and (28). Hence the evolution 
equation (41) with (7) entails 

det[r(0] = det[ff (0)] = 1 . (45) 

Exercise 5.2-7. Prove this result Hint, use the identity 
(ri/ri01og{detfc(0] } = trace{®) [r(0]“‘ } , (46) 

valid for any invertible matrix, and (41), (44), (7). 
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Let us now discuss the matrix evolution equation (41). To this end we 
introduce the following explicit parametrization of the (2x2) -matrix 

W{t)' 



w^{t) -w_(0 

Thereby (41) with (43) become 

w±(0 KO [±ib + vt)w^(t) + cw^(t) ] 



(47) 



(48a) 



w± (0 = ^(0 [±(b+v t) (0 + c W:p (?) ] , (48b) 

while (7) yields 

w^0) = w^(0)=l , w_(0) = w_(0) = 0 . (49) 



Exercise 5.2-8. Verify ! 

Exercise 5.2-9. Prove the relation 

(0 w + (0 + (0 ( 0=1 • (^^) 

Hint: see (47) and (45). 



It is clear from (48) and (49) that if, as we hereafter assume, the fimc- 
tion h{t), see (40), and the 3 constants b,c and v, see (43), are real, then 
there holds the relations 



W+(?) = W*(?) , w_(?) = iv!(?) , (51) 

which incidentally entail, via (50), the formula 

|w^(0f +li^-(0f =1 • (52) 

The relations (51) entail that, to obtain the matrix ^(?) , see (47), it is 
sufficient to determine the 2 ftmctions w^(?) and w_(?). Moreover from 
(the &st of the) (48a) we get 
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w_{t) = -c ^ {{b + vt)w_^(t) + 2i\w^{t)/h(t)] } , 



( 53 ) 



which provides an exphcit expression of w_(0 in terms of w^(t) and its 
time-derivative w^(t) . We thus conclude that, to obtain an explicit expres- 
sion of the matrix W(t) , see (47), it is sufficient to know the ftmction 
w^(^) , which we hereafter denote, for notational simplicity, as w(0 : 

W^(t) = w(t) . (54) 

On the other hand, by inserting (53) in (the second of the) (48a) we get 
for w = w(t) the following second-order linear nonautonomous ODE: 

w = {h/h)w + [ -(s^ +2fit + v^ t^)(h/2)^ +ivh/2 ]w , (55a) 

with s,^ and v defined by (34c), and with the initial conditions (see (49) 
and (48a)) 

w(0) = l, wi0) = ibh(0)l2 . (55b) 



Exercise 5.2-10. Verify ! 



By setting 

w(0 = [K0]'^V(0 (56) 

the ODE (55) takes the “Schroedinger-like” form 

(57a) 

with initial conditions 

K0) = [/z(0)]''" , ifr(0) = [hi0)]~"'^[ibh{0)-hi0)]f2 . (57b) 



Exercise 5.2-11. Verify ! 







Let us now survey some cases in which these second-order linear 
nonautonomous ODEs, (55) or (57), are solvable in terms of well-known 
special functions; the corresponding (2x2) -matrix evolution equation 

(39) (or equivalently (23), via (19) and (40)), as well as the corresponding 
3 -vector Newtonian evolution equation (38) (or equivalently (24), via 

(40) ), can then be considered solvable as well. 

The first case we consider corresponds to the (simplest!) choice 

h{t)=f{r)=k , (58a) 



namely to the (2 x 2) -matrix evolution equation 

U=hlLU] , (58b) 

and to the 3 -vector Newtonian equation of motion 
r = k r Ar , (58c) 

Here of course k is an arbitrary constant Then (55) reads 

w = l -(s^ +2j3t+v^ +ivk/2 ] w (58d) 

and can therefore be solved in terms of the parabolic cylinder fimction 
Dp{t) (see f.i. eq. 9.255 of <GRJ94>): 

w(0 = Dp (r) + c_ D_p (r) , (58e) 

p--l-ikc^lv , (58^ 

T = T{t) = {ikvf^ it- pi v^) . (58g) 



Exercise 5.2-12. Verify, obtain tiie expressions of the 2 constants c+, see (58e), 
in terms of the initial data, and discuss the behavior of the solution f{t) of the New- 
tonian equation of motion (58c) which describes the motion in ordinary (three- 
dimensional) space of a particle acted upon by a force proportional to its angular mo- 
mentum. Hint, see (55b), (54), (53), (51), (47), (43c), (34c), and (26) with (18) (at 
t = Q), and finally (5b) with (18) and (5,1-26). 
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The next case we consider is characterized by the assignment 



f{r) = klr^ (59a) 

entailing (see (40)) 

h{t) = kl{s^+ipt+v^t^) . (59b) 

Hence in this case the (2 x 2) -matrix evolution equation (23) reads 

0 = '^[U-\U] , (59c) 

and the 3 -vector Newtonian equation of motion (24) reads 

r = k r~^r AY . (59d) 



Here k is again an arbitrary constant. The corresponding version of (55), 
via the change of independent variable 

w(0 = (p(r) , (59e) 

^ = /(c/v)(l-2r) , r = ^[ l + z(v/c)(? + y?v^) ] , (59Q 

becomes then the hypergeometric differential equation (see item 9.151 of 
<GRJ94>) 

T(y-T) (p" ^(y-2r) cp' -X (p^Q , (59g) 

where the primes indicate of course differentiations with respect to the 
“dimensionless time” t and 

X = k{k-liv)l{lvf , (59h) 

whose general solution is provided by eq. 9.153.2 of <GRJ94> (with 
z = « = [l+(l-A)''' ]/2, = [l -(l-;i)'^" ]/2). 



Exercise 5.2-13. Verify ! 
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There is a third case in which the Newtonian equation of motion (24) 
is solvable', if f(r) = klr\ This is particular interesting because it turns 
out to be solvable in terms of elementary fimctions, and moreover be- 
cause it corresponds to a model having a direct physical interpretation 
(motion of a magnetic monopole in the electric field of a point charge). 
But for these reasons we prefer to devote to this case the entire Sect 
5.2.2. 

We end Sect 5.2 by pointing out one more case in which (55) is solv- 
able, entailing the corresponding solvability of (38) and (39). It obtains 
for the assignment 

h{t)=lkl{\+l(Dt) , (60a) 

where k and co are 2 arbitrary constants. Thereby the (2x2) -matrix 
evolution equation (39) reads 

m=k(^+icotr^[u(t),u(,t)] ■ ( 60 b) 

Note however that this assignment, (60a), does not have in any natural 
sense the form (40). The motivation for treating this solvable case here 
will become apparent in Sect. 5.2.3. 

The solvability of (55) with this assignment, (60a), is manifested via 
the change of dependent variable 

= , (60c) 

t = i(OTl{yk)-\l{2(D), T = -^(ykl (o^)(\.+2a)t) , (60d) 

whereby (55) becomes the confluent hypergeometric equation (in its 
Whittaker YQTsion, see eq. 9.220.1 of<GRJ94>), 

z” ~\x = ^ • (60e) 

Here of course the primes denote differentiations with respect to the di- 
mensionless time r , see (60d), and the 2 dimensionless constants X and 
fj. are defined as follows: 

X=^-ik(y^-iP(D)liAva)^) , (60Q 
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(60g) 



Exercise 5.2-14. Verify ! 

Exercise 5.2-15. Obtain the nonlinear (quadratic) relations entailed by (52) with 
(53) and (54) for the special (parabolic cylinder, hypergeometric, respectively conflu- 
ent hypergeometric) fimctions that solve (58d) (see (58e)), (59g) respectively (60e). 



Remark 5.2-16. The Newtonian equation of motion (24) is clearly in- 
variant under space rotations, but not under space inversions, namely it 
describes a parity-non-invariant evolution. 



5.2.1 Motion of a magnetic monopole in a central electric field 

In Sect. 5.2.1 we investigate the (nonrelativistic) motion that a magnetic 
monopole (if it existed as a separate pointlike particle with mass) would 
perform in a central electric field, or equivalently the motion that a 
charged massive point-like particle would perform in a central magnetic 
field (if the latter could be realized). The corresponding Newtonian- 
Lorentzian equation of motion reads of course 

r=f{r)rAr , (1) 

hence it coincides with (5.2-24). We will pay particular attention to the 
case of a power law of force, 

m = kr^ ; ( 2 ) 

here and below ^ is a constant, having clearly (see (1) and (2)) the di- 
mensions (length)"^^^^^ • (time)“* . In particular we show that the problem (1) 
with (2) is solvable if j? = -2 or p = -3 . The first of these two cases, 
p = -2 (as well as the case p = 0) were already identified as solvable in 
the preceding Sect. 5.2. The second case, p = -3 , is the most interesting 
one from the physical point of view, because it corresponds to the Cou- 
lomb electric field produced by a charged particle fixed at the origin of 
coordinates; remarkably, it is also the most interesting case mathemati- 
cally, as it turns out to be solvable in terms of elementary functions. A 
more detailed elaboration of this special case is provided in the following 
Sect. 5.2.2. 
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First of all, let us report some results that are directly implied by (1). 
We have seen that (1) is equivalent to the 3 -vector equation 



r{t) = h{t) r{t) A r{t) , (3) 

with 

h{t) = f[{s^+2l3tWty^ ] , (4) 

since it entails 

r^{t) = s^ , (5a) 

with 

=r^(0) , P = r (0) • r (0) , v = |r(0)| = |r (f)| . (5b) 







trajectory is a straight line going through the origin, and the moving par- 
ticle travels on it freely 

= , ( 6 ) 

because the parallelism of r(f) and r(t) entails that the Lorentz-type force 
appearing in the right hand side of (1) vanishes. Hereafter we exclude 
from consideration this trivial situation (note that in this case the argu- 
ment of the square root in the right hand side of (5a) becomes a perfect 
square, consistently with (6)). 

It is now easily seen that (each component oQ the 3 -vector r(t) satis- 
fies a third-order linear nonautonomous ODE. Indeed time- 
differentiation of (3) yields 

r(t)=:[h(t)/h(t)]r(t) + h^(t){ -r^(t)r(t) + [r(t)-r(t)]r(t) } , (7a) 

and this can be rewritten as the following third-order linear nonautono- 
mous ODE: 

r(t) = [ h(t)/h(t) ]r(t) + h^(f)[ d)r(t) + {^ + vt)f(t) ] . (7b) 



Exercise 5. 2. 1-5. Prove (7). Hint: to prove (7a), time-differentiate (3) and use 
again (3), as well as the standard identity for a double vector product, 

rxA{r^Ar^) = -{r^-r^)r^+{r,-r^)f^ ; ( 8 ) 

to obtain (7b) from (7a) use (5a) and its time-derivative. 



We therefore see that every component of the 3 -vector f(t) satisfies 
the third-order linear nonautonomous ODE (now written for the depend- 
ent variable pit)) 

m=[ mim ]p(o+*Ho[ -(s^ +2fit+v^t^)Mt)+v+^t)p(t) ] . (9) 

Let us identify 3 independent solutions, p^(t), of this ODE, via the fol- 
lowing initial conditions 

P,(0) = l, Po(0) = 0, Po(0) = 0 , (10a) 
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A(0) = 0, A(0) = 1, A(0) = 0 , 



(10b) 



A(0) = 0, A(0) = 0> A(0) = 1 , 
namely 







5 , £ = 0 , 1,2 



(lOc) 



(lOd) 



It is then plain that the solution of the initial-value problem for the 3 - 
vector evolution equation (7) is provided by the formula 

r(0 = f(0)A(0+f(0)A(0+f(0)P2(0 » (11) 

hence the solution of the initial-value problem for the original 3 -vector 
evolution equations (3) or (1) reads 

r{t) = r(0) /?o (0 + f (0) /?! it ) + /z(0) f (0) a r (0) (t) . (12) 



Exercise 5.2. 1-6. Verify ! 



Let us now restrict attention to the case (2), namely to the Newtonian 
3 -vector evolution equation (see (1)) 

r(f) = k [r(0] ^ r(t) a r(t) . (13) 

It is then convenient to define dimensionless variables, by first introduc- 
ing 2 quantities, a and r, that set the space and time scales, 

=/ -{/}/vY =[r(0)]"-[?(0)-F(0)]' /|?(0)|' =|f(0)a?(0)|' /|f(0)|' , (14a) 



T = alv , 


(14b) 


and by then positing 




t=tg+TT , 


(15a) 


r„=-^/v"=-F(0)-F(0)/|F(0)|" , 


(15b) 
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so that (see (5a)) 

r{t) = aQ.+T^y^ . (16) 

Note that, as it is clear from these fommlas, the quantities a and have a 
clear physical meaning (in fact, irrespective of the restriction to (2)): a is 
the distance of closest approach to the origin (see (16): hence (14a) pro- 
vides the solution to Exercise 5.2.1-3\), and is (see (15a) and (16)) the 
time at which the moving particle is closest to the origin. 

We now also set 



pit) = a (pit) 



(17) 



and, using (3), we rewrite (9) as follows: 

(p" pri). + T^)~^ g)” Q. + T^)^\-ii + T^)(p' + rg)] , (18a) 

or equivalently 



ii + T^) ^ (p”* = ptii + T^) ^ ^ (p” -?ii}. + T^)g}' + ^ T<p , (18b) 

where of course the primes denote differentiations with respect to the 
“dimensionless time” t , and the dimensionless constant 2 is defined as 
follows: 

X = ka^^^!v . (19) 

It is now natural to introduce yet another change of variables, by set- 
tiug 



w = l + rS K^) = g(w) 



( 20 ) 



whereby one gets, in place of (18), 

8 (w - 1) g”{w) + 4[(3 - p)w + p]w^ g"(yv) 

+ 2 {-p w+^ ) wg'iw) - 2^ g-(w) = 0 . (21) 

Here of course the primes denote differentiations with respect to w . 
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Exercise 5.2. 1-7. Verify ! 



It is now plain, from (21), that for p = -2 and for p = -3 this third- 
order differential equation, (21), can be explicitly solved by representing 
g{w) as a power series, say 

giw) = w^'^ , ( 22 ) 

m=0 

since the insertion of this ansatz in (21) yields for the coefficients g„ the 
3 -term recursion relation 

2{m- p + l)^{m- pf +2{1 + p){m- p)-^3{A + p)] 

-A{m- p){m- p+l)\2{m- p)+A + p\c^+X^^{m- p) + l + 2p] =0,(23) 

which reduces to a 2 -term (hence solvablel) recursion relation for p=-2 
as well as for p=-3. Indeed for 

p = -2 (24a) 

(23) becomes 

[2{m- p) + 3][ A{m- p + lf + 2^ ]c^^i 

= 8(/M-//)(m-// + l)^c„ , w = 0,1,2,..., (24b) 

with p taking one of the following 3 values (which correspond to the 3 
independent solutions of (21) with (22) and (24a)): 

p = H2, p = ±iXl2\ (24c) 

while for 

p = -3 (25a) 

(23) becomes 
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2(m-//+l)[2(m-//)+3]c„^i = [ ]c^, m = 0,l,2,..., 

(25b) 

with fi taking one of the following 3 values (which correspond to the 3 
independent solutions of (21) with (22) and (25a): 

// = 0, // = ±l/2 . (25c) 



Exercise 5.2 J-8. Verify ! 

Exercise 5.2. 1-9. Use these results (see in particular (24)) to solve (21) with 
p = -2, and verify the consistency of what you find with the corresponding results of 
Sect 5.2 (see in particular (5,2-59g)). 

Exercise 5.2.1-10. Use the results of the preceding Exercise 5.2. 1-9 to analyze (1) 
with (2) and p = -2. Hint, see (11), (10), (17), (14a), (19), (20). 

Exercise 5.2.1-11. Use the above results (see in particular (25)) to solve (21) with 
p=-3 . Solution: see Sect 5.2.2. 



Before ending Sect. 5.2.1 let us return to the general case of a central, 
but otherwise arbitrary, field of force, see (1), to associate a physical in- 
terpretation to the two constants of motion 



(26) 



and 



{r ’r){r •r)-{r -r)^ = . (27) 

The time-independence of the first of these two constants of motion, v , 
see (26) and (5.2-34a), corresponds simply to the transverse character of 
the Lorentzian force, see (1), that changes the direction of the velocity but 
not its modulus. The time-independence of the second one of these two 
constants of motion, , see (27), corresponds to the conservation of the 
modulus of angular momentum, since it is easily seen that (27) coincides 
with the expression 

I,^=|FaF| . (28) 
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The time-indepeiideiice of this quantity (which is easily proven by time- 
differentiating (27) and by using (5.2-3 5a, b)), can also be proven in the 
following, less direct but no less interesting, fashion. Introduce the scalar 
quantity 

A(0 = [ r{t) A r(0] • r{t) , (29) 

which has a clear geometrical meaning: it is (up to a factor 1/ 6 and possi- 
bly to a sign) the volume of the (3 -dimensional) tetrahedron defined by 
the 3 three-vectors r(t), r{t) and r(t), all 3 of them drawn firom the ori- 
gin. Clearly this definition entails 

A(0 = [ r(t) A r(0] -r{t) , (30) 

hence, via (1) 

A(0/A(0={(rf/rff)/[K0]}//[K0] . (31) 



Proof: time-differentiation of (1) yields 

r = \fil dt) /(r)] r aF + /(r)F aF (32a) 

hence, via (1) and (8), 

F = { \fd ! dt) f{r)]l f{r) }F + |/(r)]^[ -r^F + (F-F)F ] . (32b) 

Insertion of this expression of F in the right hand side of (30) yields 
A = {[(rf/rf0/('-)]/ /('■)} A , (33) 

and this coincides with (3 1), which is thereby proven. 



By integrating (3 1) one then gets 

A(() = c/[K0] , (34) 

with C constant. One the other hand the definition (28) of L , which can 
be re-written as follows, 

A (F A F) • (F A F) (35) 
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clearly entails, via (1) and (29), 
i'=A(f)//[KO] ■ 

It is now plain that (34) and (36) entail that is constant. 



(36) 



Exercise 5.2.1-12. Show that 

L^=a^v^ (37) 

and discuss the physical significance of this formula in terms of the 
physical significance of Z,v respectively a. Hint see (28), (14a) and the 
sentence after (16). 



5.2.2 Motion of a magnetic monopole in a central Coulomb field 

In Sect. 5.2.2 we investigate the (nonrelativistic) motion of a point-like 
(massive) monopole in the Coulomb electric field produced by a fixed 
electric charge (which we locate at the origin of the coordinate system); 
or equivalently, the motion of a point-like (massive) electrically charged 
particle moving in the magnetic field produced by a fixed magnetic 
monopole. The Newtonian-Lorentz equation of motion for this problem 
reads 

f = kr~^rAr , ( 1 ) 

with k a constant (proportional to the electric and magnetic charges, and 
inversely proportional to the mass of the moving particle), clearly having 
the dimensions (length)^ (time)"' . 

As we saw in the preceding Sect. 5.2.1, the following two properties, 

|r(0| = |F(0)l = v , (2) 

r^(t) = s^ +2^ t + v^ , (3) 

are entailed by (5.2-1), hence a fortiori by (1). Here the 3 constants v, 
and p are defined by (2) and (5.2. 1-5). But hereafter we assume (without 
significant loss of generality, but with a significant notational improve- 
ment) that the origin of time (namely, the value t = 0) is set at the moment 
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same distance of closest approach to the origin a . 

Hereafter, however, for typographical convenience we drop the tildes 
from the quantities introduced in (6). Hence our (now dimensionless) 
equation of motion stiE reads just like (1), while (2) respectively (4) are 
now replaced by 

lr(0|=l (7) 
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Note the analogy, as well as the (notational) differences, of this introduction of 
dimensional quantities relative to that performed in the preceding Sect. 5.2.1, see after 
(5.2.1-13). 

We saw in the preceding Sect. 5.2.1 that, as general consequence of 
the central character of the electric field, the modulus of the angular mo- 
mentum of the moving monopole, 

=L-L-(j avY •r)(r 'r)-{r -rY , (9a) 

is a constant of motion, a relation that in our dimensionless units now 
reads 

Y=\ . (9b) 

Note that the angular momentum itself, 

L=rAr , (10) 

is not a constant of motion, contrary to what happens when a particle 
moves under the influence of a central force (the Lorentz force in the 
right hand side of (1), as well as (5.2. 1-1), is not central!). However, in 
the special (Coulomb) case of equation (1), there is a three-vector which 
is conserved over time: 

J = L-\-kr , (11^) 

j = 0. (11b) 

Here and below 

r = rlr (12) 

is the unit-vector in the direction of r . 

Proof. 

J = L+k\r~^f -r~^ r r \ , (13) 
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L =FaF , 


(14a) 


L=kr~^ r Ar) , 


(14b) 


L=-kr~^ r -r)r , 


(14c) 


L = -k[ r-^k-r-^r r ] . 


(14d) 



(14a) follows by ?-differentiatioa from (10), (14b) from (14a) via the equation of 
motion (1); (14c) foEows from (14b) via the three-vector identity (5.2. 1-8); (14d) 
foEows from (14c) via die relation rr = r-r (which of course obtains by time- 

differentiating =F -r). Clearly (14d) and (13) entaE (11b), which is thereby 
proven. 

The fact that the three-vector J , see (11), is a constant of motion for (1) was 
pointed out by H. Poincare over a century ago <P1896>; the vector J is therefore 
generaEy caEed the Poincare vector. 



Since L and r are orthogonal, see (10) and (12), the definition (11a) 
of the Poincare vector entails 



J^=L^+k^ , 



(15) 



as weU as 

r-J = k . (16) 

This entails that the angle, call it 0 , among the unit vector r = r(t) (or, 
equivalently, the three-vector r = r(?)) and the constant vector J is also 
constant, and it takes the value 

cos0 = k/J. (17) 

Hence the motion takes place on a fixed circular half-cone, whose vertex 
is at the origin, whose axis coincides with the (constant) three-vector J, 
and whose (constant) half-angle 6 is given by (17). If we denote as 
r = r{t), 0 and (p = (pif the spherical coordinates of the moving particle in 
a coordinate system whose origin coincides with the (fixed) electrical 
charge and whose azimuthal axis coincides with the direction of J, so 
that 

^(0 -KO (sm^cos^(r),sin0sm^(r),cos^) , (18) 
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then there remains to know only (p{t) in order to acquire complete infor- 
mation on the particle motion, namely on r(t), since r(t) is given by (8) 
and e remains constant throughout the motion, see (17) with (15) and 
(9b), which entail 

cos^ = A:(l+^')-''' (19a) 

hence 

sm^ = (l+F)-‘'^ , (19b) 

cotan^ = A: . (19c) 

The computation of cp{t) is now easy. Indeed time-differentiation of (18) 
yields, via (7) and (8), 

^»(^) = (l+^')''V(l+^') . (20) 

Proof. From (18) 

r = r(sin^ cos^,sin^ sm^,cos0) 

(-sin ^ sinks', sin ^ cos ^,0) . (21) 

Hence 

F • r = (r^ + ^»^)sin^ G + r'^ cos^ 6 , (22) 

hence, via (7), 

l = r^ +r^^^sin^^ . (23) 

From this formula one easily gets, via (8) and (19b), 

l = /V(l + /") + ^»'(l + /')/(l+A:') , (24) 

and this yields (20), which is thereby proven. 

Integration of (20) yields 

^^(0 = ^0 + (1 + arctan (t) , (25) 
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where (p^ is an (integration) constant 

The formulas (8), (19) and (25) provide, via (18), complete informa- 
tion on the motion of the monopole, which turns out, remarkably, to be 
given, by these formulas, quite exphcitly and in terms of elementary 
functions. 

The same results can be obtained by noticing that (again quite re- 
markably, although, now, not surprisingly), for p = -3 (which entails that 
(5.2. 1-1,2) or (5.2.1-13) coincides with (1)) the third-order linear ODE 
(5.2.1-18) can be completely solved in terms of elementary fimctions. 



Before proceeding, the diligent reader is advised to review the derivation of 
(5.2.1-18) and to understand the (minor) differences among the notations used in 
Sects. 5.2.1 and 5.2.2 (also beware of the very different meanings of the symbol (p in 
the two contexts). 



For p = -3, the third-order ODE (5.2.1-18) reads 



(1+f^)^ ^+3?(l+r^)^ (1+r^)^— = 0 . (26) 

Here we employ a notation consistent with that used in (the latter part of) 
Sect. 5.2.2, and we have also written iy(t) in place of p(t) (and k in place 
of 2; see (5.2.1-19) and recall that we have chosen units of space and 
time such that a = v = l). 

This third-order linear ODE has the remarkable property to possess 
solutions all of which are expressed in terms of elementary fimctions. In- 
deed it is easily seen that 3 independent solutions of (26) are provided by 
the formula 



— (I+^r) — (1— jr) 

= + (l-it) ^ =(1 + ?^) exp[ Z5arctan(0 ], s = 0,±1 , (27) 

where 



r=(i+ky'^ 



( 28 ) 



Proof. From (27) one easily gets 

¥s (0 / ¥s (0 = (isr+t) (1 +? " )"' , 



(29a) 








(29b) 




(29c) 


and the insertion of these expressions in (26) yields 




sy[ -(l + k) ] = 0 


(30a) 


namely, via (28), 




^(/- 1 ) = 0 . 


(30b) 



Hence (27) satisfies (26) for ^ = 0 , 5 = +1 and s = -I . 



Exercise 5.2. 2-1. Show the consistency of these findings with those 
given above, in particular the consistency of (18) (with (8), (19) and (25)) 
with (5.2.1-12,17). 

Let us conclude Sect. 5.2.2 by displaying the final results for the tra- 
jectories, reinstating the original variables (but maintaining the simphfi- 
cation to set the origin of time when the moving particle is closest to the 
origin). The results are better presented in spherical coordinates, in the 
reference system introduced above, whose origin coincides with the posi- 
tion of the fixed electric charge, and whose azimuthal axis (z-axis) is 
parallel to the Poincare vector J , see (1 la) with (10) and (12): 

r{f)=^a[l + {tlTf , (31a) 

6 = arccotan(«r) , (3 lb) 

(p{t) = ^0 + (1 + ) arctan(f IT) , (3 Ic) 

where T is given by (5) and k is the k of (6), 



T -ah, K = kl{av) . (3 Id) 

Let us emphasize here the difference among the Greek k and the Latin k , 
the latter being of course the constant that appears in the right hand side 
of (1), the former being the k in (6), K = k\ while a is again the distance 
of closest approach of the trajectory, and v is the (constant) velocity with 
which the moving particle travels. 
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Exercise 5.22-2. Show that asymptotically (in the remote past and 



future) all trajectories become straight lines, namely as ? +oo 
r(0=v,?+r^+O(r^) , (32) 

and obtain the following formulas that characterize their behavior, 

K_^a , (33) 

cosa = l-2(l+s:^) sin^[(l + A:^)^'^;r/2] , (34) 

lS(p = ^(co) - ^(-co) =7T(i + , (35) 



where are the impact parameters, (namely the distance 

from the origin of the asymptotic straight lines, see (32)), of course 
v+ =|v^| = v, cosa = (v^ -v_)/v^ is the “scattering angle” and K(p, see (35), 

is the overall angular rotation of the trajectory. 

Exercise S.2.2-3. Using the results of the preceding Exercise 5.2.2-2 
(see in particular (34)) verify that, if «1, then a^Tu, as well as 
lX(pK7t mod(2;r) , and discuss the paradoxical aspects of these finding s 
(which originate from the singular, and long-range, dependence of the 
force on the distance r from the origin, see (1); the paradoxical aspect is 
that of course K=k = Q entails no force at all, hence free motion, hence 
a = A^ = 0). 

Exercise 5. 2. 2-4. Draw a picture of a typical trajectory. Hint: see 
<S2000>. 



5.2.3 Solvable cases of the (2x2 )-matrix evolution equation 

g = 2aU + 6U+c[ ] 

In this Sect 5.2.3 we discuss the linearizable matrix evolution equation 
(see (5.2-16)) 

g = 2aU+6U+c[^^ ], (1) 

with a,b and c three arbitrary “coupling constants” (c could of course be 
rescaled away), and we identify two cases in which, at least for (2x2)- 
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matrices, this equation can be explicitly solved in terms of known special 
functions. We set 

Uit) = (p{t)V(j) , r=r(0 , (2) 

and thereby obtain 

V_ =y_ \laT-li{(pl +F[6 + 2a(^/^)-(^/^)]/f^ 

^c{(plf)[V,V]. (3) 

Here, and throughout Sect 5.2.3, primes denote derivatives with respect 
to r. 

A choice naturally suggested by this equation is 
z{t) = (p{t) , (4a) 

which entails that F(r) satisfies the matrix ODE 

F [2a^-3^] y F + c[ F ] , (4b) 

which we report here for future memory. However, we prefer now to fo- 
cus on two special cases of (1), which allow a completely explicit solu- 
tion (at least in the case of (2 x 2 )-matrices). Hence we set 



<p(t)=exp(jut) , (5a) 

f(0=exp(v?), (5b) 

so that (3) becomes 

F = pexp(-vt)F +^exp(-2v?)E+cexp[(//-v)r][ F ,F ] , (5c) 

with 

p = 2(a-/i)-v, (5d) 

q = b+2ap-p.^ . (5e) 
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The &st case we consider is characterized by the condition 



6 = -(8/9)fl^ 


(6a) 


to which we associate the choices p=v = 2a/3, which entail, via (5d), 
P = 0 and, via (5e) and (6a), q = 0 as well. Hence in this case the changes 
of variables 


U_(t) = Qxp{2atf 3) V(t) , 


(6b) 


r(t) = \pxp(2atl 3) -l]/(2a/3) , 


(6c) 


yield 




Y =c[r,r]. 


(6d) 



which, up to trivial notational changes, is just the (2 x2 )-matrix evolution 
equation shown to be solvable in Sect. 5.2 (see (5-28b)). Hence a con- 
venient prescription to solve (1) with (6a) is to solve instead (6d), and 
then perform the change of dependent and independent variables (6b) 
with (6c). Clearly, this imphes that all solutions of (1) are completely pe- 
riodic with period T = Ik Ico if 

a = (il 2)im, b-la^ , (6e) 

with m an arbitrary (nonvanishing) real constant. Note however that in 
this case the matrix evolution equation (1) is complex. 

The second case we consider is characterized by the restriction 



b = Q 



In this case we set // = 0,v=2a, which again entails, via (5d), p=Q and, 
via (5e) and (6a), g = 0 as well. Hence in this case the change of variable 

U(t)=K(r), (7b) 

r(0 = [exp(2a0-l]/(2a) , (7c) 

yields 
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/=c(l + 2ai:)-'[ ] , (7d) 

which, up to trivial notational changes, is the (2x2)-matrix evolution 
equation shown to be solvable at the end of Sect. 5.2. (see (5.2-60b)). 
Hence a convenient prescription to solve (1) with (7a) is (at least in the 
case of (2x2)-matrices), to solve instead (7d), and then perform the 
change of dependent and independent variables (7b) with (7c). Clearly, 
this again implies that all solutions of (1) are completely periodic with 
period T = 27tI 6) if 



a = iO)f 2, b = 0 . (7e) 

Of course in this case as well the matrix evolution equation (1) is com- 
plex. 



5.3 Association, complexification, multiplication: 
solvable few and many-body problems 
obtained from the previous ones 

In Sect. 5.3 we indicate some rather elementary techniques whereby from 
a matrix evolution equation for one matrix one can obtain evolution 
equations for a few, or for many, matrices. These techniques are intro- 
duced by showing how they work in simple specific cases; we use for this 
purpose the solvable examples of the preceding two Sects. 5.1 and 5.2, 
see below. We also exhibit some solvable few- and many-body problems 
that correspond to these solvable matrix evolution equations via appropri- 
ate parametrizations of matrices in terms of 3 -vectors (see for instance 
(5.2-18); other parametrizations, in terms of 5" -vectors with S an arbi- 
trary positive integer, are also introduced below, at the end of Sect. 5.3, 
and more systematically in Sect. 5.5). 

Let us emphasize that the techniques introduced herein can of course 
be used in more general contexts than the simple example used here to 
introduce them. Some other examples are exhibited below, mainly in 
Sect. 5.4. and its subsections. But there remains an ample scope for addi- 
tional applications of these techniques, which the interested reader is ad- 
vised to explore. 

We use below the following two matrix evolution equations as basic 
examples: 
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( 1 ) 



M = 2aM^bM+cMM~^ M 

il = laU+bU+[U,F(U^\ . (2) 

Here M = Mit) and U = U(t) are square matrices of arbitrary rank, a,b,c, 
are 3 scalar constants and F(U) is an {a priori arbitrary) ftinction of the 
matrix U and of no other matrix (so that (5.2-2b) and (5.2-12) hold). Let 
us recall that the matrix evolution equation (1) is solvable (see Sect. 5.1), 
while the matrix evolution equation (2) is generally linearizable, some- 
times also solvable (see Sects. 5.2 and 5.2.3). 

Association. We use the term “association” to denote this technique, 
because it involves the association, to the matrix evolution equation under 
consideration, of another matrix evolution equation, see below. This sim- 
ple technique is interesting because it allows to transform, as we now 
show, a matrix evolution equation which is not translation-invariant, i.e., 
not invariant under addition of a constant (matrix) to the dependent (ma- 
trix) variable, into a coupled set of 2 equations, featuring 2 (matrix) de- 
pendent variables, which are invariant under a (common, constant) trans- 
lation of these (matrix) dependent variables. 

To illustrate this technique let us focus, say, on (1), and associate to it 



the matrix evolution equation 

m=aP{t) . (3) 

This matrix evolution equation is, of course, trivially solvable: 

P(0 = Z(0)+M[ exp(aO-l ]/a • (4) 

We then introduce the two matrices by setting 

m“(()=£( 0±M0 , (5a) 

SO the 

m = y [ M it) + it) I Mit) = k it) - M}~^ it) ] , (5b) 



and we thereby get for these two matrices and ^(r), the fol- 

lowing two matrix evolution equations: 
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( 6 ) 



=(-a±a)M‘^’ +(-a+a)M'~’ ±-6[m'*> -M}~’ ] 

2 2 2 

] • 

These equations of motion are obviously solvable (via (5)), and they are 
clearly invariant under the translation (t) (t) = (t) + C, C = 0. 

Exercise 5.3-1. Display the solution of the initial value problem for 
(6). Hint: see (5), (4) and (5.1-2). 

Exercise 5.3-2. Display the solution of the initial-value problem for 
the (translation- and rotation-invariant) Newtonian equations of motion 

=(— +(— Q:Ta)F^“^ ±— ±c[r(F -f)-— r(r -F) ]/r^ , (7a) 

2 2 2 2 



where 

f = - r^~^ . (7b) 

Hint: note that the two equations of motion (7) correspond to (6) via (5.2- 
18), and use the solution of the preceding Exercise 5.3-1; or obtain these 
equations of motion by applying directly the association trick (appropri- 
ately modified) to (5.1-29). 

Exercise 5.3-3. State conditions on the 4 parameters a,b,c,a in (7) 
which are sufficient to guarantee that all solutions of these Newtonian 
equations of motion, (7), are: (i) confined for all time (including the limits 
f->±po), (ii) multiply periodic, (Hi) completely periodic. Hint: allow the 
4 parameters a,b,c,a to be complex, and use the solution of the preced- 
ing Exercise 5.3-2 (see also Propositions 5.1-7 and 5.1-10, snd Exercise 
5.1-14). 



Exercise 5.3-4. Display the equations of motion (more general than 
(7)) that correspond to (6) via (5.1-25) (rather than (5.2-18)), and discuss 
the behavior of their solutions. 

Exercise 5.3-5. Apply the technique of association, as described 
above, to obtain the pair of coupled, translation-invariant, Newtonian 
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equations of motion (for two 3 -vectors, r^^\t) and that corre- 

spond to (5.2-19). 



Complexification. The next technique we review in Sect. 5.3 consists 
merely in the process of complexification of the matrices, or of the 3 - 
vectors, under consideration. For instance consider the {linearizable; see 
(5.2-19)) 3 -vector equation of motion 

r - lar + br -k-cr A? (8) 

and set 



a = a+ia', b = f+ij3', c = y + if 



(9a) 



as well as 

r(t) = rft) + irft) , (9b) 

with the understanding that the 6 constants a,a',p,p',y,y' , as well as the 
2 three-vectors rft), f^{t) , are real. Then clearly (8) yields the following 
system of 2 coupled 3 -vector Newtonian equations of motion: 

f^-laf^-2a’fj^+ pf^~ P'r^+ylf^Ar^-fj^Arf^-y'if^Af^+f^Af^) , (10a) 

F 2 =2a +2a'f^ +y(ri at2 +^2 A^) + ^'(^ -Fj A^) . (10b) 

Clearly this trick, as well as that illustrated above {association), re- 
sults in doubling the number of (real) quantities under consideration. But 
such a duphcation of the number of quantities evolving in time (be they 
matrices or vectors) is generally not the main motivation for employing 
these tricks. Indeed, as we emphasized above, the main motivation to in- 
troduce the association trick described above is to obtain, from equations 
of motion which are not invariant under translation, other equations of 
motion which do possess this invariance property. Likewise, the com- 
plexification trick we just illustrated, see (9), is generally introduced, not 
just to artificially duplicate the number of (real) dependent variables, but 
rather because more interesting models become available when the atten- 
tion extends from real to complex variables; indeed we have already seen 
several instances in which the introduction of complex (perhaps imagi- 
nary) “coupling constants” is instrumental to generate models which fea- 
ture remarkable behaviors, such as completely periodic motions. 
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Here we illustrated the complexification trick by showing how it 
works on a simple example, see (8) and (10). It is clear (in fact too obvi- 
ous to warrant any additional elaboration) that it can be appHed in much 
more general contexts, and of course to matrices as well as to vectors. 

Multiplication. By this term we refer to the possibility to go from 
equations that involve only one, or a few, matrices, to equations that in- 
volve several (indeed, arbitrarily many) matrices. We now illustrate two 
techniques suitable to perform this trick. 

The first technique is equally appHcable to scalars, to vectors, to ma- 
trices. Here we illustrate it in a matrix context, taking as starting point the 
following linearizable matrix evolution equation. 



U = 2aU + bU + c[U,u] , (11) 

which is clearly the special case of (2) with F(^ = cH. Let us recall that 
of course a,b,c are 3 arbitrary scalar constants. 

We now set 

, (12a) 

/=! 

as well as 

j=l J=l y=l 

where the J quantities rjj are the elements of an Abelian algebra satisfy- 
ing the multiphcation law 

Vj Vk = m , mod(/) . (13) 

Here and below / is an arbitrary positive integer. Note that via (12) one 
has introduced J matrices as well as 3/ arbitrary constants 

Qj, bj,Cj , and that a standard representation of the Abelian algebra (13) is 
provided by the formula 

rjj = exp (2 TTij/J) . (14) 

It is then clear that insertion of the ansaetze (12) into (1 1) yields the 
following system of coupled equations for the J matrices Hj{t ) : 
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( 15 ) 






of course with all indices defined mod(J) . 

Now assume that u[ a,b,c\ Cf(0),^(0); t ] is the solution of (11), corre- 
sponding to given constants a,b,c and initial data ^(0), ^(0) ; then the so- 
lution of (the J coupled matrix evolution equations) (15) with initial 
conditions Cfy(0), t/^.(0), y =1,,..,/, is given by the (rather explicit !) for- 
mula 

Ujit) = J~' Z e^{-2!tijkU) a®,i<*>,c<‘>;a®(0),Ci®(0);r ] , (16a) 

k=\ 



J 

a,QX^{l7uUklJ) , (16b) 

£=i 

s^b,WfO.!cUklJ) , (16c) 

l=\ 

c,Qxp( 27 riiklJ) , (16d) 

i=i 

e®(0)»Z £<(0)exp(2«r«l:/J) , (16e) 

k=l 

C/“’(0)s^ U,X0)^xp(2m£k/J) . (16f) 

k=l 



Hence the system of J coupled matrix evolution equations (15) is as well 
linearizable as (11) (indeed solvable for (2x2) -matrices if all the con- 
stants Oj,bj vanish, = 6^. = 0 , see Sect. 5.2.3). 



Proof. Let us start by proving a key formula. Assume f{z) to be an analytic 
fimction of z , so that, at least for small enough I z I , 



/(z) = Z 

ff!=0 



( 17 ) 



is well defined. Then clearly the formula 
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(18) 



/(Z njfjii) , 

k=\ /=! 

with, the rjj being elements of the Abelian algebra (13), defines uniquely the J fiinc- 
tions fj{^. Here and below z = (z^,z^,...yZj) , and all indices are defined mod(/) . 
The key formula we now prove reads 

exp(-2;ri7A://)/(z^^^) , (19a) 

K=\ 

J 

z^exp[2;riA:Z//] , (19b) 

i=i 

hence it provides an explicit expression of the quantities fj (^ defined by (1 8). 

To prove (19) we note that tiie algebra (13) admits the following J realizations: 

=Q-K!^{l7rijKf J) , (20) 

with K = \, J (which reduce to (14) for .ST = 1 ). Hence (18) entails 

/(I = I #’/,(2) , (21a) 

k=l y=l 



namely 

fC2^z^QX^{l7uikKIJ) = Y^fj{^QXi^{27rijKIJ) . (21b) 

k=\ y=l 

Multiplication by exp(-2;ri JKIJ) yields 



exp(-2zikK/J) /(^ z^ Gxp{2^iiKIJ) /^.(^exp[2;7 i(j-k)KIJ ] . 



i=i 



/=i 



( 22 ) 



We now sum over K from 1 to /, and use the identity 
ex^{27rijKU) = J5jj, 7=1,2,..., mod(J), 

K=l 



(23) 



getting thereby (up to some renaming of dummy s umm ation indices) (19), which is 
therefore proven. 

The generalization of the formula (19) to the case of a matrix-valued function 
/(z) is obvious, as well as the extension to the case when it depends on more than 
one argument, say / = f{x\y ) . Then by setting 
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(24) 



j j j 

/(Z Viyd=Y. 

k=l e=l /=! 

one defines the J functions fj(^,y), where of course x = (x^,X 2 ,...,Xj), 
y = (Ji, 72 j "•’>’/) 5 explicit expressions are then given by the following ob- 

vious generalization of (19): 

fj (S y) = Z exp(-2 KijKU) ) , (25a) 

4=1 

^(x) QXj^{l7uilKU), =2^ qx^{2kUKIJ) . (25b) 

^=1 ^=1 

It is now plain that these fommlas, and their obvious extensions to the case of a 
fimction / that depends on several arguments rather than just on one or two, entail 
the validity of (16), which can therefore be considered as proven. 



We have thus seen how fi:oni a single evolution equation, say (11), for 
a single matrix, say U_{t) , one can obtain a system of J coupled evolution 
equations, (15), for the J matrices defined by (12a). Let us how- 
ever emphasize that this trick, by its very nature, generally yields coupled 
equations that can be decoupled by a linear transformation. For instance it 
is easily seen that the coupled equations (15) get transformed into the 
following decoupled equations, 



U =2a U +b U +c \U ,U ' , 

—n ^ n —n n —n n t—n^—n J 5 



(26) 



via the following linear transformation (applicable equally to scalars, to 
vectors and to matrices) among tilded and untilded variables: 

gn = Z Sj exp(2;rzn77 J) , (27a) 

y=i 

g„ = Z exp(-2 Kink! J) . (27b) 

4=1 



Proof. Note first of all the equivalence of (27a) with (27b): indeed by multiplying 
(27a) by es^{-27cinkl J), then by s ummin g over n firom 1 to /, one obtains, via 
the identity (23), precisely (27b) (up to an exchange of the roles of the indices n and 
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k); and likewise one can obtain (27a) from (27b). Next, we multiply (15) by 
exp (2 ;r in j! J) and sum over j from 1 to J. Thereby we get 



= E (2a^._,CA, +bj_,U,) 

M=i 

J 

+ ^ exp(2nrinj7J) ] , 

y,fe,£=l 

J 

= E GXp[2;^in(^ + A:)//) (2ag U ^ U 

k.l=\ 

J 

+ El ®xp[2^i«(w + A: + ^)// ]c^ [ ] , 

k,i,m=l 

& = 2 3,U,+b,U,+c.[&.,U.] ■ 



(28a) 



(28b) 

(28c) 



To obtain (28a) we used, in the left hand side, (27a); to go from (28a) to (28b) we first 
replaced, in the argument of the exponential in the first sum, j with (7 -k) + k and 
then we set j-k = i , likewise in the argument of the exponential in the second sum 
we replaced J with (j-k-i) + k+£ and then we set j-k-i = m (this replace- 
ments do not affect the limits of the s ums , since all indices are defined mod(J) ); 
finally, to go from (28b) to (28c) we used again (27a). And (28c) coincides with (26), 
which is thereby proven. 



Exercise 5.3-6. Discuss the solvability, and the behavior, of the N - 
body system in 3 -dimensional space characterized by the Newtonian 
equations of motion 

.. V . N 

=E [ 2 ]+2E Ar, . (29) 

m=l t,m=i 



Hint: see (15) and (5.2-1,19), and Sect. 5.2.3. 

Exercise 5.3-7. Write out, and discuss, the Newtonian equations of 
motions that obtain from (5.2-19) by applying simultaneously (or rather, 
sequentially) all three the tricks (association, complexification, multipli- 
cation) discussed above (in Sect. 5.3) 

Let us end Sect. 5.3 by introducing a second, perhaps more interesting 
although also rather trivial, multiplication trick, whereby from an evolu- 
tion equation for a single matrix (of higher rank) one can obtain several 
evolution equations for several matrices (of lower rank). As already en- 
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tailed by this description, and in contrast to the tricks described above, 
this technique of multiplication is specifically appropriate for matrices (it 
is not applicable to scalars). 

The idea is to consider block matrices, namely matrices whose ele- 
ments are themselves matrices, say 



fu^n) 



u = 






(Ml) 





^(IM) > 







(30) 



Here we assume the block matrix C/ to be a square (MxM) -matrix, 
whose overall order depends of course on the order of the matrices 
(which themselves need not be square matrices, see below). 

To illustrate this technique we now use the following two linearizahle 
matrix evolution equations, 

U = 2aU+bU^c[U^ll] , (31) 



respectively 

U = laU_^bU^c[U^lf] , (32) 

which correspond of course to (2) with F(^=cTJ_ respectively 

F(U) = cU\ 

It is clear that, via (30), these matrix evolution equations, (31) respec- 
tively (32), read 

M 

respectively 



M 

+ C jjWi) jj(.lxr>h) jji 









(34) 



with m^,m^ =1,...,M. We have thereby obtained, from a single matrix 
evolution equation, (31) respectively (32), for a single matrix 
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U=mt), (coupled) matrix evolution equations for the matrices 
^ namely (33) respectively (34). 

We have illustrated this trick by displaying how it works in the case 
of the two specific equations (31) and (32). It is quite obvious how it can 
be applied more generally, as well as the hunch that it is likely to be par- 
ticularly useful for matrix evolution equations that feature polynomial 
(indeed, low-degree-polynomial) nonlinearities. 

Exercise 5.3-8. Show that the following system of N = M^ scalar, and 
N = M^ three-vector (rotation-invariant) Newtonian equations of motion 
is linearizable: 



m 

+ j 






m 



(35a) 



+ r A + r A r ] . (35b) 

Hint: assume that all the matrices in (33) are (2x2) -matrices, 
and use for each of them a parametrization of type (5. 1-25). 

Exercise 5.3-9. Show that the following system of N = M^ scalar, and 
N = M^ three-vector (rotation-invariant) Newtonian equations of motion 
is linearizable: 



+ c 



' ( p('”i^i)p(^i^z) pi^i'^i) _ pi^i”h) pi^i^i) pi’^M 



q:Wi) pdimi) 
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(36a) 






-(miMi) _ 2 ^ ^('«i'"2) ^ fj ^('^i'”l) 



M 

+ c ^ {-Ff-*'!) 






^^(“i^t) .^(4'»2)^_^(^2'^) Q:(.hh) .^Wl)^ 

.^(^2'”z)^_^^('”l^l) .j^r(^2»'2)^J 



_pWl) ~Wl) ^^(^2%) _ p^il^l) ^(^1^2) ^^(Vl) 
p(^i^2) ^-{h’xi) ^pih’ni) -W 2 ) 



_ pWl) j^ ^('"A) ^j:(^2'^) _^(Vi) ^^(^2“2) j 

^ ^(^ 1 ^ 2 ) ^(^z^z) ^ pih’f'l) ^Wz) j_ p(^2'"2) pC^l^z) ^('"l^l) 

-^('"A) [ /,(Vi) ^(^2'^z) ^(^ 1 ^ 2 ) ]_^(Vz) ^(^z'^z) I ^ (36b) 

Hint as for the preceding Exercise 5.5-5, except for the replacement of 
(33) with (34), 

Let us end Sect 5.3 by adding to the multiplication trick we just de- 
scribed a fiirther twist, whose relevance in yielding interesting many- 
body problems in multidimensional space will become clear later (see, for 
instance. Sect 5.6.5), but is also illustrated here. To this end we focus 
hereafter on the matrix evolution equation (32), featuring a cubic nonline- 
arity. 

We now set 



M = 2K , (37a) 

so that M is even, and we assume the (block) (MxM) -matrix U_ = U(t) to 
have the following (block) structure: 
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"q 


^ai) 


q 




• 0 






y{n) 


q 


y(ll) 


q .. 




q 




0 


^(21) 


0 




• 0 


py(2kQ 




y(. 21 ) 


q 


y( 22 ) 


q 




0 


















0 




0 


jjy . 


• 0 


py(m 



The motivation for using a different notation for the matrices appearing in 
the even- and odd-numbered lines of this block-matrix U_ is because we 
like to keep open the option that these be (different) rectangular matrices; 
say, the matrices (Zxy) -matrices, namely matrices with L lines 

and S columns, and, correspondingly, the matrices be {SxL)- 

matrices, namely matrices with S lines and L col umns . Here L and S 
are two arbitrary positive integers. It is clear that these assumptions are 
compatible with the block structure (37b), provided we correspondingly 
assume the identically vanishing matrices appearing in the right hand side 
of (37b) to be square matrices, and more specifically, those appearing on 
the odd-numbered lines of the block-matrix (37b) to be (TxZ) -matrices, 
and those appearing on the even-numbered lines to be (^x 5') -matrices. 
The consistency of this block structure of the (sparse) square matrix H 
(which then features {L+S)-K lines and as many columns) is plain. Also 
plain is the consistency of this block structure with the matrix evolution 
equation (32), whereby one gets for the 2K'^ matrices 
and the following (of course no less linearizahle than 

(32)!) coupled evolution equations 



K 



+ C E L 

k[,k'i=l 



[ w 



j^{k[k2) j^(kikl) yikiki) -pyikiki) 



(38a) 



y(.kM ^ 2 ^ ^ yikyk^) 

k[,k'2=\ 



(38b) 
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Here k^,k^ = and all matrix products are performed according to 
the standard “lines by columns” rule, namely (in self-evident notation: ^ 
is a generic (Lxy)-matrix, V_ a generic (yxi:)-matrix) 



s 



t„t2=U-,L , 

5=1 


(39a) 




(39b) 



l=l 



Proof. The consistency of the block stracture (37b) of the matrix IJ_ = U(f) with 
any evolution equation for Uft) whose nonlinear part only features products of an 
odd number of matrices U_ and C7 (hence in particular with (32)) is entailed by the 
fact that the product of an odd number of matrices, all of them sharing the block 
structure (37b) but being otherwise arbitrary, still has the same block structure. Indeed 
let us define any element of a matrix as odd or even depending on the parity {odd or 
even) of the sum of its two indices (those identifying the line and column it belongs 
to). This definition is equally applicable to ordinary matrices (whose elements are 
numbers), and to block matrices (whose elements are themselves matrices). The block 
matrix (37b) is then characterized by the property that all its even elements vanish. 
Now consider the product of an odd number of matrices. It is clear that every even 
element of this product matrix is given by a sum of products of elements of the factor 
matrices (those entering as factors in the product), each of which must contain an odd 
number of dience, at least one) even element. Hence, if all even elements of the factor 
matrices vanish, all even elements of the product matrix also vanish. 

The consistency of the block structure (37b) with the evolution equation (32) is 
thereby proven. The derivation of (38) via (37) firom (32) is then plain. 



Because of its special stracture, the matrix evolution equation (38) 
can be easily transformed into a set of covariant (hence, rotation- 
invariant) vector equations in 5 -dimensional space, for arbitrary S . In- 
deed it is easily seen that the parametrizations 









III 










.. ^aAXD^ 



(40a) 
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f,xkA)m 

''i 


,m(2) 


.xkAm\ 

''x 


y(.kiki) _ 




.XkM(l) 

''i 


. .xkk^m 
^2 




,.(*l*2)(l) 


^{k,k^){2) _ 


,Xkk^XD 

J 



whereby we introduce the 2LK^ 5 -vectors 



(40b) 



(41a) 

(41b) 



" parametrizations which are clearly consistent with the assumed rectan- 
gular structures of the (1x5) -matrices and of the (5x1) -matrices 
- entail that the matrix evolution equations (38) get re-written in 
the following covariant 5 -vector form: 



+<= Z E [ ] , (42a) 

yt;,yfcj=I ^'=1 



_C ^ ^ y(^lW') ^^(*2^2)(^) j (42b) 



^{,^ 2=1 ^'=1 



Here of course k^,k^ = \,...,K, and I =\,...,L \ hence the total number of 5- 
vectors, and of equations, is 2LZ^ 

Let us reemphasize that here and below superimposed arrows denote 
5 -vectors (with 5 an arbitrary positive integer), and of course a dot 
sandwiched between two 5 -vectors denotes the standard scalar product in 
5 -dimensional space. 

There are two natural reductions of these Newtonian equations of 
motion, each of which entails that the total number of 5 -vectors is re- 
duced jfrom 2LK^ to 2LK . The first one obtains by setting 






, k,k' = l,...,K 



(43a) 






k,k' = l, 



■,K 



(43b) 
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it is easy to verify that this reduction is compatible with the equations of 
motion (42), which then take the following form: 

+ C X X [ 1 ’ (44a) 

k'=l l!=\ 

S Z [ -W™) ] , (44b) 

k'=i e=\ 

with 

C = cK . (45) 

The second reduction obtains by setting, instead of (43), 

^i.k',m) ^ ^{km ^k,k' = l, ..., K , (46a) 

^vc,kTi) ^ ^ k,k' ^\,...,K , (46b) 

which is as well compatible with the equations of motion (42) and trans- 
forms them into the following form (different from (44)!): 

+ C X 2 ] , (47a) 

k'=l l'=\ 

5<«'>=2a7<‘»>+6v<«'> 

- C I; 2 [ v<« ■ w^'X'’) -5<«''> (v<‘'»> . w<‘'»'>) ] , (47b) 

k'=\ e=\ 

again with (45). 
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Exercise 5.3-10. Verify ! 



Exercise 5.3-11. Verify that partial reductions, such as those entailed by (43a) 
without (43b), or (43b) without (43a), or (46a) without (46b), or (46b) without (46a), 
are also compatible with the equations of motion (42a); write down the corresponding 
equations of motion; and show that their solution can always be reduced to solving 
equations of type (44) or (47), up to the additional solution of linear equations (which 
therefore does not spoil the linearizable character of these equations of motion — let 
us emphasize that this finding is valid even if the initial data for (42) are only com- 
patible with a partial reduction, as defined above). 

Exercise 5.3-12. Redo (witii appropriate modifications) the treatment given 
above, under the assumption that M is odd, M = 2K+l, rather than even, see (37). 



5.4 A survey of matrix evolution equations amenable 
to exact treatments 

In Sect. 5.4, or rather in the 3 subsections in which it is conveniently or- 
ganized, we survey matrix evolution equations amenable to exact treat- 
ments. Specifically, in Sect. 5.4.1 we display a fairly large (perhaps ex- 
cessively large!) class of linearizable matrix evolution equations, identi- 
fied by a straightforward if notationally heavy generalization of the ap- 
proach of Sect. 5.2; in Sect. 5.4.2, we introduce certain matrix evolution 
equations which are related to the so-called non-Abehan Toda lattice (an 
integrable, indeed solvable, system); and finally, in Sect. 5.4.3, we collect 
some other matrix evolution equations amenable to exact treatments. 

As the reader will see, we do not try to provide a systematic pres- 
entation of all the treatable matrix ODEs that can be obtained by various 
techniques; our main focus below is to present a number of different 
techniques whereby such treatable equations can be uncovered (or, 
equivalently, manufactured), and to illustrate them via representative ex- 
amples — which are subsequently (see Sect. 5.6 and its subsections) em- 
ployed to uncover (or, equivalently, to manufacture) treatable many-body 
problems in three-dimensional space. Hence the alert reader will find 
much instructive scope for additional experimentation of his/her own, 
with the possibihty to obtain quite interesting new results, both in the 
guise of treatable matrix ODEs, as well via the subsequent derivation 
fi:om these of many-body problems also amenable to exact treatments. 

Throughout the following subsections matrices are denoted by un- 
derlined (upper or lower case) letters. 
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5.4.1 A class of linearizable matrix evolution equations 

In Sect 5.4.1 we present a methodology to manufacture new (generally 
nontrivial) linearizable matrix evolution equations from known (possibly 
trivially solvable) linearizable matrix evolution equations; this technique 
generalizes the approach already discussed in Sect 5.2 (which the dili- 
gent reader is advised to review). 

Assume that the N 5 square matrices u^, f, g, h y satisfy the fol- 
lowing N + 5 matrix ODEs: 







o' 




A® 

,..5££ 5/t 5. 


0 

II 


(la) 










A® 

5**' 


,;0 = 0 , 


(lb) 








.;g^^g^^... 




;0 = o , 


(Ic) 




..,fW = l,.. 




•;g^°^g®v. 




;ri=o , 


(Id) 



I =o, (le) 

/=o 



m = = (If) 

/=0 



Here =d^'u^f dt\ with analogous formulas for 

and the functions U_„,Ej§^SjLj,Lji “sca- 
lar/matrix ftinctions of matrices,” namely matrices built only out of their 
matrix arguments (whose ordering is of course important) and of scalars 
(including, possibly, the independent variable t). Hence these square 
matrices satisfy the identity 



z(w~^ eTe,K~^ E>-, m = 1 ,..., N\ r ^ r r 



where Z denotes any one of these matrix functions. 
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The notation employed to write these equations is meant to suggest (in a sense 
which will become clear below) that the matrix equation Z = 0 plays the primary 
role in determining the matrix z , with the obvious correspondence (if Z , then 
z = ; if Z = F , then z = f\ and so on). Note moreover the qualitative difference 

among the equations satisfied by the N -\-3 matrices u^, f, g,h, (la,b,c4), and 
those satisfied by v andy , (le,^ (in these latter equations the parameters /j and J 2 
are of course tivo nonnegative integers). The different role of the N matrices u„ , and 
of the 3 matrices f,g,h, will become clear below. 

Note that here (contrary to what we wrote elsewhere) we indicate a matrix/scalar 
fimction of matrices by an underlined character, to emphasize its matrix character. 



Consider now N + 5 square matrices related to the 

N + 5 square matrices u^, f, g, h,v, y as follows: 



Un=WU„W~\, f = WFW~\ 


g = WGW~\ 


h = WHW~\ 


(3a) 


Un=K~'UnK, F=W~^fW, 


G = W~^ gW, 


H = W~^hW, 


(3b) 


y = WV, y = rw~' , 






(4a) 


l=yK, 






(4b) 


with 








W = gy+ fW_+^yhW_ , 






(5a) 


K = KK , 






(5b) 



where 

K=K+gv+yh . (6) 

Note that (5b) with (6) follows firom (5a) via (3a) and (4a). 

To complete the definition of the (invertible!) matrix W=W(t) one 
must supplement the matrix ODE (5) with an “initial condition”, say 
K(0)=Ko • It will remain our privilege to make an appropriate choice for 
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the (invertible!) matrix W^; generally it will be convenient to set simply 

Eo=l- 



Lemma 5.4. 1-1. The A^^ + 5 square matrices , £, G, F, F , Y can 
be obtained from the JV +5 square matrices , /, g, h, v, j by algebraic 
operations (inversion and multiplication of matrices) and by solving a lin- 
ear second-order matrix ODE (which in some cases reduces to a first- 
order matrix ODE, see below). If the matrices /, g, h, v, y are time- 

dependent, this linear ODE is generally nonautonomous. 



Proof. It follows easily from the relations (3) and (4), taking into account (5) and 
(6), Indeed the matrix Riccati equation (5a) is linearizable via the position 

W = -[vhY MAT \ (7) 

which yields for M the linear ODE 



M -- {ffi +yh+ yhf){f]^ ^ M “ yh^ yM . (8) 

Hence, if the 5 matrices /, g, h, v, y are known, the matrix W can be evaluated, 
via (7), by solving the linear (generally nonautonomous) matrix ODE (8). Then the 
N + 5 matrices U_^ , F, G, H, F, Y_ can be obtained from the, assumedly known, 
N + 5 matrices u„, f , g, h, y, y via (3b) and (4b). 



Next, let us define matrices ujf , and , via the 



following recursive formulas: 

^[ 0 ] ^ ^ ^ z^\k ] , (9a) 

= Z, = Z^V^Z^'^ , (9b) 

^”^Z = Z, ^^ZK , (9c) 

so that 

= Z-[S,S], # =|-2^^]-|z,i]+[ (10a) 

Z}^"^ = Z + KZ, =Z + 2KZ + KZ+^Z (10b) 
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(10c) 



% = Z + Zg, *% = Z-2Z^-ZX + Z^^ . 

Here and throughout [^,5] denotes the commutator of the two matrices 
A and B, [A,^ = AB-BA . 



Lemma 5. 4. 1-2. If the A^ + 5 square matrices u^, f, g,h,v, y satisfy 
the A^ + 5 matrix ODEs (1), then the + 5 square matrices 
G, H, V,Y satisfy the + 5 matrix ODEs 



U.(u}^A 


= l iV;£W,£W,, 




(lla) 




,m = l iV;£“,£''',.., 




(lib) 


—\—m ’—m ’ 


,,m = l,...,JV;£f"l£W,... 




(11c) 


5/rr[0] 7-rH 

MXiLm ’U-m V 






(lid) 






Z = I iV;£f">,£'£...;GW, ffW,...;0 = 0.(llQ 



These fomiulas are obtained from (1) by replacing, wherever they appear, the 
matrices respectively with the matrices 

j j 5 1^^'^ 5 j Z)- Their validity is implied by the formulas 

F"' , (12a) 

where z stands for w„,/,g or , and correspondingly Z stands for U„,F,G or 
H, and 



,(/) ^ 


(12b) 


,01 Y W ~^ , 


(12c) 



which, via (3) and (4), clearly entail the equivalence of (1) and (1 1). As for the vahd- 
ity of these formulas, (12), they are an immediate consequence of the definitions (9) 
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and of the formulas (3) and (4), as can be easily verified by time-differentiating them 
and using (5) and (6). 



Note that we are implicitly assmniiig that the 2 matrices F and yh 

are invertible, see (3), (4) and (7). A breakdown of one of these two con- 
ditions at some time will generally show up as a singularity of the cor- 
responding solutions of (11). But note that the second condition (inverti- 
bility of yA) is invalid but irrelevant in the special case in which yh 

vanishes identically, see the Remark 5 .4.1-7 below. Indeed, in this special 
case the (first-order) matrix evolution equation (5a) is already linear, 
hence there is no need to introduce via (7) the matrix M. 

We are now ready to formulate and prove the main result of Sect. 
5.4.1. 

Proposition 5.4. 1-3. If the matrix ODEs (1) are linearizahle, the ma- 
trix ODEs (11) are also linearizahle. 



Proof. Lemma 5. 4.1-2 entails that the solutions of (11) can be obtained by first 
solving the ODEs (1) to determine the A + 5 matrices u^,f,g,h,y,y and by then 

obtaining from these, according to Lemma 5. 4. 1-1, the N + 5 matrices 

H„,LG,h,v,y. 

Remark 5. 4.1-4. In the context of the initial-value problem, the convenient choice 
Wq = 1, see above (paragraph after (6)), entails that the initial conditions for the 
N + 5 matrices u„,f, g,h,y,y can be explicitly obtained firom the initial conditions 
for the N + 5 matrices U„,F,G^,H,V,Y via (12) with (9,10). 

Remark 5. 4. 1-5. Even if the equations (1) satisfied by the N + 5 matrices 
u^,f,g,h,y,y are linear (and possibly quite trivial, see examples below), the equa- 
tions (11) satisfied by the N + 5 matrices U_„-,FfGjHjV^,Y_ are generally nonlinear. 

Remark 5.4.1-6. Not all the equations (la,b,c,d,e,Q need be differential, for in- 
stance (lb) might read 

/ = = = , (13) 

with / a given “scalar/matrix function” of its matrix arguments, yielding thereby an 
explicit definition of the matrix / in terms of the matrices u„,g,h and their time- 
derivatives, and likewise an explicit definition of the matrix F in term of the matrices 
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U„,^H Slid their time-derivatives, see (11b) and (12a); and so on (see examples 
below). But this applies only to the equations (la,b,c,d), and likewise to their counter- 
parts (lla,b,c,d), not to (le,f) and (lle,Q (except in the trivial cases discussed in the 
following Remark 5. 4. 1-7). 

Remark 5. 4. 1-7. The linear homogeneous equations satisfied by y and y, see 

(le,J5, and likewise the (generally nonlinear) equations satisfied by V_ and Y , see 
(1 le,^, clearly admit the trivial solutions y = F = 0ory = 7 = 0 (the vanishing of y 

entails the vanishing of V_ , and viceversa, and likewise for y and Y , see (4)). This 

corresponds to reduced versions of Proposition 5. 4. 1-3, which are obtained by setting 
to zero one of the pairs of functions y, F and y, 7 (or possibly both pairs), as indeed 

entailed by the special cases of (le) and correspondingly of (lie), respectively of (If) 
and correspondingly of (IIQ, with Fq= 1, )7=0 for />0 , respectively 

7() = 1, Yj = 0 for 7 > 0 . In the first case, y = F = 0, the matrices g and G can also 

be ignored, see (6), and one can then ignore the equations (le) and (lie) as well as 
(Ic) and (1 Ic). In the second case, y = 7 = 0 , h and H can likewise be ignored, see 

(6), as well as the equations (1^, (11^ and (Id), (lid). If both conditions hold, 
y = V_ = 0 and y = 7 = 0 , then the only matrices that play a significant role are 

and / , and correspondingly U„ and F, and the only relevant equations are (la,b) 

and (1 la,b); in this special case K = F,see (6). 



We now exhibit two classes of linearizable second-order matrix 
ODEs satisfied by the N + 5 matrices U„, F, H,VjY, obtained fi:om 
Proposition 5.4. 1-3 by making specific choices for the fimctions 
, see (1) and (1 1). Once and for all, let us emphasize that 

these are representative examples, selected to display the type of lineari- 
zable matrix ODEs encompassed by our approach, and chosen with an 
eye to the manufacture of linearizable many-bocfy problems, see Sect. 5.6 
and its subsections; it will of course be easy (and instructive!) for the 
diligent reader to manufacture additional examples. 

The first class of examples we consider is characterized by lineari- 
zable (in fact, linear) matrix ODEs of type (1) which read as follows: 



f^n —n 







(14a) 



m=l 

(14b) 
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m=\ 

(14c) 

/'“’4 = Z [ai'*>a.+6l*">y+aW>/+6'«/ + a'‘‘'>g + 6«g+a<“>A+ , 

(14d) 



y->v={i; [3i”’?ii+^"’«i] 

nj=l 

+ } v , 

+{s k“*’«i+6r«^] 

»!=1 

+ +b^^^'^ii } v , (14e) 

^“z=z{i 

m=l 

+ +b^^^'^li } 

+z{i k'"«f.+e’«^] 

HJ=1 

+ +b^^^^li } . (Uf) 

These equations contain N + 5 quantities of type and 2N^ +20N+42 
quantities of type a,b (variously decorated with lower indices and upper 
symbols of identification); our treatment would apply even if all these 
quantities were (arbitrarily!) given functions of time, but for simplicity 
we assume hereafter that they are (arbitrarily!) given constants. Then the 
N + 3 matrices u„, f, g, h can be obtained from (14a,b,c,d) via purely al- 
gebraic operations, and the 2 matrices y and y can subsequently be ob- 
tained by solving the linear nonautonomous matrix ODEs (14e,Q. 

The corresponding (generally nonlinear!) Unearizable matrix ODEs 
satisfied by the iV + 5 matrices U^, ^ H^V^Y read as follows: 
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m=l 

+«“{ £-[££] )+^f’£+«M e-[g.£] }+6i’‘’G 

+ af'{ £-[£.£] }+6f'S, (15a) 

A‘^’£=2|>.£]+[£i]-[[£.£k]+E [““fe. 

m=l 

+ F-\F,Ki + G-\G,K] 

+ H-\iL^ , (15b) 

//'»>G = 2^£]+[G,i]-[|G,£l^]+|; [alr%. -fc„£]}+jrc(.] 

m=l 

+ ^(sf){ F-\^K] }+b^^^F + a^^^^{ G-\^K\ }+b^^^^G 

\h,k] , (15c) 

/;<«£= 2[a£]+ [ai]- [[ff,£l£l+ i; k‘“’ - Is, .£]}+ *re« ] 

m=l 

{F-[F,K\}+b^^^^F + a^^^^ {^-[^’^]} G + a^''^ [H-[H,K\] H, 

(15d) 

^w£=_2£f-s-£'£+{ I; 

m=l 

+ ^(v/){ F-|>,^] f G-\G,K] f +b^^^^G^ 

h^i^k] Y +b^'’^'^HY } fc+s} 

+{i k”’fe.-i£-..4'+i’i”’e»] 

m=l 

+ a^'^^{ F-\F,K\ Y +b^^^FY f +b^""^G^ 
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+«"'*>{ h-\!LK\ f }v, 



(15e) 



+^- ik ] { i [or>fe. -fe.,£F +e’y^] 

»!=I 

+i{ Z [«rlL-le;„.£]F+e’c/», 

m=l 

+ «(3/){ £-[£,£] f G-I^Z] f 

+ H-\^K] }. (15Q 

In these formulas K is of course defined by (6). 

The second class of examples we consider is characterized by (much 
simpler!) linearizable (or linear, see below) matrix ODEs of type (1) 
which read as follows: 





(16a) 




(16b) 



Here m is a given scalar/matrix function, such that (16a) is a solvable or 
linearizable system of ODEs (see for instance the preceding Sect 5.3, or 
below), and / is an (arbitrarily) given scalar/matrix fiinction. The corre- 
sponding ODEs of type (3.17) then read 

U.='^[U„,F ]*[u„t ]-[[C/„F ], F ]+«(u„,U,-|2„,F],m = l....,iV;f), 

(17a) 

Z = «=I iV;() . (17b) 

Note that we are here in the special case mentioned in the Remark 5.4.1-7, see 
above, corresponding to the choice v = £ = 0 and v = Z = 0 • Also note that, if f 

depends on the matrices (besides the matrices u^), see (16b), hence £ depends 
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on the matrices (besides the matrices ; see (17b)), then the ODE (17a) con- 
tains the second time-derivative of the matrices in the right hand side as weE 
(from the second term). 



For the special choice 

m=l 

which entails of course that the ODEs (16a) are linear, the ODEs (17a) 
read 



w=l 

(19) 

The factor 2 in the right hand sides of the last two equations is introduced 
for notational convenience, see below. In the last equation, (19), the ma- 
trix F is of course always given by (17b), with an arbitrarily chosen / . 

For instance, if we make for this ftinction the simple choice 



7 1 ’Em ’'w = iv, 0 = Z (^)^- ] ’ 



(20a) 



which entails 

£ = Sk«£j, (20b) 

m=\ 

then the linearizable matiix ODEs satisfied by the N matrices read as 
follows: 

m=l 

+2c,(o[ c/.,e. ]+c,(f)[ \+iMu.,u. ]} 

- ti 2a„. ] }• (21) 

mi,m2=l 
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These equations deserve fiirther elaboration, which for simplicity is here- 
after restricted to the case with time-independent constants and 

. Then the above ODEs becomes 

e, = i { 2 ‘■-.e. + + 2 J+ cju„,u „] } 

m=l 

- i{2a™,c„.|a^£„J , CL.j), (22) 

Wj,W,=I 

and the corresponding ODEs satisfied by the matrices read 

= Z [2 +Km^ > (23) 

m=l 

and can therefore be solved by purely algebraic operations. Particularly 
simple is the “diagonal case” characterized by the restrictions 
<^nm =^nm‘^nAm =^nmK’ wMch cntafi that thc ODEs (23) decouple and 
their solution reads 

Knit) = exp(a„0 [ u„(0) cosh(A„0 +w„(0) sinh(A^0 ] , (24a) 

A„=(a„^+by\ (24b) 

Even simpler is the case with a„ = a,b^ = b , hence A„ =A = (a^ +bf'^. 
Then the evolution of the matrix W(t ) , see (5a), (16b) and (20a), (24), 
reads simply 

W(t) = Qxp(at) [ A cosh(Ari + B A“^smh(Ari ] W(t) , (25) 

N N 

with A = 'Yjcj^u^{Q)\, :5 = 2[c^m^( 0)] two constant matrices. But let us 

m=l m=\ 

emphasize that the simplicity of this case, see (25), has a rather trivial 
origin: indeed the nonlinearity of the matrix ODEs (22) in this special 
case =^„ma, b„„ =S„„b is in a way marginal, since in this case the 
ODEs (22), which can of course be rewritten as follows, 

e, =2aC/„+i.^+2|g„,£]+|£.,£]-2a|j/„.P^ F], (26a) 

£ = i;k£j. ( 26 b) 

m=l 
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are easily seen (by multiplying (26a) by c„, summing over n and using 
(26b)) to imply a single (decoupled) ODE for the quantity F, 



F = 2aF+bF+[t,F\. (26c) 

And after this equation has been solved for F, the ODEs (26a) for the 
matrices become linear (albeit nonautonomous). But the matrix ODE 
(26c) coincides (up to a trivial rescaling) with the special case of the sys- 
tem (22) corresponding to N = 1 . There is then a single matrix U_^ = H{t) 
which satisfies the matrix evolution equation 



U = laU+bU+c\u,U\ , (27) 

or, more generally, 

U = 2a0^bU+[U^m)], (28) 

if we retain the freedom to make an arbitrary choice (rather than the spe- 
cial choice (20)) for the scalar/matrix function / , see (16b) and (17b). 

We have thereby returned to the cases discussed in Sect 5.2 (for (28)) 
and in Sect 5.2.3 (for (27)). 

Finally, let us point out that the examples given so far in Sect. 5.4.1 
focussed on second-order ODEs for the N-\-5 matrices 
u„,f,g,h,v,y (or for a subset of them), obtained starting from sec- 
ond-order ODEs for the N + 5 matrices /, g, !hv, y (or for a subset 
of them). The motivation for doing so is because second-order matrix 
ODEs are a convenient starting point to obtain the Newtonian equations 
of motion which characterize many-body problems in three-dimensional 
space (our main interest in Chap. 5) -- as we saw in Sects. 5.1 and 5.2 and 
we shall see in Sect. 5.6 and its subsections. But it is also of interest to 
consider first-order matrix ODEs, both because of their possible apphca- 
tive relevance, and because such equations may also be connected to our 
main goal in Chap. 5, namely to construct models of many-body prob- 
lems in ordinary (three-dimensional) space. Indeed there are two ways in 
which such a goal may be realized also by starting from first-order matrix 
ODEs of the kind yielded by the technique introduced in Sect. 5.4.1: such 
equations may be eventually interpreted as Hamiltonian (rather than 
Newtonian) equations of motion for a many-body problem (see Sect, 
5.6.4); or they may be used to obtain (by time-differentiation and appro- 
priate substitutions) new second-order matrix ODEs, which can then be 
appropriately interpreted as Newtonian equations of motion for a many- 
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body problem. We end Sect. 5.4.1 by providing two examples of mabix 
evolution equations which correspond - as we shall show in Sects. 5.6.4 
and 5.6.3 - to these two possibihties. 

Firstly let us show -- starting, as it were, again from first principle ~ 
that the system of matrix evolution equations 

0. , (29a) 

, (29b) 

B!=l 

is linearizahle. Here the quantities are arbitrary (they 

could also be time-dependent fiinctions), and / is an arbitrary fimction of 
the 2 N matrices U^,V^ and of the time t ; note however that the same / 

enters in (29a) and (29b), that this quantity is independent of the index n , 
and that it is a scalar/matrix fimction of its arguments, namely it satisfies 
the property wjqij , V . ; t) W~^ = f(WU. w~^ , WV. ; t) . 

To prove that (29) is linearizahle we proceed again as above, namely 
we set (see (3) and (5); beware of the notational changes!) 



Unit) =mt)Unit)[m)T ^ «„(0M0, (30a) 

^-nit)=m)VM[m)]~\ T„(0 =[r(0]"' v„(0E(0 , (30b) 

m=E(t)QuMK,m], E(0=/[H;(0.v/f);f]E(0- (31) 

Time-differentiatioii of the first of the (30a,b) yields (using the first of the 

(31)) 

«. =E{ i,-{ ] }£■', (32a) 

t. =E{ L-[ lJ(Uj,Vj;t) ] }pr', (32b) 

and from these equations and (29) , (30) we see that the matrices 
u„ (t), v„ (0 satisfy the linear evolution equations 

+Km Zm) , }L„r) • (33) 

m—l m=l 
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The linearizability of (29) is thereby proven, since its solution can be 
achieved by solving firstly (33), then the second of the (31) (a linear 
equation for the matrix and then recovering from the 

second of the (30a,b). 

It is moreover easily seen that in some cases, see below, the system 
(29) is not only linearizable, it is in fact solvable. An obvious (and rather 
trivial) case is if the quantities all vanish, 

=b„^ =c^ and / does not depend explicitly on the time t, 

Ir such a case (33) entails that the matrices 
(t), v„ (0 are in fact time-independent, u„ (t) = u„ (0), v „ (0 = v „ (0) , and the 
second of the (31) becomes explicitly solvable. Hence one concludes that 



the equations 

E. =[E. , L =[E. J(EyZy)] , (34a) 

are exphcitly solvable: 

^(f) = exp[ -(/kj(0),E;(0)) ] E„(0)exp [ (/(E/(0 )Zj( 0)) ] , (34b) 

E„(0 = exp[ ] V„(0) exp [ f/( E/0),K/0)) ] . (34c) 

Another, perhaps less trivial, case in which the equations (29) are in 
fact also solvable obtains if 

l = (35a) 

/=! 

and the quantities are all time-independent and satisfy 

the constraints 

4,c„-4.c„=0, . (35b) 



Indeed it is easily seen that these conditions are sufficient to guarantee, 
via (29), that f is time-independent, 7 = 0, so that there holds again the 
explicit solution (34b,c), of course with / given by (35a) (at = 0). An 
interesting case (see below) is that with = 2, so that d„^ =-a^„ and 
(29) read 

E.=i ]]). (36a) 
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(36b) 



L=t {c^u.-a„r^+x[v„[u^,r. ]]), 



with 

^nm ^mn’ ^nm ^mn ‘ 

We shaE show in Sect. 5.6.4 how these solvable matrix evolution 
equations can be recast in the form of the Hamiltonian equations of mo- 
tion of a many-body problem in three-dimensional (or indeed, in 5- 
dimensional) space. 

Secondly, and lastly, we illustrate, via a simple example, the possibE- 
ity, in the context of the technique iEustrated above, to restrict firstly at- 
tention to first-order matrix ODEs and to obtain subsequently second- 
order ODEs by appropriate additional steps. We only consider an Elus- 
trative, very simple, example; this aEows, at very Httle cost in terms of 
repetitiveness, a completely self-contained presentation; but for the dih- 
gent reader interested in the connection with the treatment given above 
we note that the case considered below corresponds, up to a trivial 
notational change (wj u,u^ -> v), to the treatment given above with 

N = 2 , lJ_^=Uy -{au^ + ILi =^2 +<^^£ 2)5 

F-f-{aUi+bu2+c\u^,U2]) g=h = v = y = 0. 

Let us set 



u = WUW~\ 


U = W~'uW , 


(37a) 


y = WVW~\ 


V = W~'yW , 


(37b) 


^ = + , ^ = {aM + £?v + c[^v]} jy , 


(38) 


u-au + Py_, 


v=Yu+Sv , 


(39) 



with a,b,c,a,p ,Y,S arbitrary constants. 

This entails for the matrices H and F the first-order nonlinear ODEs 



U = aU+ftV+b[U,V]+c[u\U,V]] , 


(40a) 


t=rlL+SYi+a[v,u]+c[v_,[v,u ]] . 


(40b) 
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These nonlinear matrix ODEs are of course linearizable, since their 
solution can be achieved via the following steps: (i) set (for simplicity) 
W(0)=^l as initial condition to complement (38); (ii) note that this entails 
u(0) = UiiO), v(0) = r(0) (see (37a,b)); (iii) evaluate k( 0 and v( 0 from the 
(explicitly solvable) linear evolution equation (39), taking into account 
the appropriate initial conditions, see (ii); (iv) evaluate W{t) by solving 
the second of the (38), with initial condition WJO) = 1, see (i) (note that this 
is a linear nonautonomous matrix ODE, entailing the solutions of M 
analogous systems of M linear first-order coupled nonautonomous ODEs 
— assuming we are dealing with (MxM)-matrices); (v) finally evaluate 
Hit) and Vit) from the second of the (37a,b). 

Let us now derive, from the 2 first-order ODEs (40) satisfied by the 2 
matrices Uif) and Vft) , a single second-order ODE for one of these two 
matrices, say for Uft). This is easily obtained by time-differentiating 
(40a), thereby obtaining (using (40b)) the second-order linearizable ODE 

U = aU + PrU. + PSV + {b5- ap)]u^ + b^v\ + (c J - afi) \^V] ] 

-c"l£,la[laEld]]. (41a) 

where the matrix F should be expressed in terms of IJ_ and (i by solving 
for F the (non differential) linear matrix equation (40a), namely 

;0F-6[F,^]+c[|F,C/],^] = g-a^ . (41b) 

At the end of Sect. 5.6.1 we shall display a (highly nonlinear) lineari- 
zable one-body problem in three-dimensional space which corresponds to 
this second-order linearizable matrix ODE, (41). 



5.4.2 Some integrable matrix evolution equations 
related to the non Abehan Toda lattice 

In Sect. 5.4.2 we consider various (systems oQ matrix evolution ODEs 
which coincide, or are closely related, with the integrable evolution 
equations of the so-called non Abelian Toda lattice. A version of the 
(matrix) ODES of this model reads as follows: 
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( 1 ) 



G. =gM,Y'g. +r{ s„, } . 

Here =G^{t) is a time-dependent square matrix, labeled by tbe index 
n, and r is & (“coupling”) constant (possibly complex, see below), which 
could be elimmated via the scale transformation G„ r"G„ , or, if it is 
positive, via the time rescaling t -> t . 

In this book we do not discuss the actual solution of this matrix evo- 
lution equation: it suffices for us to know that this is an integrable (in 
fact, solvable equation (see Sect. 5.N). But let us emphasize that this 
matrix evolution ODE, (1), to the extent it is meant to hold for k = 

(as we generally assume hereafter), should be completed by prescriptions 
“at the n -boundaries,” such as, say, G^{t)=G^^^{t)=Q (“free ends”) or 
^o(0 = ^i^(Os ^i(0 = ^iv+i(0 (“periodic”); these prescriptions are of 
course relevant to determine the solution, but we generally ignore them 
hereafter (except in some cases in which we assume periodic boundary 
conditions, see below). 

Another, perhaps more interesting, version of this integrable matrix 
model reads 

. (2a) 

Here of course Q =Q (t) is again a square matrix. 

— n 



The integrability of this matrix evolution equation is entailed by its relation to the 
integrable equation (1). Indeed it is clear tiiat, by setting 



4.(0=[g.(0]''g.«(0, 


(3a) 


5,(0=[£,(0]“‘s,(f), 


(3b) 


(1) can be rewritten as 




An =AnA„^l -RnAn . 


(4a) 


in =r\An -An-i] • 


(4b) 



Exercise 5. 4.2-1. Verify! 



586 




We now set 



Q, = t I- 

m=mQ 



entailing 



s.=e.-e,-. 



hence, via (4b), 

r Ay, =Q . 

> —n 



(5a) 



(5b) 



(5c) 



Insertion of (5c, b) in (4a) yields precisely (2a). 

Exercise 5. 4.2-2. Verify! 

Of course also this matrix evolution ODE, (2), must eventually be completed with 
“end-point” prescriptions, namely with appropriate definitions for 0^(0 and 

j(0 (remember: the index n in (2a) runs fi:om 1 to V); consistently with this 
ambiguity we left undefined the lower limit mg of the sum in the right-hand-side of 
(5a). 



Remark 5.4.2-3. An arbitrary (“coupling”) constant c can be reintro- 
duced in (2a) via the rescaling Q-^cQ , so that it read 

leJ- (2b) 

Remark 5. 4. 2-4. The version (2) of the non Abelian Toda lattice sys- 
tem of ODEs is translation-invariant, namely it is invariant under the 
translation Q{t)^Q =Q it)+Q. Q=Q. Of course this invariance 

property could be destroyed by the "end-point" conditions; it is, however, 
compatible with periodic boundary conditions, 

e,w=e,,w. 

Remark 5. 4. 2-5. The ansatz Q {t) - n Uit) is compatible with this 

— w 

evolution equation, (2), and it yields for Uit) the simplest one of the 
evolution equations discussed in the preceding Sect. 5.4.1, see (5.4.1-27) 
and see as well Sect. 5.2.3 (in both cases with a = ^ = 0). 
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Proposition 5. 4. 2-6. The following simple matrix evolution ODE is 
integrable: 

U = c^ {llf +CU + U^ , ( 6 ) 

where c is an arbitrary scalar constant (which could of course be rescaled 
away, as well as the factor 2), and the arbitrary matrix C is also constant 
( C = 0 ; one could of course set C = 0 , or C = C 1). 



This important finding can indeed be considered a special case of the integrable 
equation (2b). Consider indeed the following special (“periodic”) solution of (2b): 



2,(0 =i(0. 2,, (0=5(0. 


(7) 


SO that the 2 matrices ^(f), Bpt) satisfy the equations 




A = c{ AB + BA-AA-AA }, B = d BA + AB-BB-BB }. 


(8) 


Now set 




S = A + B, D = A-B, 


(9a) 


A = {S + D)/2, B = {S-^I2 , 


(9b) 


so that 




5 = c{ AB + AB + BA + BA-AA-AA-BB-BB } . 


(10a) 


i)=c| AB-AB-BA+BA-AA-AA+BB+BB 1. 


(10b) 


It is now clear that (10a) can be integrated once to yield 




5 = -c{ D^+C }, 


(11a) 


while (10b) can be rewritten as foEows: 




D = -c{ 5D+M } . 


(11b) 


But, via (1 la) and the identification 






(11c) 


this last equation yields precisely (6). 
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Note that the initial data for (6), ^(0) and ^(0), determine, via (11c), D(0)and 
^(0); moreover (11a), with C assigned (arbitrarily!) and ^(0) (hence ^^(0), see 
(11c)) given, determines ^(0), while 5(0) can be assigned arbitrarily, consistently 
with the translation-invariance of (11a). From the initial data for D(t) and 5(r) one 
obtains, via (1 lb), the initial data for A(f) and B(t ) , namely 4(0) j 4(0) ? B(0 ) , 
5(0) ; one then solves (8) (or equivalently, via (7), one solves (2b)), and in this man- 
ner one finally gets A(t ) , 5(r) , hence, via (the second of the) (9a) and (11c), the so- 
lution U(f) of (6) ( with c an arbitrarily assigned scalar constant and C an arbitrarily 
assigned constant matrix). 



This finding, Proposition 5. 4. 2-6, is important: it is one of the very 
few nontrivial examples (see Sect. 5.4.4) of second-order matrix ODEs 
that does not contain the first derivative of the dependent variable and 
which is amenable to exact treatment for arbitrary initial data; hence it 
shall yield many-body problems of the more standard type, with velocity- 
independent forces (see Sect. 5.6.5). Let us re-emphasize that its inte- 
grability — indeed, its solvability -- is predicated upon the possibility to 
deal with the periodic non Abelian Toda lattice, a result which we take 
for granted (see Sect. 5.N). There is however a subclass of initial data for 
which (6) is more directly solvable, as entailed by the following two ex- 
ercises. 

Exercise 5. 4. 2-7. Show that the io\iovfm.g first-order matrix ODE is 
solvable: 



U = cC + cU\ (12) 

with c respectively C arbitrary scalar respectively matrix constants. Hint: 
set 



u=-c~^ir\ ( 13 ) 

Exercise 5. 4.2-8. Show that, if the matrix U = U(t) satisfies (12), it 
also satisfies (6). Hint: time-differentiate (12), and use it again to elimi- 
nate ^ and thereby obtain (6). 
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5.4.3 Some other matrix evolution equations amenable 
to exact treatments 

In Sect 5.4.3 we present some other solvable and/or integrable and/or 
linearizable nonlinear matrix evolution equations. 

A solvable second-order matrix ODE reads as follows: 

2 = + + , ( 1 ) 

with a,p,Y,c arbitrary constants (c 9^=0). 

Exercise 5.4.3-1. Show that (1) is explicitly solvable. Hint: set 

cU = V~'V , (2) 

and obtain thereby the following third-order, linear, constant-coefficient 
(hence solvable) ODE for the matrix 

F=caF+j3F-hYF. (3) 

Exercise 5.43-2. Show that, if the 4 constants a,p,y,c are real, a ne- 
cessary and sufficient condition to guarantee that all solutions of (1) be 
completely periodic, is validity of the equalities a = y = 0, together with 
the inequality p<0. Hint: see (3). 

A linearizable system of matrix ODEs reads 
V. a„U,\uX , (4) 

m=\ 

where the time-dependent square matrices =lL3t) are labeled by the 
index n and the (scalar) quantities a„^ are arbitrary constants (there are 
of them). 



Indeed by setting 

L.=U,^,V , (5a) 

U„=F„U„, (5b) 
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one gets from (4) for K„(0 the linear, explicitly solvable, matrix ODE 

( 6 ) 

m=l 



Exercise 5.43-3. Verify! 

Hence to solve (4) one first solves, explicitly, fiiis linear equation with constant 
coefficients, and then the linear nonautonomous ODE (5b). 



A solvable matrix evolution ODE reads as follows: 

g; = 2fl( UlL^-UU )-la^lf -Ablf ^3bl^-lb^u 

-la{ aU^+bU-U fu[ alf +bH-ti , (7) 

where a,b are 2 arbitrary scalar constants. 



To demonstrate the solvability of this matrix ODE, we start from file matrix evo- 
lution equation 

M=aM^ +bM , (8) 

whose solution reads (as the diligent reader will verify) 

M(f) = { [M(®)] exp(-6 t) + (b I a) [exp(-6r) - 1] } . (9) 

Now set 






i(0 5(0) 

.5(0 i(oJ ’ 



( 10 ) 



a position which is clearly compatible with (8) and (9), and which yields for the 2 
matrices A(t) and B(t) the equations 



A = a(£+B^)+bA, B = a{AB+B£) + bB, (11) 

the first of which can be solved for B , yielding 



/ . , \l/2 

^ = \AI a-A^ -bA! aj 



( 12 ) 
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Exercise 5. 4. 3-4. Verify, and discuss the solution of the initial-value problem for 
the matrix ODE (7). 

Exercise 5.4.3-S. Ponder on the relation of the technique used above, see (10), to 
the second multiplication technique discussed in Sect. 5.3. 



Next, we report another integrable first-order matrix evolution equa- 
tion of Toda ("nearest neighbor") type, which is the simplest instance of a 




U. =v,]n.Vu. +c{ }• (13c) 

Exercise 5. 4. 3-6. Verify! 



This second-order matrix ODE, (13c), is linearizable because, to sol- 
ve it, one must solve firstly the integrable ODE (13 a) and then a linear 
''DEfseetl 




Exercise 5. 4. 3 -8. Show that the following second-order matrix ODE 
(somewhat analogous to (7)) is integrable: 

U = 2c'i^lf +]^cU +i]^^u\cU . (14) 

Hint start from the integrable equation (13a), in the special (“periodic”) 
case with ^^+3 = , and perform the following steps: (i) consider the 

special case of this integrable equation characterized by the additional 
restriction Ao + Ai + A .2 = ^ > whose compatibility with (13a) is easily 
verified; (ii) use this restriction to eliminate, say, fiii) set A^^+A= 8, 
Ao~Ai=E; fiy) express 8 via D and D, thereby obtaining a second- 
order ODE for D that does not contain y ; (y) finally make the identifica- 
tion D = -2U. 



Next, we report the solvable system of matrix evolution ODEs 



N ( 

m=l 



where the matrices are obtained, in terms of the matrices U and their 

— « ' —m 

time-derivatives by solving the (linear, non differential) matrix 
equations 



C^nL„-^C„\U„,Vn] = Y, \d, 






/=l 



(15b) 



Here the iV (3 4 - 2iV) constants are essentially arbitrary, 

while the constants are the matrix elements of the matrix D 
which is the inverse of the matrix 5 having matrix elements (we are 
of course assuming this matrix to be invertible). 



To demonstrate the solvability of this system of matrix ODEs, (15), we start from 
the system of matrix ODEs 

N 

iln=Yj {^nm Lm + b„^ ]} , ( 1 6 a) 

m=l 

L^0C,U,. (16b) 
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For our purposes it is sufficient to assume the N {3N + 1) quantities 

to be time-independent “coupling constants,” although the more general case in which 

they are given fiinctions of the time t could be easily treated as well. 

Exercise 5.43-9. Treat diis more general case! 

We now obtain from these ODEs, (16), the second-order evolution equations 
satisfied by the N matrices =U„(t), and show that they coincide (indeed, in a 
special case) with (15); and Ihen we show that the ODEs (16) are solvable. 
Time-differentiation of (16a) yields, using (16b), 

iL , (17a) 

m=l 

where we have introduced the convenient notation 

• ( 176 ) 

tWn YIM ttt ttJtl ^ ' 

In (17a), the matrices are supposed to be expressed in terms of and by 
solving the (non differential) equations (16a), not the (differential) equations (16b). 
This can always be done algebraically (up to obvious restrictions, see below), but he- 
reafter we restrict attention to the simpler case characterized by the restriction 

= d„„ c„ , (18a) 

which expresses the IN'^ constants a^,c^^ in terms of the iV(iV+2) (arbitrary) 
constants d^ ,a„,Cn. We moreover assume that the (WxW )-matrix D , with matrix 
elements d , is invertible, and we term d„„ the matrix elements of the inverse matrix 

fi"' 

=(£■')_ (18b) 

Then clearly from (16a) we get (15b). The solution of this linear algebraic equation, 
(15b), is of course, in principle, a trivial task; for a discussion of a methodology to 
obtain it explicitly in matrix form the interested reader is referred to <BR83>. 

Let us now show how to solve (17), or rather, equivalently, (16). From (16b) we 
get 

E,(l) = «.e,(0+£. . (19a) 

with the constant matrices C„ given in terms of the initial data as follows: 

£„=E.(0)-«.e.(0) • (19b) 
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InsertioE of (19a) in (16a) yields the following set of linear ODEs with constant 
coefficients for the matrices U_^ if) , which can of course be explicitly solved by pu- 
rely algebraic operations: 

e. = i; { k V. U„ +c_ [£„,£.] } . (20) 

m~\ 



Next, we report the first-order integrable “Nahm equations”: 

« = lA3mod(3) , (21) 

where the constant c could of course be rescaled away (see below). A 
simple way to obtain fi-om these equations a set of 3 coupled linearizable 
second-order matrix ODEs is by setting 

cM,=n,U,+f^ a,_, U., n = 1,2,3 mod( 3) , (22) 



which transform (21) into 








n= 1,2,3 mod(3). (23) 

Clearly we are assuming here, for simphcity, that the 3 quantities //„ , as 
well as the 9 quantities are (arbitrary) constants. These equations, 

(25), are categorized as linearizable, since to solve them one must first 
solve the integrable ODEs (21) for M„(0 and then the linear (generally 
nonautonomous) ODEs (22) for C„(0 . 

Finally, let us outline some other (well known) techniques to manu- 
facture solvable and linearizable matrix ODEs. Most of these are systems 
of matrix ODEs of "nearest-neighbor” type; as we generally do in this 
book, we ignore in these contexts the question of the boundary conditions 
to be assigned at the extremal values of n (say, for n = Q and n = N+l). 
But before delving in the derivation let us display two solvable and one 
linearizable matrix evolution ODEs which are yielded by these develop- 
ments (see the fine print treatment below). 
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Solvable matrix ODEs: 



U = c+aaU+{a-a)U+balf-lbUU ; (24) 

tin =(«« +(a„+i -a„){a^ -a^Wn +c„ -KiUn^i) 

+ («« - ) K^l Hn-^K tin Hn 

+ {U^+b„ltn)^ (25) 



Linearizable matrix ODE: 

M„ =(«,« +{ a-bMMl' +4»« Mrt [Mrt]-‘ }M„ 

+c„, M. -c. M. |M.]-' M,_, [m.-,]"' M. . (26) 



Let us take as starting point the following solvable linear matrix evolution equa- 
tion with constant (time-independent, matrix) coefficients: 

E,(0=4.E.(0+5.E„,(0+C.E..,(0, (27) 



and let us set 

(28) 

(here and below we often omit, for notational simplicity, the explicit indication of the 
time dependence — as we generally did above). Then the matrix V_^ {t) evolves accor- 
ding to the nonlinear equation 

t„ = 4 «« V„ -r, i. +B„,, v„ -r„ B„ v„ +c.,, -r, c, [f...]-' . (29) 



The special case of this equation with A^ = A, B^=B and = 0 is the first nontri- 
vial evolution equation of the so-called discrete Burger’s hierarchy <LRB83>. 

There are now various ways to derive, from this first-order solvable matrix evo- 
lution equation, solvable or linearizable second-order matrix evolution equations. We 
describe two of them. 

A first trick is to separate the odd/even labeled matrices, by setting, say, 
Ltn, = 2^, A,^, = A^, and so on. This yields 



C/„ =AM„ -UA„ +BMM„ +C„ -U„C, 






(30a) 
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(30b) 



Hn 



■UA. 






+4.i-£„2nfcJ-' 



We then time-differentiate the first of these two equations, use the second to eliminate 
, and use the first (undifferentiated) to eliminate 2„ after having set, for simpli- 
city’s sake, = 0. 



Exercise 5.4.3-10. Treat the more general case! 
We thus get: 



Un =4, u. -U. A. -U. B, U, -U. B, U. 

+1, +l.« fe. - 1 . V. +U. A. +U, t u. -cj 

-[cZ, -A. u. +u. A. + tL B. U, -cJU. +|„ £/.] . (31) 

We now restrict attention to the simpler case in which the constant matrices are 
replaced by scalars, namely we set 1, = a„L and so on. This yields (25). A 

special case of this solvable system of matrix evolution ODEs, (25), corresponds to 
the assignment (which is easily seen to be consistent with this system of evolution 
matrix ODEs, (25)) U„=U, c^=-c/a, b„=b, a^=a+an, a„=a-a+an. 
This yields (24). 

Exercise 5.4.3-11. Provide a more straightforward derivation of (24). 

A second method to obtain a second-order equation from the solvable first-order 
equation (29) is by setting 

E.«=V„(0[M.(0]’',M.(0=E»WM„(0- (32) 

One obtains thereby the following evolution equation for the matrix Mfit): 



+ • (33) 

This should be categorized as a linearizable system of matrix evolution equations, 
since to solve it one must firstly solve the system of linear constant-coefficient (hence 
solvable) matrix ODEs (27) (to get W_„ (t) and then, via (28), E„(0), and then a 
linear nonautonomous matrix evolution equation (to get M„(0; see the second of the 
(32)). 
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Remark 5.4.3-12. Note the presence, in this equation (33), of a time-differentiated 
matrix in the denominator (see the last term in the right-hand-side). 

Remark 5.4.3-13. As an obvious consequence of the way this equation, (33), has 
been derived, see (32), it is invariant under the transformation M„ with 

arbitrary constant matnces, =0 . 

When all the constant matrices are replaced by scalars, namely if we set in (33) 
An = = bX = c„l, we obtain (26). 

Remark 5.4.3-14. The special case of (26) which obtains by setting 
MJt) = M(0j a^=2an , b^= (c-l)n, c^=nb (an assignment which is easily 
seen to be compatible with this evolution equation, (26)) yields for the matrix M(t) 
the solvable evolution equation (5.1-1). 

Exercise 5.4.3-15. Do an analogous treatment to that given above, based on (27) 
with (28), but replacing (27) with the following solvable system of ODEs: 

E,(0 =4„ W+I, E«i(0+c„ (34) 

Hint: show that (34) with (28) 5 tield 

ln(t)-An.l Kn(0-Kn(0An En.l (0 (0 " (0 ^ „ K„(0 

+ Kn.2(0K„.l(0Kn(0-Kn(0C„ . (35) 



5.4.4 On the integrability of the matrix evolution equation u=MD 
In Sect. 5.4.4 we discuss some properties of the matrix evolution equation 

U = f(U), (1) 

in particular we show that the following two matrix evolution ODEs are 
integrable indeed solvable: 

tl = lf+c\, (2) 

u = 2lf+QU+UC. (3) 

Here and below c is an arbitrary scalar constant, C an arbitrary scalar 
matrix, and of course underlined letters denote matrices (generally 
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(iV^xi\r)-matrices; but sometimes also larger matrices, as it wiU be clear 
from the context). 



Remark 5. 4. 4-1. The first-order matrix evolution equation 

lL=-lt^C (4) 

is integrable indeed solvable (see Exercise 5. 4.2-7). Time-differentiation of (4) yields 
(3) (see Exercise 5. 4. 2-8). 

Remark 5. 4.4-2. This argument (see the preceding Remark 5. 4.4-1) demonstrates 
that the second-order matrix evolution ODE (3) is partially solvable: indeed, any so- 
lution of (4) yields a solution of (3); but these solutions are only a subclass of the so- 
lutions of (3) (in terms of the initial-value problem, for these solutions one can assign 
arbitrarily the initial value of Uft) , say ^(0) , but not the initial value of ^(0 , say 
^(0) , which is fixed by (4), namely ^(0)=|^(0)]^ +C). 



The fact that (3) is partially solvable (see Remark 5. 4.4-2) does not 
entail that it is integrable. But integrable (indeed solvable) it is. We de- 
monstrated this in Sect. 5.4.2, by showing that this matrix evolution ODE, 
(3), is related to a special (periodic) case of the so-called non-Abelian 
Toda lattice, a matrix evolution system which was solved two decades 
ago (see Sect. 5.N). Below we also provide Lax pairs which correspond 
to (3). This integrable matrix evolution ODE, (3), plays a key role in 
identifying integrable systems of quartic oscillators (see Sect. 5.6.5). 



Before reporting some Lax pairs for (3), let us inteqect some other remarks. 

Remark 5. 4.4-3. For N = 1, namely in the scalar case, the solution of (4) reads 

^7(^)=C''=‘taa(c‘'"^), (5a) 

This solution is the “separatrix” among the solutions of (3), whose general solution 
reads 

U(f) = Asn{Xt + a,k), +2C), k^=-(l+2CI X^), (5b) 

where X and a are two arbitrary constants (to be determined by the ioitial conditions) 
and the function sn(«, k) is the Jacobian elliptic fimction (see Appendix A). 

Remark S.4.4-4. The factor 2 in the right hand side of (3) could of course be eli- 
minated by rescaling the dependent variable, but we shall not do so, as the “canoni- 
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The first reads 



u^+c^ 



~ -U 



M = 



0 It 

U 0^ 



as well as 



(9a) 



u 


P 


p 


it+C 




"0 


p 


p 


-1 


0 


-U -( 




p 


, M = 


p 


p 


n 


p 


0 


it +C 


u 


p 


p 


n 


p 


p 


-k'+e) 


p 


0 






.11 


p 


p 


0. 



(9b) 



and so on. Here we are displaying block-matrices, namely matrices of 
matrices; hence the square matrices L and M in (9a) are of order IN, 
those in (9b) of order 2^N=4N. These matrices are the first two speci- 
mens of a sequence of square matrices of order 2^ N, p =1,2,3,...., whose 
structure is, we trust, self-evident fi’om (9a,b). And it is as well plain that 
the insertion of (9) into (8) yields (3). 



Exercise 5.4.4-7. Verify! 

Another sequence of Lax pairs that also yield (3) reads as follows: 



J u l-(u^+C + C/)/2^ 

+ L +^)/2 P J 



(10a) 



L = 



u ~(l;'+c+v)/2 P 1 

1 -U -iu^+C-^/2 p 

P 1 U. -iu^+C+^/2 

-(^"+C-V)/2 P 1 -U ^ 



m4 



P -fc^+L+g)/2 p P 

P P -(^"+C+^)/2 P 

P P P -(^^+£+S)/2 

■(^'+C+C/)/2 P P P ^ 

(10b) 
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and so on. 



Exercise 5.4A-8. Verify! 

Let us now discuss tersely the second-order matrix evolution ODE 
(1), assuming /^) to be an arbitrary ftinction of the matrix U and of no 

other matrix {f{u) can of course depend on an arbitrary number of scalar 
coefficients), so that 

[U,/®] = 0. (11) 

Then (1) entails that the commutator 

C=[c/(0,1>(0 ] (12) 

is constant; 



C = 0 



(13) 



Exercise 5. 4.4-9. Verify! 

Remark 5.4.4-10. This property, (13), is independent of the functional 
form of /(^) (as long as (1 1) holds), and for its vahdity it is not requi- 
red that (1) be autonomous, namely that /(V) not depend explicitly on 
the time t. 

Remark 5.4.4-11. This property, (13), generally yields -N (scalar) 
constants of motion; but of course are needed for the complete inte- 
grability ofthe{NxN )-matrix evolution equation (1). 



Indeed the definition (12) of the (iV^ x iV )-matrix C clearly entails that 



trace[ U_^ C ] = 0, p = 0,1,2,... , (14) 

And these conditions, of which of course only N are independent, reduce the number 
of (scalar) conserved quantities entailed by the time-independence of the (NxN)- 
matrix C, see (13), firom (the number of matrix elements of C, see (12)) to 
N^-N. 
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Let us end our discussion of the matrix evolution equation (1) (with 
(1 1)) by exhibiting a Lax pair associated with it, which however does not 
yield additional constants of motion. It reads: 



im u" ] 

-uu) ’ 



M= 



"o ur'fiuf 

[l 0 J 



(15) 



Note that this matrix L is independent of the function /(£) . Consistently 

with this fact, this Lax pair does not yield any additional constant of mo- 
tion besides those entailed by the time independence of the (NxN)- 
matrix C, see (12): indeed, the traces of the powers of this matrix L, 
which are the (scalar) constants of motion implied by the Lax equation 
(8), reproduce the series of constants of motion entailed by the time- 
independence of the traces of the powers of the (time-independent!) ma- 
trix C, see (12) and (13). 



Exercise 5.4.4-12. Verify! 



Finally let us focus on the simplest nontrivial instance of (1), namely 
on (2). In this case we provide another Lax pair (additional to those exhi- 
bited above), which yields the N additional (scalar) constants of motion 
required to reach the total number of constants needed for complete inte- 
grability. Hence we conclude that (2), as well as (3), is completely inte- 
grable. 

The additional Lax pair reads as follows: 



L = 



U 2(^'+3cl) 
2U/i3X) -U j 



M = 



' p Xlt 
J/(3A) p. 



(16) 



Exercise 5.4.4-13. Verify that the Lax equation (8) with this Lax pair, 
(16) (which features the arbitrary constant parameter A), corresponds to 
(2), that the constants of motion given by the traces of the powers of this 
Lax matrix T , see (16), are different from those yielded by the constancy 
of the matrix C , see (12) and (13), and that one can thereby get all the N'^ 
scalar constants required for the complete integrability of the matrix 
evolution ODE (2). 

We complete Sect. 5.4.4 with some simple but interesting results and 
conjectures. 
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Exercise 5 A. 4-1 4. Show that the following 2 systems of 2 coupled 



matrix ODEs, 




U = 6(A^-C0^)U-12X(uF + 5A&-5a)F + C^-Z\ 


(17a) 


F = 6{jl -(o'^)F + 12 5 XZ+ 5 wU + UY-^FU, 


(17b) 


respectively 





U = 2{Z^-(d^)U-4X(dV + 3XU-3(dV + 2(U"-UV^-VUZ-V^I^ (18a) 

V = 2{X^ -(D^)V+AX(DU + 3XV+3aU + 2{-V^ +Vlf +UYR+U^Y}, (18b) 

are as integrable as (2) (with c = 0) respectively as (3) (with C = 0). Hint: 
firstly set, in (2) (with c = 0) respectively in (3) (with C = 0), 

^(f) = Qxp(p rj t) Uif) , T = [exp(?7 t)-\\lri , (19) 

with p = 2 respectively p=l, then complexify: 

W{t) = U(t) +iF(t), 7j = A-hi(D. (20) 

Conjecture 5AA-15. If A = 0, a? ^0 all nonsingular solutions of the 
system of matrix ODEs (17) are completely periodic. 

Conjecture 5.4.4-16. If 2=0, all nonsingular solutions of the 
system of matrix ODEs (18) are completely periodic. 
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5.5 Parametrization of matrices via three-vectors 

Consistently with the strategy to identify treatable many-body problems 
in three-dimensional space outlined at the beginning of Chap. 5 and illus- 
trated by the examples treated in Sects. 5.1 and 5.2, in Sect. 5.5 we re- 
view various convenient parametrizations of matrices in terms of 3- 
vectors (and, if need be, scalars). Obviously some of these results could 
be trivially extended to vectors of higher, or lower, dimensionahty than 3; 
but here we prefer to focus (almost) exclusively on 3 -dimensional (ordi- 
nary!) space. However, at the end of Sect. 5.5 we also outline a conven- 
ient parametrization in terms of vectors of arbitrary dimension S , which 
is particularly convenient to treat cases involving only certain "alternat- 
ing" products of a (finite) odd number of matrices (we aheady introduced 
this technique in the latter part of Sect. 5.3, and we shall utihze it again in 
Sect. 5.6.5; in both these cases, the odd number of matrices in question is 
just 3). 

We always denote matrices (whose rank will be specified on a case- 
by-case basis) by underlining their symbols, and 3 -vectors by superim- 
posed arrows. 

Because of the structure of the matrix evolution equations of Sect. 
5.4, we are particularly interested in parametrizations (of matrices in 
terms of one or more 3 -vectors, and possibly of some scalars as well) 
which belong to one (or more) of the following three categories. 

Definition 5.5-1. We term parametrizations of type (i), for invertible 
matrices, those which are preserved under the operation 
namely are such that, if both M and M are so parametrized in terms of 
one or more 3 -vectors, the combination MM~^M admits the same 
parametrization in terms of (appropriately defined) 3-vectors. 

Definition 5.5-2. We term parametrizations of type (ii) those which 
are preserved for commutators, namely are such that, if both M and M 
are so parametrized in terms of one or more 3 -vectors, the commutator 
[m, m] = MM- M.M. admits the same parametrization in terms of (ap- 
propriately defined) 3 -vectors. 

Definition 5.5-3. We term parametrizations of type (Hi) those which 
are preserved under the product operation, namely are such that, if both 
M and M are so parametrized in terms of one or more 3 -vectors, the 
product M M admits the same parametrization in terms of (appropriately 
defined) 3-vectors. 
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Remark 5.5-4. Obviously parametrizations of type (in) are also of type 
(ii), and, for invertible matrices (the inverses of which preserve the same 
parametrization), of type (i) as well. 

We indicate with the symbol = the one-to-one correspondence that 
the parametrization under consideration institutes among matrices and 3- 
vectors. For instance the most common parametrization we use, for 
(2x2 )-matrices, reads 

M = pl4-fr*^ , (la) 



where p is a scalar and the 3 matrices are the standard Pauli 

matrices. 



^0 


1^ 


L O' = 


(0 i'' 


i = 


o' 


1* 


0; 


1’ — / 




r 





(Note that in the following the unit matrix 1 = J is often omitted). So 
in this case, in correspondence to (la), we write 



M = (p,r), 



(lb) 



and, via standard calculations (see Appendix H, where we report for con- 
venience a number of standard formulas involving £ -matrices), we also 
have 



M 'i(p,-F)/(p"+r") , (Ic) 

MM = (p p —f -7, pr + pf—r Ar ) , (Id) 



MM +r^) ^ ( ppp + p{r -r)- 



■ p (r -r) ■¥ p (f 'v) + r Ar Ar 



pp + {f-r) 



pp + (r-r) 



+ r pp + (r -F) 



+ pr AT - pr Ar + pr AT 



(le) 

The formula (Id) shows that this parametrization (which was already in- 
troduced in Sect. 5.1) belongs to type (in). 



606 



Exercise 5.5-5. Verify these fommlas, (lc,d,e). Hint see Exercise 
5.1-13. 

Next, let us restrict consideration to the class of traceless (2x2)- 
matrices, that admit the parametrization 

M = (3a) 

(namely to the special case of (1) with p = 0). The formulas written above 
entail that this parametrization belongs both to type (i) and to type (ii), but 
not to type (Hi). The relevant formulas read: 



M=F, (3b) 

M~^=-rlr\ (3c) 

M = [2r (F •r)-F (r-r)]/r^ , (3d) 

[M,M]=-2FAr . (3e) 



Exercise 5.5-6. Verify these formulas, (3c,d,e). 

The next parametrization we consider is, in terms of 2 three-vectors, 
for (invertible) antisymmetrical (4x4 )-matrices. It reads 

" 0 

_ -x^^) 0 

— ■ -/) 0 

ym o 

which entails (in self-evident notation) 

M = (F^^F®) . (4b) 

It is then easy to verify that 

)/(?"> •?<«) , (4c) 

F<^[(F®-FW) + (F®-F®)]-FP>(F®-F®) )/(F®-F<«) . (4d) 
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:3b' 



Exercise 5.5-8. Verify! 

A parametrization of (3x3)-matrices in terms of 3-vectors takes the 
natural form 







/■> 




M = 






^( 2 ) 











(6a) 



which we write as 



M = 






Then clearly 











II 

















(6c) 
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which we can also write 






(6d) 



where the 3 three-vectors are defined, in terms of the 3 three-vectors 
, SO that 



y, it = 1 , 2,3 



which also entail 



(6e) 



=1 

M 

X^^'’ = '^l 



jJJ) j^U) _ Q 



(6f) 

(6g) 



M 



M 



as well as the analogous 6 equalities obtained by cyclic permutations of 
the x,y,z components of the 3-vectors and 

An explicit definition of the 3-vectors reads therefore 



^(y)=^(y>i)AFOH- 2 )/A; y = 1 , 2 , 3 , mod( 3 ) 
A = r«-r(^>Ar^^) . 



(6h) 

(6i) 



Note that A coincides (up to a factor 1/6 , and possibly a sign) with the 
volume of the tetrahedron of vertices 0, r . 

Hence for this parametrization we can write 



M = (A’,/ = 1 , 2 , 3 ), 
and 

MM"' Mi(v“, _i = l, 2 , 3 ) , 



(61) 



(6m) 



with 






I 

jfc=l,2,3,mod(3)' 



p'(/) . f (^+1) A r 



r(^)/A 



(6n) 
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with A defined by (4.6i). 

The formula (4.6m) with (4.6n) holds a fortiori if M= M, hence it is 
clear that this parametrization is of type (i). 

Exercise 5.5-9. Verify these formulas, (6c,d,e,f,g,h,i,m,n). 

A special case of this parametrization is obtained by replacing the 3 
three-vectors as follows: 

3 k=\ 

Then the treatment given above remains applicable, with the constraint on 
the (new) input vectors to have zero sum, 

^ = 0 . (7b) 

j=i 

It is then clear that the (new) vectors , see (6m,n), 

fc=l,2,3,mod(3) 



yin 



r(^) 



/A 



(7c) 



also satisfy the condition to have zero sum, 

tf“=0. (7d) 

y=i ■ 

Hence this parametrization is also of type (i). It has the advantage to 
yield, in terms of the original 3 -vectors F^^^ , translation-invariant equa- 
tions. 

Exercise 5.5-10. Verify! 

The next parametrization we consider is, for (4 x 4 )-matrices, in terms 
of 4 three-vectors and one scalar. It reads 



r 

P 










P 










P 








5 


.P 
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which we denote as follows: 



M = [p, , j = 1,...,4) . (8b) 



It is a matter of standard vector and matrix algebra to obtain the corre- 
sponding formula for the (4 x 4 )-matrix M : 

MM-'M ={p^p-' , v“, J = l,...,4) , (8c) 



C) 

11 

M 






;t=l,2.3,4.mod(4) 




+ * [(r - 


?'“>) A(?<“> -?<“>)] }/A, 


(8d) 


> 

II 

I 


l•[(r®-r®)A(?'‘"-?''>)] . 


OO 



Note that the quantity A defined by this formula, (8e), is translation- 
invariant and coincides, up to a factor 1/6 and possibly a sign, with the 
volume of the tetrahedron of vertices r , j = 1,2, 3, 4 . 

These formulas entail that this parametrization is of type (i). 



Exercise 5.5-11. Verify these formulas, (8c,d,e). 



The next parametrization we consider is applicable to antisymmetric 
(3 X 3)-matrices. It reads 



r 



0 



M = 



-X 

v-v 



0 z , 

-Z Oy 



(9a) 



and we denote it as follows: 



M = r . 



(9b) 



The following formulas are then easy to verify: 



MM = 



(-xx-yy -yz xz 

-zy -xx-zz -xy 
\ zx —yx —yy—zzj 



(9c) 
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= -r A r 



(9d) 



=(-)'" r^’"r,m = 0,1,2,. 



(9e) 



These formulas entail that this parametrization is of type (ii) (note, 
however, that (9e) entails that this parametrization is also preserved for 
any odd power of the matrix M ). 



Exercise 5.5-12. Verify these formulas, (9c,d,e). 



The last parametrization was already introduced at the end of Sect. 
5.3. We report it here for completeness. 

Let V respectively ^ be a (,5xL)-matrix, namely a matrix with S 
rows and L columns, respectively a (Lxy)-matrix, namely a matrix with 
L rows and S columns (hereafter L and S denote two, a priori arbitrary, 
positive integers); and let us parametrize them in t erm s of the 2L S- 
vectors respectively , 



(w<'>,w<'> w«), / = 1,2 L. 

in the following manner: 





"v<» V,® 


.. V®" 




'w® w® •• 




L = 


V<» V® ■■ 


■ V® 


, w = 


wf - 


• W® 




.V? V® .. 








•• w®, 



(10a) 



(10b) 



These formulas can be denoted via the notation 



Then (and this is the interesting point, as we shall see in particular in 
Sect. 5.6.5, but we already saw at the end of Sect. 5.3) the (5'xi)-matrix 

2 respectively the (Txy)-matrix W, defined by the "alternating" triple 
products 



v = vwv , 



w = wvw 



(lOd) 



admit an analogous representation in terms of the 2L 5 -vectors v® re- 
spectively , 
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(lOe) 



F = 






JV = 






with these 2L ^-vectors expressed in terms of the 5 -vectors associated 
with the matrices that enter in the triple products by the following covari- 
ant formulas: 

f(0 |(0 (vW . (lOf) 

1=1 1=1 

Exercise 5.5-13. Verify! 

Exercise 5.5-14. Formulate and prove analogous results for multiple 
alternating products. Hint, if 

V - ^ la) 

then 

?(')= ^ v«>(w™-v<«)--(w''''>-v'‘>) ; (11b) 

if 

w = , (12a) 

then 

ip«>= W«>(v<«-w'«)-(v‘'‘'’-w<'>). (12b) 



5,6 A survey of n -body systems in three-dimensional 
space amenable to exact treatments 

In Sect. 5.6, or rather in its subsections, we display a number of few- and 
many-body problems amenable to exact treatments {solvable and/or inte- 
grable and/or linearizable) — including some already discussed in pre- 
ceding sections. The environment for almost all these models (the excep- 
tions being mainly in Sect. 5.6.5) is ordinary (three-dimensional) space: 
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5.6.1 Few-body problems of Newtonian type 

In Sect 5.6.1 we display a representative set of few-body problems in 3- 
dimensional space, and we indicate how to treat them. As it will be im- 
mediately clear to the alert reader, many more examples could be manu- 

)ly 



try their brains at this game (in addition to solving all the exercises pro- 
posed below). 



A simple solvable one-body problem is obtained by applying the 
parametrization (5.5-3) to the solvable matrix evolution equation (5.1-1). 



Its equation of motion reads (see (5.1-29)) 

r =2ar +br -\-c[ 2r (r -F)-? (F-r) ]/r^ . (la) 

Its general solution reads (see (5.1-2)) 

r{t) = F(0) [(^ (t) + i (?)] - i r(0)(p (f)/C , ( lb) 

(0 = exp(<3 / r){ [cosh(Af) + (^ A + i C)A"^ sinh(A?)]^ 

±[cosh(AO + (^A-jC)A"^smh(Ar)]^ }/2, (Ic) 

(Id) 

A = [a^ +6(l-c)]^^\ (le) 

A = { -a+(l-c)[F(0)-F(0)]/[r(0)]^ }/A , (If) 

5 = [F(0)-F(0)]/|f(0)aF( 0)| , (Ig) 

C = |F(0)AF(0)|/[r(0)"] . (Ih) 



Here the symbol |v| indicates the modulus of the 3-vector v, so that 
|vp = + v/ (irrespective of whether the 3-vector v is real or com- 

plex). 

Exercise 5.6. 1-1. Verify! Hint: see (5.1-2) and (5.5-3). 

The behavior of this system can be read from this explicit formula; 
see also the detailed analysis in Sect. 5.1. Of course for this model, (1), to 
admit of a “physical” interpretation the constants a,b,c must be real, as 
well as the initial conditions F(0), F(0); then ^^^^(0 is real, is 

imaginary (see (Ic)), and of course f{t) is real. Note that all nonsingular 
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solutions of this problem are periodic, if a = 0 and b,c are given by (5.1- 
24b, c). 



A solvable 2-body problem obtains from (1) by complexification: 



f{t) = f^''^{t)-^ir^^\t), a = a+id, b = / 3 +i/ 3 , c = Y+iy . 



Its equations of motion read as follows: 



= lar^^^ + 



F(2) =2ar^^^ +2ar^^^ + B + 8 ^ ^ 

zar +zar -tpr +pr + ,^(i) -(i) -(2) _ :-(_!) .2 , . .^(i) _ -(2) ^2 » 



(F«.F«_FP).F®)2 +4(^(1) .^(2))2 ’ 

(2b) 

(Fa).Fa)_7(2).7(2))2+4(-(i).-(2)^2 . 



^(1) ^(^(1) .^(1) _^(2) .^(2))-(D ^2(r« 

^(2) ^(^(1) .^(1) _^(2) .^(2)) -(2) _2(p(l) .7(2))^(D 



p« =2 (f« -F« -F(2) -2 (f^'^F^^) -F^') .F®)f^') 



. 7(0 _ 7 ( 2 ) .p( 2 ) j^d) + 2 (F« .F^^))F®, 
p(2) ^2 (f« -F^') -F^") (f^') -F^^^ -7(2) 

_(7d) .7(1) _p(2) .7(2)j-(2) _2(^(l) .7(2))7(D_ 



An “unphysical” aspect of these equations of motion is the appear- 
ance of certain components of the force which are independent of the co- 
ordinate and velocity of the particle on which the force acts (we refer for 
instance to the terms -2 a r^^'> and -j8 F^^^ in the right hand side of (2b)). 
This phenomenon is characteristic of several equations considered below, 
and will not be highlighted again in the following. 

Exercise 5.6.1-2. (i) Discuss the explicit solution of the initial-value 
problem for (2); (ii) give conditions which guarantee that all solutions of 
(2) are periodic. Hint: see Sect. 5.1 (in particular. Propositions 5.1-7 and 
5.1-10). 
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A solvable translation-invariant 2-body problem is obtained by ap- 
plying the reduction (5.5-3) to the coupled matrix evolution equations 
(5.3-6) (instead of (5.1-1)). It reads 

=[(a/2) ±a]r^'^^ +[(a/2) + a]r*-"^ ±^f + c\lr(f-f)-r{f-r'^l /2 , 

(3a) 

where 

= . (3b) 

These equations of motion are translation-invariant. Their solution is 
given, via (3b) and 

s(f) = (t) + (t) , (3c) 

by (1) and (see (5.3-4)) 

s{t) = ?(0)+?(0)[exp(a a , (3d) 

which correspond to the trivially solvable equation of motion satisfied by 
?(0 , 



s = as 



(3e) 



see (5.3-3). 

Exercise 5.6. 1-3. Display the equations of motion of the solvable 
translation-invariant 4-body problem that obtains fi'om the previous one 
by complexification (see (2a), and add, say, a = ri+irj), and analyze the 
behavior of their solutions (in particular identify restrictions on the “cou- 
pling constants” which guarantee that all solutions remain confined or are 
completely periodic). Hint as for Exercise 5.6. 1-2. 

Exercise 5. 6. 1-4. Generalize all the models presented above by using 
the parametrization (5.5-1) rather than (5.5-3). Hint, every 3-vector f{t) 
gets then associated with a scalar p{t) . 

Another solvable 2-body problem is obtained by applying the 
parametrization (5.5-4) (rather than (5.5-1) or (5.5-3)) to the (same) ma- 
trix evolution equation (5.1-1). Its equations of motion read 
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=2ar^^^ 



+ c { r®[ + ]-r®(r® -r*-^^) }/(r® , 

-( 2 ) 



(4a) 



+ c { [ (F • F® ) + (F^^^ • F^^^ ) ] - F^^^ (F^^^ -F®) }/ (F^^^ • F^^^ ) . (4b) 

Exercise 5.6. 1-5. Obtain and discuss the solution (of the initial value 
problem) for these Newtonian equations of motion. Hint see (5.1-2) and 
(5.5-4), and the discussion in Sect. 5.1. 

Remark 5. 6.1-6. The reduction F^^^ =F, F^^^ =2F is clearly compatible 
with these equations of motion, and it yields back (1). 

Exercise 5.6.1-7. Display the equations of motion of the solvable 4- 
body problem that obtains from (4) via the complexification (2b), and 
identify the cases in which aU solutions are confined, multiply periodic or 
completely periodic. Hint: again, as for Exercise 5. 6. 1-2. 

Exercise 5. 6. 1-8. Display the equations of motion of the solvable 
translation-invariant 4-body problem that obtains by applying the 
parametrization (5.5-4) to the coupled matrix evolution equations (5.3-6), 
as well as the equations of motion of the solvable translation-invariant 8- 
body problem that can be subsequently obtained by complexification; and 
analyze the corresponding motions, at least to the extent of identifymg 
restrictions on the "coupling constants" sufficient to guarantee that all 
solutions are (i) confined, (ii) multiply periodic or (Hi) completely peri- 
odic. Hint: see Sect. 5.1. 

Next, let us consider the solvable 3-body problem that is obtained by 
applying the parametrization (5.5-6) to the matrix evolution equation 
(5.1-1). The corresponding equations of motion read 

= 2ar^^^ + b +c X {f^*^ a / A , y =1,2,3, (5a) 

ji:=l,2,3,mod(3) 



with 

A = f«.F^")aF^') . (5b) 
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Via the simple transformation 



(?) ^ exp(/l t) (?) (6a) 

this model takes the more general form 

=[ 2fl + yl(c-2) {c-\) ] F 

+ c X { (F® +AF^^>)[ F^^) ] }/A , 7=1,23, (6b) 

fe=l,2,3,mod(3) 



with A always defined by (5b), 

Exercise 5.6.1-9. Obtain the solution of this 3-body problem, and 
compare it with that given (for a marginally less general model) in the 
literature <CJX94>. Hint use (5.1-2) and (5.5-6), and the discussion of 
Sect. 5.1. 

Exercise 5.6.1-10. Display the Newtonian equations of motion of the 
solvable 6-body problem that obtains fi:om (6b) by complexification, and 
fin d conditions on the "coupling constants" a,b,c,X which guarantee that 
all its nonsingular solutions are periodic (and find the periods). Hint see 
the preceding Exercise 5. 6. 1 -9. 

Exercise 5.6.1-11. Display the Newtonian equations of motion of the 
solvable translation-invariant 12-body problem that obtains fi*om that of 
the preceding Exercise 5.6. 1-9 by applying to it appropriately the tech- 
nique of association, and determine conditions on the (10, real) coupling 
constants of this model sufficient to guarantee that all its solutions are 
completely periodic. Hint ponder on the relation among (3) and (1). 

Remark 5.6.1-12. The equations of motion (6b) (as well as, a fortiori, 
(5)) are clearly consistent with the restriction that the “center of mass” 

3 _ 

^ = (1/ 3) 2] stay put at the origin, ^ = 0 .The special solutions of (6b), 

or (5), that fiilfill this constraint, correspond to the solutions of the solv- 
able translation-invariant 3-body problem that is obtained by formally 
replacing in (6b) or (5) every 3 -vector F^^^ with -R . 

Next we consider the solvable translation-invariant 4-bocfy problem 
that is obtained by applying the parametrization (5.5-8) with p =1 to the 
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matrix evolution equation (5.1-1) with Z;=0 . Its Newtonian equations of 
motion read 



^(y) ^ 2 a + c Y. (-)M • (f ) a ) ] }/A, 

^r=l,2,3,4,mod(4) 

(7a) 



A ^ - F^^) ) • (F^^^ - F(^) ) A (F^") - F(') ) . 



(7b) 



Exercise 5.6.1-13, Obtain the solution of this 4-body problem, and 
compare it with that given (for a marginally less general model) in the 
literature <CJX94>. Hint: use (5.1-2) and (5.5-8), and the discussion of 
Sect. 5.1. 



Exercise 5.6.1-14. Display and discuss (with particular attention to 
periodic motions) the Newtonian equations of motion of the solvable 
translation-invariant 8-hody problem that obtains from (7) by complexifi- 
cation. Hint: see Exercise 5. 6. 1-9. 

Exercise 5.6.1-15. Display the Newtonian equations of motion that 
obtain by applying the parametrization (5.5-8) to the matrix evolution 
equation (5.1-1) (without assuming p = 1 nor b=Q ; hence these equations 
of motion generalize (7)). 

Next, let us exhibit the solvable 2-body problem that is obtained by 
applying the simple parametrization (5.5-3) to the solvable system of 2 
coupled matrix evolution equations that itself obtains by applying the 
multiplication trick (5.3-30) (with M = 2 and to 

the solvable matrix evolution ODE (5.1-1): 

F^^ +br^^^ +c{ F^^ \qq -App^+2r^^^^^ \q p-pq\ 

^pp-qql2\ + r'^j^^^[pq-qp\]ld, j = 1,2, mod(2) , (8a) 

e s2[f® -F® +?« P =2?® -F*®. 8b) 

d = q^ -4/ =(F^'^ (F^'^ . (8c) 

Exercise 5.6.1-16. Derive these equations of motion and find then- 
solution. Hint: follow the instructions given above, then use (5.1-2) and 
(5.5-3), and see Sect. 5.1. 
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This model, (8), is presented as another simple example (besides 
those already reported in Sect. 5.3) of the kind of results that can be ob- 
tained by using the multiplication (in fact, in this case, only duplication) 
technique described in that Sect. 5.3; clearly many more models (which, 
however, become more and more compHcated) can be obtained by iter- 
ated uses of these techniques, which can be moreover combined with 
those used above {complexification, and association with other solvable 
models, in particular the latter to manufacture translation-invariant mod- 
els). 

Next we consider the scalar/vector solvable one-body problem which 
is obtained by applying the parametrization (5.5-1) to the solvable matrix 
evolution equation (5.4.3-1). It is characterized by the following equa- 
tions of motion: 

p = a+y^p+f [p+c(p^ -r^)]-c[3/7yO-3(r-F)+cp(/7^ -3r^)] , (9a) 

f = pr +y\r +lc pf^-c\3'pf pr -r AT +cr . (9b) 

Note that in this case the 3 -vector equation of motion (9b) is coupled to 
the scalar equation (9a). 

Exercise 5.6.1-17. Assuming the 4 constants a,p,y,c to be real, find 
restrictions on their values which guarantee that all solutions of (9) are 
completely periodic. Hint: see Exercise 5. 4. 3-2. 

Exercise 5.6.1-18. Obtain from (9), by complexification, the Newto- 
nian equations of motion of a scalar/vector solvable 2-body problem. 
Hint: set, say, 

p = p^^^ +i p^^^ , a = a+ia, P = b+ib, y = c+ic, c = C+iC. 

( 10 ) 

Exercise 5.6.1-19. Obtain from (9), by appropriate association, the 
Newtonian equations of motion of a scalar/vector translation/invariant 
solvable 2-body problem. Hint: see (3b,c,d,e). 

Exercise 5.6.1-20. Apply the parametrization (5.5-1) to the matrix 
evolution equation (5.4.3-7), and discuss the {solvable?) scalar/vector 
Newtonian equations of motion obtained in this manner; in particular, 
determine conditions on the, assumedly real, "coupling constants" suffi- 
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cient to guarantee that all solutions of this Newtonian equations of mo- 
tion are completely periodic. 

Next, we report the equations of motion of the scalar/vector solvable 
one-hody problem that is obtained by applying the parametrization (5.5-1) 
to the solvable matrix evolution equation (5.4.3-24): 



p = c-k-{a-a)p + aa p + ba{p^ -r^)-lb{pp-r ‘f) , (11a) 

r ={a — a)r +aar +2ba pr -2b{pr pr) — 2br Ar . (Hb) 

Note the similarity of these equations of motion to (9). 

Exercise 5.6.1-21. Assuming the 4 constants a,j3,y,c to be real, find 
restrictions on their values which guarantee that all solutions of (11) are 
completely periodic. Hint see Exercise 5.6.1-17. 

Application of the parametrization (5.5-1) to the integrable matrix 
evolution equation (5.4.2-6) (with the position C = yl+zC*^) yields the 
following scalar/vector integrable one-bocfy problem : 

p = 2c^[p(p^-ir^) + rp-(C-r)\, (12a) 

r =2c^ J-r (r^ -3p^)+fF+pC] . (12b) 

Of course only in the case with C = 0 is rotation-invariance preserved. 

Exercise 5.6.1-22. Apply to these equations of motion, (12), the tech- 
niques of complexification and/or association, and display the sca- 
lar/vector Newtonian equations of motion of the integrable 2- and 4-body 
problems obtained in this manner. 

Exercise 5.6.1-23. Display the scalar/vector Newtonian equations of 
motion entailed by application of the parametrization (5.5-1) to the inte- 
grable matrix evolution equation (5.4.3-14). 

Next let us recall that the linearizable one-body problem character- 
ized by the Newtonian equation of motion (5.2-19) has been treated in 
Sect. 5.2. 

Exercise 5.6.1-24. Display the Newtonian equations of motion of the 
solvable 2-body translation-invariant problems which obtain via the as- 
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sociation trick from (5.2-58c), (5.2-59d) and (5.2.2-1). Hint: see 
(3b,c,d,e). 

Exercise 5.6.1-25. Show that the following Newtonian equation of 
motion is linearizable: 

r =2ar +br + Cr aF . (13) 

Hint: apply (5.5-3) to (5.2.3-1) (with C = 2c). 

Complexification of equation (13) via the positions 

F = F^^^ +ir^^\ a = a+ia, b = P+ifi, C = c+zc, (14a) 

yields the integrable 2-body problem characterized by the equations of 
motion 

r = 2 (or r - d F^^^ ) + P F^^^ - p F ® 

+ c(F® aF® -F^^) aF(^^)-F(F« aF^^^ +F^") aF«), (14b) 

F^^^ - 2{a F^^^ + d F ^'^ ) + P F^^^ + P F^^^ 

+ c (F^‘) A F^^> + F^^^ A F^')) + c(F« A F(‘) - F^"^ a F^^^) . (14c) 

Exercise 5.6.1-26. Show that, at least in the 2 cases characterized by 
the restrictions a = p=Q, d = 3(d ! 2, p =2(d^ or a=p=p=Q, d=(ol2, with 
(D an arbitrary (real, nonvanishing) constant, this model, (14), is solvable 
and all its solutions are completely periodic with period T=27t/ a . Hint: 
see Sect 5.2.3. 

Association of (14) with an appropriate, trivially solvable, model (see 
(3b,c,d,e), with a replaced by ;^) yields the linearizable translation- 
invariant 4-body problem characterized by the Newtonian equations of 
motion 

^(i,±) ^f(i) +[ -aF(^)) + ^F® ~pF^^'^ 

+ c(F® aF« -F® aF®)-c (F® aF® +F® aF®) ] }/2 , (15a) 

={ / + y ±[2 (a F^^^ + d F^^^ ) + P F^^^ + P F^^^ 
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(15b) 



+ c(r^^^ +F® aF^^^)+c(F® aF® -F^^^ aF®) ] }/2 , 

^(1) ^^(lA) _^(I,-)^ -(2) ^-(2,.) _^(2.-)^ J(l) ^-(1.-)^ j(2) ^^(2,.) ^^(2,-) ^ 

(15c) 

Exercise 5.6.1-27. Show that this model is solvable and that all its 
solutions are completely periodic with period T=17tI(o if there holds 
either one of the 2 sets of restrictions on the 4 coupling constants 
a,a,p,~P detailed in the preceding Exercise 5. 6. 1 -2 6, and in addition there 
hold the 2 constraints / = 0, / =mo}, with m an arbitrary integer 
for m = 0, namely Y = y=0, (15) reduces to (14)). Hint: use (3b,c,d,e) 
(with a replaced by y \ and see Sect 5.2.3. 

Remark 5.6.1-28. Recall that the one-body problem characterized by 
the Newtonian equation of motion 

F = /(r)FAF , (16) 

is linearizable (for arbitrary /(r), see (5.2. 1-1); this equation of motion, 

(16) , is actually 5o/vah/e if f{r)=kr^ with p = 0,p = -2 or p = -3, see 
Sects. 5.2.1 and 5.2.2). 

Next, let us report two linearizable three-body problems that are ob- 
tained from the '‘Nahm equations” (5.4.3-21). The first one is obtained by 
applying the parametrization (5.5-3) to the linearizable matrix equation 
(5.4.3-23) and it reads: 

^„=(2//i„) { Art Art ?„rt Ai;^i 

^ ' 1 • r • • ^ ' 1 

+ S }-(l'7) 

m=l V k=i J 

In these equations, (17), as well as in the following ones, (18) and (19), 
all indices are defined mod(3). 

Exercise 5.6.1-29. Display the Newtonian equations of motion of 
the translation-invariant linearizable 6-bocfy problem that obtains from 

(17) by applying the association trick (see (3b,c,d,e)). 
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The second linearizable three-body problem related to the Nahm 
equations (5.4.3-21) is characterized by the Newtonian equations of mo- 
tions 



';=k 









i)k -r„^2)]F„^2 . (18a) 



where: 

•W„+l)+(f„^l •«J]-r„,«-.2[(f« •««+2) + (f„-.2 -wj] }/A" , (18b) 



bn.m = { ~ ~ Y ‘ ^m) + ' ^n)] 

- Ym,n [(f„+l • ) + (^„+2 • W„+2 )] + r^.2„-;„ * «2«-m ) + (^2«-;« ’ K )] }/ A" , (1 8c) 

Yn,m = r„'r^ , (18d) 

^ n 2 k n,n Y n+l,n+l Y n+2,n+2 +Yn^l,nK^l +Y„^2 ,n ^n+2 J (18e) 

A=r^-f2Af^, (181^ 



These equations of motion, (18), are obtained from (5.4.3-21) via matrix du- 
plication and by again applying the parametrization (5.5-3). The relevant formulas 
read: 






An Ar 
\Kn AnJ 



(19a) 



An <dc) • cr„ , B„ =i r„ • . (19b) 

Note that an apparent paradox arises, namely, setting c=0 in the equations of motion 
(18), the “free motion” equation r =0 is not recovered (in contrast to what seems sug- 
gested by (5.4,3-21)): this is due to the definition of A^, see (19b), which features the 
coupling constant c in the denominator. 
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We end Sect. 5.6.1 by displaying the linearizable one-hody problem 
that corresponds, via the parametrization (5.5-3), to the linearizable ma- 
trix ODE (5.4.1-41): 

r =ar Pyr p 57 + a -bS^r a7 + 2br AT 

+ A{c5 -aP)r aIj a7)+Ac^ a(7 a7)+7 a(j a7'^+Ac{ p(j Ar)Ar 

+ 2 ac [r A (r A r)J a r + 2br a^ a(j a r)j+ 16c^ r A [r A (r A (r A r )| } , (20a) 

7 = ^p -Acr^Y +Ab^r^\ ^^br a7 +{P -Acr^)r 

+ [ 46 ^ (y? - 4c r^)"^ (r • r + (4c j - a) r^)+ (P - 4cr^)(4c j - a)] r }, (20b) 

Z = [iP-4cry +Ucr^(P-4cry +4b^ Pr^Y ■ 

•[(y^-4cr^)^ +4b^r^\{ar^ -r -r). (20c) 

Exercise 5.6.1-30. Verify! Hint: use (H.11). 

Exercise 5.6.1-31. Clearly (20) can be rewritten in the form 
r = r + r + 7 a7 , (20d) 

with scalar functions of the 3 scalars -F, and as well 

of course of the 7 "coupling constants" a, p, y, S, a,b,c. Find . 

5,6.2 Few-body problems of Hamiltonian type 

In this short Sect. 5.6.2 we report two simple cases of few-body systems, 
whose Newtonian equations of motion are Hamiltonian. 

The first case is characterized by the scalar/vector integrable equa- 
tions of motion (5.6.1-12), which we rewrite here to please the lazy 



reader: 




p = 2c^]^p{p^ -2>r^) + y p-{C-r)^ , 


(la) 


r = 2c^ [~F(r^ — 3/7^) + ^r +/?cj . 


(lb) 
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It is easily seen that they are yielded by the following Hamiltonian, of 
normal type (but note the negative sign in front of the second "kinetic en- 
ergy term" in the right hand side): 

H{p,7i:\r,p)={p^ -7u^)H + c^[ 2y{p'^ -r'^)-ApC-r-vr^ + -6r^ ]/ 2 . 

(Ic) 



Exercise 5. 6. 2-1. Verify! 

These Newtonian equations of motion, (1), are rotation-invariant only 
if C = 0 . If this condition holds, one can moreover set /? = 0 (consistently 
with (la), which is then trivially satisfied). Then (lb) becomes the stan- 
dard Newtonian equation of motion of a single unharmonic (quartic) os- 
cillator, 

r =ar-br^r , (2a) 

where we set, for notational simplicity, =b/2,2c^y = a. This is of 
course the one-body Newtonian equation of motion yielded by the sten- 
dard Hamiltonian 

H{p,r)=p^!2+V{r), (2b) 

with 

V{r) = -ar^ !2+br^ !4 , (2c) 

whose integrability is well-known (the standard one-body Hamiltonian 
(2b) is of course integrable for any spherically symmetrical potential en- 
ergy V{r)). Clearly all (real) solutions of this model are confined if the 
coupling constant b is positive, b>Q. 

A more complete analysis of integrable unharmonic oscillators (in- 
cluding also several few-body cases) is given in Sect 5.6.5. 

A solvable (but rather trivially so) Hamiltonian one-body problem is 
characterized by the Hamiltonian 

(3a) 



(3b) 



H{p,q) = aq-p+bp^/2-cq‘^/2 + {ZI2) (iq a pf , 
entailing the (Hamiltonian) equations of motion 
q = aq -^b p X\p A^ A p]], p = cq-ap-^X\p a^a ^]]. 
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The solvability of these equations of motion, (3b), is entailed by their correspon- 
dence, via the parametrization (5.5-3), with the i\r = 1 case of the solvable matrix 
evolution equations (5.4.1-36), with =a, hji =b, Cjj =c and X replaced by X!A\ 
the trivial character of this property of solvability is entailed by the fact that the "an- 
gular momentum" q^p is a constant of the motion, so that the equations of motion 
(3b) are effectively linear. 

Exercise 5. 6.2-2. Verify the correspondence of (3a) with (3b), as well as the va- 
lidity of the two assertions stated immediately above. 

Exercise 5. 6.2-3. Investigate the behavior of the Hamiltonian system (3). 



5.6.3 Many-body problems of Newtonian type 

In Sect 5.6.3 we report a representative list of many-body problems fea- 
turing Newtonian equations of motion amenable to exact treatments. Let 
us reemphasize that our main purpose here is to illustrate the kind of sys- 
tems that can be obtained and the techniques to get them. Of course many 
more such models can be manufactured: all readers are welcome to try 
their brains at this instructive and interesting sport. 

A linearizable N-body problem (featuring 2>N arbitrary coupling con- 
stants): 

K + Z K, ^ J . (1) 

Hi=l ni,n2=l 



Here, and in analogous equations below, all indices are defined mod(V) . 
If a„ = = 0 the model is not only linearizable: it is solvable. 



These equations of motion may be obtained from (5.6.1-13) via the first multipli- 
cation technique of Sect. 5.3, or equivalently by applying the parametrization (5.5-3) 
to (5.3-15). 

Exercise 5. 6.3-1. Verify! (But beware of the need, in the second case, to rescale 
the coefficients c^ by a factor 2 ). 
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For instance for N = 3 these equations of motion, when displayed in longhand, 

read 

=2(a^fj +02^2 +a^ri) + b^fj +b^r^ +b^r^ +2[ Ar^) + c^(f^ av^) at^) ] 

+ c^(F^ AF2 +F2 A^) + C2(r2 AF3 +F2 Ai^) + C3(i^ Ai^ +F3 Ai-) , (2a) 

h =2(^3^* +^2^3 +a^r^) + b^r^ +62^3 +^3^2 +2[ Ci(r2 Ar2) + C2(i^ Ar3) + C3(i* Af-) ] 

+ Ci(ii AF 3 +F 3 AF-) + C 2 (i^ AF 2 aF 2 ) + C 3 (F 2 a% +F 3 a\) , ( 2 b) 

F3 =2(fliF2+a2^ +« 3 ^ 3 ) + ^/2 +^2^ +^3^3 +2[ Ci(Fi aFi)+C2(F2 Ar^)+c^(r^ Ar^) ] 

+ c^Q{ Ar^ +?^ Af^) + C2(i\ A^ Ai^)+C3(f^ Ai^ Ai\) . (2c) 

Let us however recall that the equations obtained via this technique can generally be 
decoupled via a linear transformation (see (5.3-27)). 



A translation-invariant linearizable (2N)-body problem (featuring AN 
arbitrary coupling constants): 



r^-\ ={ aj„ ±'^ (2^„-„/„, +K-n/„}+ X aF„J }/2 , (3a) 

"1=1 «1.«2=1 

s„ = Fj^^ + Fj“^ , F„ = Fj-"^ - F„^“^ , = (F„ ± F„ ) / 2 . (3b) 



Again, if = 0 , the model is actually solvable. 



Here the IN "particle coordinates" are of course the 3-vectors F/"^^ =Fj~^(?), 
n = \,...N. 

Exercise 5.6J-2. Show that these equations of motion, (3), are indeed lineari- 
zable (and solvable if = 0 ). Hint: apply the association technique to (1), or 

equivalently, and more directly, note that (3a) entail that the 3-vectors = F„(?) , see 
(3b), satisfy the trivially solvable equations of motion , and the 3-vectors 

F„ = F„(0 , see (3b), satisfy (1). 
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A scalar/vector solvable N-body problem (featuring AN arbitrary 
coupling constants): 

Pn =«« +Z [Pn-n,Pn, +7n~n,Pn]-'^ S ^ n-n,-n\p n, P n, ~(f„^ *^«,)]} 

nt=l «i>nz=l 

+ Z {^n-n,-n,-nJn\Pn,Pn,-i^nN^n,)]} 

«[,«7,«3>n4=l 

^«=Z Z ^n-n^-n^Pn^n, ^^Pnjn, "(^ 

«[=1 ni,«2=l 

+ 2 Z Z {^n-n,-n,-n,-n,C„r„^^Pn,Pn, ~(r„^ 

W[,n2.”3=l JIl.ra2,«3,«4=l 



These equations of motion, (4), are obtained by applying to (5.6.1-9) the (first) 
multiplication technique described in Sect. 5.3. Hence these equations of motion can 
be decoupled by using a linear transformation of type (5.3-27). 

Exercise 5. 6. 3-3. Verify! 



A solvable N-body problem (featuring + 3N arbitrary coupling 
constants): 

r„ =aJ„-a„Y„r„^r„ 

+ [«„(«/ +r/^/)] ' { -YntArn^^n aF„] 

iV 

"Z { a[ r„\r„-rjr„ 4-a„V, aF^ ] } } }. (5) 

m=l 



These equations of motion, (5), are obtained by applying the parametrization 
(5.5-3) to the special case of the solvable matrix evolution equation (5.4.3-15) with 
D=D = l. 
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Exercise 5. 6.3-4. Verify, and analyze the motions entailed by (5). Hint: do first 
the one-body case, N = 1. 

A scalar/vector solvable N-body problem (featuring AN arbitrary cou- 
pling constants, and “nearest-neighbor” interactions): 

Pn =(^n ~^n)Pn +^n(^nPn “ A+1 Pn+l) 

~(d„ -rn^vi-^KiPnPn ~ 

+ (a„ -2a„ +a„^i)[ p„ +b„{Pn ~r„^) ]+A+i(^P«+i ~r„-r„^x) 

+ PnAPn ]-b„^Pn{Pn "3^/), (6a) 

= («„ - ) ia„ - « J + 2 ; (6„ r„ - b„^, r„^i) 

-(«„ -««)^„+i(P„f„+i +f„ Ar„^i)-6„(3/?„r„ +3/?„r„ -F„ aFJ 

+ (fl„ -2a„ +a„^i)(F„ +26„/7„rJ+Z>„^i(/7„^iF„ +p„r„ +F„ Ar„^,) 

+ KKA ^Pn^lPn^n +iPn ^^PJn h^n^OpJ' -''/)^„ • (6b) 

These equations of motion, (6), are obtained by applying the parametrization 
(5.5-1) to the matrix evolution ODE (5.4.3-25). 

Exercise 5. 6. 3-5. Verify, and analyze the motions entailed by (6). Hint: do first 
the one-body case, N = 1. 

A linearizable N-body problem (featuring 2N^ + N arbitrarily as- 
signed fiinctions of time): 

=E +C.W[2(f„ AfJ-(r„ A )] - (^) (F„ aF„)} 

m=l 

+ S AF^)-C^(0QW[(f„ aF„)aFJ} . (7) 

l,m=\ 
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These equations of motion, (7), are obtained by applying the parametiization 
(5.5-3) to the linearizable system of matrix ODEs (5.4.1-21) (with C„ =2Cjj). (Ver- 
ify!). Note that, as in (5.4.1-21), we are allowing in this case all the iV(27V+l) quan- 
tities C„(0 to be time-dependent, since this does not negate the prop- 

erty of these equations of motion, (7), to be linearizable. Of course one may limit 
consideration to the case in which all the coefficients are time- 

independent. 

Exercise 5. 6.3-6. Obtain the (of course more general, and as well linearizable) 
equations of motion that obtain from (5.4.1-21) via the parametrization (5.5-1). 



An integrable N-body problem (with “nearest-neighbor” interactions): 



‘t^VhiK-rn)-rniK-K)\lrn + ' K-l) ~ •^n)VAi}- 



( 8 ) 



These equations of motion, (8), are obtained by applying the parametrization 
(5.5-3) to (5.4.2-1). (Verify!). Note their “nearest-neighbor” character. We do not 
repeat here, nor below in analogous cases, the comments on the need that these equa- 
tions of motion be supplemented by “boundary conditions at the n -ends" (see Sect. 
5.4.2). 



Exercise 5. 6.3-7. Obtain the (more general) equations of motion that obtain from 
(5.4.2-1) via the parametrization (5.5-1). 



A scalar/vector translation-invariant integrable N-body problem 
(with “nearest-neighbor” interactions): 

Pn =c[p„ iPn^X -'^Pn+ P n-X ) “ ^« ‘ ^n^X + K-X )] . ( 9 ^) 




~^Pn +Pn-x)+Pn i^n^X -F„_i)] . 



(9b) 



These Newtonian equations of motion, (9), are obtained by applying the parame- 
trization (5.5-1) to (5.4.2-2b) (in this case the parametrization (5.5-3) is not applica- 
ble!). 

Exercise 5. 6. 3-8. Verify! 
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Note the translation-invariant character of these equations of motion, (9): they 
are indeed invariant under p„-^p„= Pq , r„^r„=r„+rQ with p ^ , r^ time- 
independent but otherwise arbitrary. 

Exercise 5. 6. 3-9. Obtain from (9) more general equations of motion by applying 
the (first) multiplication technique of Sect. 5.3. 



Exercise 5.6.3-10. Show that the following Newtonian equations of motion 
(which feature the 4 arbitrary real coupling constants X,(D,y,/) are just as integrable 

as (9) (to which they reduce back for A = = y = 0, y = c and pf ^ = 0, = 0 ). 



pf -X^)pf^AXo>pf' +3Ap™ 

+ rA„-yA„-{Xy-(of)B„+{lY+coY)B^, 

P? =2(fiJ^ ~^)P? +3;ipf 

^yA^-^y\--{Xy^(oy)B„-{Xy- 0 )y)B^ , 
r^^^ =2{w^ +4/1 0) F +3 X -3o) 

+ rC„-y C„-{Xy-(D y)D„+{Xy+cD y) D„, 
=2{o)^ -X^)r^^^ -4 Xco r^^^ +3 X + 3 ry r^^^ 



,(2) 



(10a) 



(10b) 



(10c) 



+ yC„+yC„-{Xy+(Dy)D„-{Xy-(Dy)D„, (lOd) 

A A -5f , B„ , (lOe) 

= Pn^ {Pnix ~ '^Pl!^ + Pn\ ) ~ ~ ), j = 1,2 , (lOf) 

-'Ip? -(.KS -2ri^' +Fi^?),/ =l,2,mod(2), (lOg) 

= P? {p?x - '^P? + P?X ) - • (^«+? - 2^i'^ + ), j = 1,2 , (lOh) 

B? ^P?\?^\a-x - 2p^? ^ P?x)-r?^'^'^ '(j!? +Fj4'),y =l,2,mod(2), (lOi) 



C„ ^ C« -Cf , C„ H C« + Cf ; 4 = D? -b^\ D„ = +5f , 

c? = (Pi5 -2 p? + p?)+ p?0i^ -2F« +F„e?) 

+Fj^'^ A (Fj/? - F„5), y = 1,2 , 



(lOj) 



(10k) 
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( 101 ) 



C“ = (p.‘5 -2 p“ + p,‘5)+ pr> -2?“ +?“) 

+4“*" A(?“ -?“),y =l,2,mod(2) , 

-?“(pi;; -2p“ + p^;)+ p^c?",’ -2?i^'>+?«') 

+?“ A(?“-r;“),y = l,2 , (10m) 

5“ (Pi5 -2 p“ + p“)+ pr’c;;^? -2?“ +?,<4’) 

a(?“ -r“),y =l,2,mod(2) . (lOn) 



Hint: replace formally in (9) p„(0>^(0 with, say, p„{f),r„{T) (also replacing, of 
course, derivatives with respect to t with derivatives with respect to r), then set 
(r) = exp(-a t) p^ {t) , f„ (r) = exp(-a t) r„ (t), t = [exp(a a, and finally 
complexify {p„ = p^l'> + i pf , F„ = F® c = y +iy , a = X + ia). 



Conjecture 5.6.3.11. The model (10) features many completely periodic solutions, 
with period T -In: ! a (or a multiple of it), if A = 0, <» > 0 . 



A scalar-vector linearizahle N-body problem (with 2 arbitrary cou- 
pling constants, and “nearest-neighbor” interactions): 

Pn +PnPn 'K +C^A-lPn 'K ~ PnPn^l + » (H^) 

t =ar„+ pj„ + -F„ aF„ 



+ c|p„-ir„ +P„F„_i -r„_i aF„ -p„^iF„ -F„ aF„^i|, 


(11b) 


Pn = (PnPn+rn-rn)l[pn » 


(11c) 


- /^/„ - 4i ^ ) ’ 


(lid) 


Pn+l PnPn+\ ~ ' ^n+\ > 


(lie) 


< 

1 

+ 

III 


(Ilf) 
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These Newtonian equations of motion, (11), are obtained by applying the 
parametrization (5.5-1) to the linearizable matrix ODE (5,4.3-13d). 

Exercise 5.6.3-12. Verify! 

Exercise 5.6.3-13. Complexify! 

Conjecture 5.6.3-14. If in (the complexified version o^ these equations of mo- 
tion, (11), a = ±i(D,o>>Q, the model features a lot of completely periodic solutions, 
with period T=1kI ay (or a multiple of it). 

Exercise 5.6.3-15. Obtain the Newtonian equations of motion (involving only 3- 
vectors, no scalars) yielded by (5.4.3-13d) via the parametrization (5.5-6). 



A linearizable N-hody problem (with. 3N arbitrary coupling constants, 
and “nearest-neighbor” interactions): 

Pn =k+I -bn)Pn ^Pn'Pn 



+ - c„ - r„ • r„_, j , (12a) 

~K)K ArJ 

^n+l Pn ^n-l P n-l A I (12b) 



with p^,r^ given again by (1 Ic), (lid) and 

Pn = (pnPn + / (p/ + K'K) . 

K =[Pnr„-Pn^n aFJ/ (p/ + -FJ , 

Pn-\— PnPn-\ ~ ’ ^n-1 5 

?;_! +p„J„ -r„ . 



(12c) 

(12d) 

(12e) 

(12f) 
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These Newtonian equations of motion, (12), are obtained by appl 5 dng the 
parametrization (5.5-1) to the system of evolution matrix ODEs (5.4.3-26). 

Exercise 5.6.3-16. Verify! 

Remark 5.6.3-17. These equations of motion are highly nonlinear: they feature a 
"velocity-dependence" in the denominator, see (12c,d,e,^. 

Exercise 5.6.3-18. Obtain the Newtonian equations of motion (which only in- 
volve 3-vectors, no scalars) yielded by the application to the (same) system of evolu- 
tion matrix ODEs, (5.4.3-26), of the parametrization (5.5-6) (rather than (5.5-1)). 



Next, we display the scalar/vector linearizahle many~body problem 
that is obtained by applying the parametrizations (5.5-3) and (5.5-1) to 
the linearizable matrix ODEs (5.4.1-15), via the positions U„=ir„-^ , 

F = if ‘E, G = ig-o-, H = ih-a, V^=T]+iv-a , Y=0+iy-a : 

+2kAr„ ~^k A(k ArJ + Y^a^m^m 



|/-2r [i-2kAg]+bl^^^ g+af^ |^-2fc h 

(13a) 

f = 4k Af +2^ Af --4k A(k Af) + Yjalt^ fe-2^Ar„}+6i-^^r^ + 

|/-2^a/| + 6^-^^ f + |g-2^Ag| +6^-^^ g+a^^^ i^-2k Ah^+b^-^^ h 

(13b) 



^ = 4kAg-i-2kAg-4kAikAg)+Yj 

m=\ ^ 



|/ -2k A + |g-2^Ag| +6^^^ g+a^^^^ ^ -2 k A^^+b^^^^ ) 

(13c) 

A =4^A^+2^AA-4^A(^AA) + J][aif“^ |r„ -2^Ar„| + h^^^r^j 
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(13d) 

//^’'^i; = 2^A^ + ^AV+^^v-{^-^Av}{f;rar' [t-^kAr^]\b!r'^r^^ 

m=i '- 

+~(v/) _ 2 ^ ^ 6 (f - 2 ^ A ^}' + 6 g" 

+a''«{^-2tAA}'+6<*'A^ }-v{ i[ai''>{t-2^A?J+e’'-»^ 

ni=l 

{/-2^A7j' /" +a^’'^^ {|-2 ^a^}" g^ 

+a^^^^\h-lkA'^ }, (13e) 

y = -lkAy-tAy + k^ y-\y + kAi^{ ^ -2^aF^| 

m^\ *- 

+^(;/) |/ - 2 ^ A /}' + 6 V' + « {I - 2 ^ A f }' + 5 g' 

+S'<'*>{A-2tAAr+J<«A^ }-y{ ;£k'“>{r„-2iAF„}'+6r'-/ 

m=l 

+ {7 - 2^ A /f + V + {1 - 2^ A gf + g' 

+ a^^^^^-2kAh\ +b^y’'^h^ }, (13f) 

?i = -'^fj - (k • v)]- YT]-(k-v) + {k^ ~Y^)ri 

- >7{ ir “ “ -2^ A ?, f + JW r,^ 1 + a« {7 - 2i A /}k J “ f 

m=l "- -I 

+ H“^-2iAgf +J“g"+3'’*'^-2iAA[+6<’*>ft" } 

-n{ ik”’fe -2i A?„f +ev„k«“(7-2fA7|‘ +6“/% 

m=k -I 
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+ a"'>^-2iAff +6<’*>g'+a‘'*’p-2iAAf +4"*>A" }, 



(13g) 



y> & = 2[r«-(A •#)]+[r «-(t j!)]+(i= |;[3“ {?. -2 Aa?.}' +i« 

+3">{/-2iA/} +A">/" + a“{|-2iAff + 6<'»>g" 

+3<'*>{A-2AAAf + ?<''*> A= }-e{ + 

m=l 

+^(3/) |/ _ 2 ^ A /} V f + {I - 2 ^ A f}' + g^ 

}, (13Ji) 

where 

k=f + ijg + eh-gAf + hAy, r=g-v+h-y. (13i) 



Exercise 5.6.3-19. Verify! 

These equations of motion determine the evolution of the N + 5 three-vectors 
r^{t), f{t), g{i), h{t), v(t), y{t) and of the 2 scalars rj(t), 9(t). They feature 
2N^ +20N +42 arbitrary “coupling constants", hence they include many special 
cases, corresponding to appropriate choices of these coupling constants, many of 
which could be set to zero to obtain simpler systems: the exploration of these special 
cases provides ample ground to hunt for new interesting Newtonian many-body 
problems amenable to exact treatment (Jinearizable). 

The diligent reader may write the more general equations of motion involving 
N + 5 scalar quantities, as weE as V + 5 three-vectors, which obtain by using the 
parametrization (5.5-1) for all the iV + 5 matrices that evolve according to (5.4.1-15), 
rather than for only those two, V_ and Y , for which this parametrization, (5.5-1) 
rather than (5.5-3), is mandated by the very structure of (5.4. 1-15). 



Next, we report the scalar/vector linearizable many-body problem 
cter 



Pn Pn +'^PniK '^^-Pn / (p/ +'*/) 





+ E {^rml pMPmPn^ Pm(Trn‘r„) + P„{r^ ViPm -^^m) }>(l^a) 

m 

r„={r„[ PnPn +{r„ • r„) ]-r„ [ p^ +(r„ • r„) ]+F„ [ p^p„ +(F„ • rj ] } / (/?/ +r/) 

+ E [ ^nm[ \PmPn + (4 [ PmPn +(^«. ' [ PmPm +(4-4) ] 

m 

^[Pm^m'^r„-pJ^Ar^+pJ^Ar^ ]}/(/?„' ] • (14b) 



Exercise 5.6.3-20. Obtain these equations of motion, (14), by applying the 
parametrization (5.5-1) to the matrix ODEs (5.4.3-4). 

Exercise 5.6.3-21. Obtain the Newtonian equations of motion (which only in- 
volve 3-vectors, no scalars) yielded by the application to the (same) system of evolu- 
tion matrix ODEs, (5.4.3-4), of the parametrization (5.5-6) (rather than (5.5-1)). 



A scalar/vector solvable -body problem (featuring 4A^ arbitrary 
coupling constants): 



Pnm ^nm 



V \h ‘1 

'nm "nm ' \P mitn P nm^ ^mimPnm^\ 

OT[=1 



'y ' I ^'”2” (^«m[ ^m2t^ ^'^P nmi Pm^n '^O'nmi ^»I2k) ] 

mi,m2=l 

Af r 1 ^ r 

^ ! dmim2^m2m\Pnmi Pm2m2 ^nnti ^m 2 m 3 )J ^ff!im 2 ^OT 3»»4 L P nnti P m2tn2 P n 

m|,m 2 ,»i 3 =l »! 3 ,m 2 ,»i 3 ,m 4 =l 

P nnti (^wi 2 m 3 Pni 2 »i 3 (^kotj P m^m (fnn,2 ^m2m2 ^ff^ni 3 ) ] , (15a) 



m^m 



^ r • 1 ^ r ' • ■ 

f* — ^ n f* f* tj \ f* /\ f* ^ ^ f" V 

^ nm \ympn’nmY ^ ^mpn' nm^ / j ^minii\Jnmi ^ ^ ’ nm^ 



OTi,W 2=1 



— / A „ ~ V F„„ { „ P m ~ (Fm m ’Cm) I 

mpti-) mym nm^ m'^m-^ ^3^4 L nm^ v. * m-pti'^ • m^ym ^ /?i2^3 m^jm * ) 

mi,m2,m2=l mi,m 2 ,ffi 3 ,ff! 4 =l 



^ni2m2 1 P nm^ P m^m { P tim^ P m2m2 ^»i2m3 ) } ]■ (15b) 



639 






These Newtonian equations of motion, (15), describe the evolution of the 
scalars and of the N'^ three-vectors ; they feature 4iV^ arbitrary “cou- 

pling constants”. Their solvable character is demonstrated by noting that they are ob- 
tained by applying the parametrization (5.5-1) to the following solvable matrix ODEs: 



V r 1 ^ 

U =a 1+Y b U +c U \+ y d c U U 













Exercise 5.6.3-22. Verify! 

There remains to show that (16) is solvable. Indeed it corresponds to the block- 
matrix evolution ODE 



M = A+KK^KC+MDMC-MDM-1MDM-MDMDM , (17) 

with M = M(f) a block-matrix whose nm -element is the matrix 
with the 4 constant block-matrices A, ^C,D all having their nm -elements propor- 
the unit matrix, namely (in self-evident notation) 

Anrn = Rnm = AmL = 7 „mh Q-nm = ^nml • (18) 

Exercise 5.6.3-23. Verify! 

On the other hand the matrix ODE (17) is solvable (for any arbitrary assignment 
of the 4 matrices A,^C,D — with D invertible, see below), since via the position 

M = D~'V~'V 



rr» . • V /Ti _ _ I “ 



(19) 




Let us end Sect. 5.6.3 by pointing out that the scalar/vector Newto- 
nian equations of motion of two other linearizable -body problems are 

exhibited in Sect. 5.3, see (5.3-35,36), and that several other integrable 
many-body problems are exhibited in Sect. 5.6.5. 



5.6.4 Many-body problems of Hamiltonian type 

In this short Sect. 5.6.4 we report two analogous, and rather trivial, solv- 
able many-body problems of Hamiltonian type. 

The first model is characterized by the following solvable equations 
of motion: 



=S +K^p„ A A^„]]) , 

m=l 


(la) 


N 

Pn=Y. {CnJm ~^n,nPm +^\Pn A^^jj) , 

m=l 


(lb) 



with =c„„ , which are yielded by the Hamiltonian 



+ {A/2) 






(Ic) 



These equations of motion, (la,b), correspond to the solvable matrix ODEs 
(5.4.1-36) (with X replaced, for notational simplicity, by X! A) via the parametriza- 
tion (5.5-3): lL„=iq„-b-, V„=ip„-d. They feature +N + 1 (arbitrary) con- 

stants. But the solvability of this Hamiltonian system has a rather trivial origin: in- 
deed, the evolution equations (la,b) are hardly nonlinear, since they entail (as it is of 
course implied by the treatment that led to them, see Sect. 5.4.1) that the 3-vector 

iV 

A^^) is a constant of motion. 

m~l 



Exercise 5. 6. 4-1. Verify all the above assertions, namely the fact that the Hamil- 
tonian (Ic) yields the Hamiltonian equations (la,b), that these equations of motion, 
(la,b), correspond to (5.4.1-36) via (5.5-3), and that they entail tiiat the 3-vector 

N 

/\p„) is a constant of motion. 

m=\ 
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Remark 5. 6. 4-2. For = 1 this model, (1), becomes the model (5.6.2-3). 



A second solvable Hamiltonian many-body problem (with 4N arbi- 
trary coupling constants) is characterized by the Hamiltonian 

k,,«2=1 

+ (1/2) X! (2a) 

and by the corresponding Hamiltonian equations of motion 

= X Pn, )+ X W-r,,-n,-n, (Pn, ^ ]» (2b) 

re[=l Hi,n2.%=l 

Pn =X - ^n-n, Pn, )+ X Wn,-n,-n, (Pn, Pn, ] • (2c) 

«[=1 Hj,«2.«3=1 

Here of course all indices are defined mod(A0 • 

Let us exhibit in longhand the form (2b) takes for AT = 2 : 

g, =b^P2+b^P+a,q^+a^q, 

+ 2i[(pi a^i)a^2 +(a a^Ja^j +(A a^Ja^j +(^2 a^Ja^J 

+ 22 P 1 A^Ja^I +(Pl A^Ja^2 +(A A^i)a^ 2 +(P2 A^2)Agi] , (2d) 

qi=hp,+b^p^+a,q,^a^q^ 

+ A[(a A^Ja^I +(a a ^ 2 ) a ^2 +(A A^Ja^2 +(p 2 Ag2)Afi] 

+ 4P1 a^i)a^ 2 +(pi Aq^)Aq, +(P2 a^Ja^i +O2 a?2)a^ 2] • (2e) 
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These results are obtained by applying the first multiplication trick of Sect. 5.3 to 
the one-body (iV' = 1) version of the model treated above, (1), or rather, equivalently, 
to the model (5.6.2-3) (see the Remark 5. 6.4-2). Let us go through this development. 
We set 

N N 

P = Yj^nPn^ ^ = 

n=I n=l 



with analogous formulas for Ihe “coupling constants” a,b,c,X (see (S.6.2-3)), as 
well as 






n=l 






(4a) 



with 



«,,n2=l 

-Cn-n,-nMn, ]+(l/2) K-n,-n,-n,-nXp n, ^ )* (^«a ^ ) ‘ 

«l,7l2,/!3,n4=l 

Here and below all the indices n,n^,...,n^ are of course defined mod(iV) . 

Then the N Hamiltonians are in involution, and the Hamiltonian coin- 
cides with H, = H . 

But of course, as emphasized in Sect. 5.3, these coupled equations of motion, 
(2b,c), can be decoupled by linear transformations of type (5.3-27). 

Exercise 5. 6.4-3. Verify all the above assertions. 



Exercise 5. 6.4-4. Show (i) that the scalar/vector many-body problem 
characterized by the Newtonian equations of motion 

N 

Pnm = {p„i Pi^ -r„prj , (5a) 

/=1 

s 

Km =E ^Pnl Plm Kl ~Kl , (5b) 

/=! 

is integrable, and (ii) verify that these Newtonian equations of motion, 
(5), are yielded by the following Hamiltonian (of normal type; but note 
the negative sign in firont of the first “kinetic energy” term): 
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( 6 ) 



Y N N 

AE) =- X i-^nm^rnn +Pnm ’Pmn) + ^Tj Prm 

^ n,m=\ n=\ 

j N 

+ - Z \PnmPmlPln -'^Pnm^ml * 4 A^)] . 

n,mj=l 

Hint (for (i)): apply the second multiplication technique of Sect 5.3, see 
(5.3-30), to the integrable matrix ODE (5.4.4-2), then use the parametri- 
zation (5.5-1) (for (2x2 )-matrices). 

Remark 5. 6. 4-5. These Newtonian equations of motion, (5), involve 
scalars, p„^=p^(t), and 3-vectors, r„^=r„^(t); they are compati- 
ble with the symmetrical reduction, , whereby the num- 

ber of scalar respectively 3 -vector dependent variables is reduced from 
to NiN + l)/2. 

Remark 5. 6. 4-6. These Newtonian equations of motion, (5), are of 
course invariant under rotations, but they are not invariant under reflec- 
tions (except in the special “scalar” case, characterized by the vanishing 
of all 3-vectors, = 0 ). 

Exercise 5. 6. 4-7. Show that the scalar/vector many-body problem 
characterized by the Newtonian equations of motion 

Pnm =6(2"-®") p^ -U:^ar]^+5Xp^-5a 

N 

+ Z Plm - ^nl • ~ Vnl Plm + Pnl fllm) ^ (7a) 

l=\ 

Pnm =6(2' -®')?7„. +l2Xcop„^ +5277^ 

N 

+ Z ^Pnl Plm + Pnl Plm + 7„i ' ’ ^. ) , (7b) 

l=\ 

7„m = 6(^" -Gi'^)r„m -122® +52F„„ 

N 

Z ^Prtl ^Im + Plm 7„l ~ Pnl Plm ~ Plm Pnl ~ 7„l A A^,^) , (7c) 

Z=1 

Pnm =6(2^ -oP)q„m +122fflF„^ +52^„„ +5®r„^ 
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N 

iPnl ^Im 



l=l 



+ llm Kl+Pnl In, +Vln, ~r„i ArJ , 



(7d) 



is integrable. Hint same as for Exercise 5.6A-4, but with (5AA-2) re- 
placed by (5.4.4-17). 

Conjecture 5. 6 .4-8. All the nonsingular solutions of the many-body 
problem (7) are completely periodic, with period T = \l7rl (d\, if = 0 and 

6) is a nonvanishing real constant. Hint, see (5.4.4-19,20). 



5.6.5 Many-body problems in multidimensional space 

with velocity-independent forces: integrable unharmonic 
(“quartic”) oscillators, and nonintegrable oscillators 
with lots of completely periodic motions 

In Sect. 5.6.5 several completely integrable, indeed solvable, Hamiltonian 
many-body problems are exhibited, characterized by Newtonian equa- 
tions of motion, with linear and cubic forces, in .S -dimensional space 
{S = arbitrary positive integer, with special attention to 5=3 ). As usual the 
equations of motion are always written (see below) in covariant form (“5- 
vector equal 5 -vector”), entailing their rotational invariance. All these 
many-body problems are Hamiltonian: the corresponding Hamiltonian 
fimctions are of normal type, with the kinetic energy quadratic in the ca- 
nonical momenta, and the potential energy quadratic and quartic in the 
canonical coordinates (see below). 



The investigation of quartic oscillators is, since the time of the Fermi-Pasta-Ulam 
numerical experiment <FPU55>, at the origin (see for instance <Kr77>) of the revo- 
lution that has occurred, over the last three/four decades, in the understanding of the 
behavior and relevance of integrable systems. It has moreover an obvious and ubiq- 
uitous apphcative interest, inasmuch as it generally provides the first nonlinear (“un- 
harmonic”) correction to the behavior of linear (“harmonic”) oscillators, the physical 
relevance of which is of course universal. 



The foundation of the following results is the integrable matrix evo- 
lution equation (5. 4.4-3), which we conveniently write now in the fol- 
lowing guise: 



645 






( 1 ) 



Here U^Uit) is a square matrix of arbitrary rank, ^ is a constant matrix 
and 6 is a constant scalar (which could of course be rescaled away). 



Exercise 5. 6. 5-1. Compare the 3 versions, (1), (5.4.4-3) and (5.4.2-6), of (essen- 
tially) the same matrix ODE, and detail the changes of variables that transform each 
of them into each other. Hint: rescale both the dependent and the independent vari- 
ables. 

In Sect. 5.6.5 we denote as usual matrices by (upper case) underlined characters, 
while superimposed arrows, say r , denote S -vectors. The actual dimensionality of 
vectors and matrices will, we hope, always be clear from the context. A dot sand- 
wiched among two S -vectors (see below) denotes the standard scalar product in 5 - 
dimensional space. (This is the same notation used at the end of Sect. 5.3, which the 
diligent reader is advised to revisit before proceeding any further). 

And let us emphasize, once and for all, that we generally report below the inte- 
grable equations of motion in their neatest form. Generalizations are easily obtainable 
by standard changes of variables (see for instance the Remark 5. 4. 4-4) and/or by 
“multiplication of variables” techniques such as the first one described in Sect. 5.3. 



A rather general class of integrable Newtonian equations of motion in 
5 -dimensional space, with arbitrary 5 =1,2,3..., reads as follows: 

nti.fi jx,mi J 

A=1 



A=I 






prCwi.AiXX) . p-(A.,“2)W j" j^p ^(ft.%XX) 



(2a) 



Here =1,...,M; /=!,...,! (M, L being arbitrary positive integers) and 



= 1 if m is even, =0 if m is odd, m = . 



(2b) 
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Moreover 



a =0 if is odd, if k+tw is even; 

nnt ' •' 



(2c) 



hence, for given M and I, the number iV of 5 -vectors involved in 

(2) is N = L{M^ - l+P^)/2 , while the number of (nonvanishing) arbitrary 
constants is +1-Pm)/ 2 . The additional arbitrary constant b in 
(2a) could of course be rescaled away. 

Exercise 5. 6. 5-2. Check this simple arithmetic! 

We show below that these Newtonian equations of motion, (2), are 
integrable, and we exhibit Hamiltonian fiinctions of standard type that 
entail them. But &stly let us display a number of reductions of (2a). 

A first reduction yields the Newtonian equations of motion 




t'=i 



cc 



pd) 

k,k' 'k' 



+^ 2 . 2 . 't 

/'=1 k'=\ 



r(/') 






(3a) 



where T and k=l,...,K. 



These equations of motion, (3a), obtain from (2) by setting 
M=2K ^ 



(3b) 



as well as 



^2/ti-l,2fe-l 



= 0 , 



(3c) 



^2ki,2k^ -^2k2,2ki~^ki,kj-^k2,ki 



(3d) 



Here all A:-indices range from 1 to K, while the index I ranges of course from 1 to L . 
Note the independence of the right hand side of (3b) from the indices and Atj ; this 
entails a substantial reduction, which is easily seen to be compatible with (2) (with 
(3c,d)). 

Exercise 5. 6.5-3. Verify; and also check that the reduction (3b) would be com- 
patible with the evolution (2) even if the right hand side of (3c) contained a nonvan- 
ishing constant, independent of the indices and k.^\ but this would not entail any 
additional generality for the equations of motion (3a). 
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The Newtonian equations of motion (3a) involve now the N =LK S' -vectors , 
and they contain, in addition to the arbitrary constant c=bK (that could of course be 
rescaled away), the K{K+l)/ 2 arbitrary constants 

Exercise 5. 6. 5 -4. Replace (3b) with 

M=2K, , F , (4) 

and verify that the corresponding reduction (with (3c, d)) is also compatible with (2); 
and write the corresponding Newtonian equations of motion (more general than (3a), 
and which reduce to (3a) for 



A different reduction yields the equations of motion 



k'=\ /'=1 /t'=l 

where 1=1,..., L and k=l,...,K. 



(5a) 



These equations of motion, (5a), obtain from (2) by setting 
M=2K, ^ 

as well as 



(5b) 



(5c) 



~^2k,-\,2ki-\~^ki,k,~^k^,ki ‘ (5d) 

Here all A: -indices range again from 1 to K, while the index / ranges of course from 1 
to L . Note again the independence of the right hand side of (5b) from the indices 
and ; this substantial reduction is again easily seen to be compatible with (2) (with 
(5c,d)). 

Exercise 5. 6. 5-5. Verify; and also check that the reduction (5b) would be com- 
patible with the evolution (2) even if the right hand side of (5c) contained a nonvan- 
ishing constant, independent of the indices ^ and k^; but this would not entail any 
additional generality for the equations of motion (5a). 

The Newtonian equations of motion (5a) involve again N=LK 5” -vectors r^, 
and they contain, in addition to the arbitrary constant c=bK (that could of course be 
rescaled away), K{K->rV) / 2 arbitrary constants • 
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Exercise 5. 6. 5-6. Replace (5b) with 

M=1K, (6) 

and verify that the corresponding reduction (with (5c, d)) is also compatible with (2); 
and write the corresponding Newtonian equations of motion (more general than (5a), 
and which reduce to (5a) for rjp = ^ ). 

Exercise 5. 6. 5-7. Show that a completely analogous treatment to that given above 
(from (3) onward) is applicable for odd M = IK (rather than even M = 2 K), and 
that it leads to the same results. 



Obvious special cases of (3a) and (5a) obtain for L=1 and for K=l; 
the former case, L=l, is richer than the latter, K=l, because the number 
of arbitrary constants is always K(K +1)1 2, as indicated above. 

Additional and/or different reductions are also possible. Let us illus- 
trate this point by displaying some of them, in specific few-body cases. 

The simplest case involves just a single S -vector; it obtains from 
both (3a) and (5a) for L=K=\, and it reads 

r=(a+cr^)r (7) 

(which coincides, up to a trivial notational change, with (5.6.2-2a)). The 
integrability of this rotation-invariant equation for a single 5 -vector is of 
course rather trivial: indeed (7) can be reduced to an equation for the 
(scalar) radius r , which can then be solved by quadratures. 

Next, let us report 4 cases involving 2 5 -vectors. The first one obtains 
from (3a) with K=2, L=l, = a^, a^ 2 ~ ^ 2,1 =^2 ^ 2,2 = « 3 - It reads 

, r2=a2r^+ajf2+cr2(r^ +r2) ( 8 ) 

(here and below r^ denotes of course the squared-modulus of the S- 
vector r„ namely r^=\r,f =r,-7j. 

The second one obtains from (5a) with K=2, L=l, = 

«i 2 = « 2 , =«2 ^ 2,2 = «3 • It reads 

r^=aj^^+a2r2+c[r^ r^ +r^ (i\ -f^)] , \=a2r^+ a^A+ c{f^ (il •i'2) + ^2 ] . (9) 
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The third one obtains from ( 3 a) with K=l, L=2, cc^i = a^.^ = a^, 
aj 2 = a2_i =«2 and , r2^^)=r/^)=r2 . It reads 

^=«i^+«2^2+c[ +r2^)+2r2(i- *^2) ] , ( 10 a) 

h =ccih +a/ 2 +c[ 2 Fi (Fi • F2) +F2 + ^2^ ) ] . ( 10 b) 



The fourth one obtains directly from (2a) with M=3, T=1 by setting 

^(U)(1)^-(2,)(D^-^ p(2.1Xl)^p(3,2)(l)^-^ a,,+a2.,= a2.2+«3.3=«u «1.3=^^^ = 

It reads 



6 =«i6 + «2^2 + c[ (Fj • F 2 ) + F 2 ] , 


(11a) 


r2=a/,+a^f^+c[ r^rl -r^) ] . 


(11b) 



Newtonian equations of motion involving 3 5 -vectors are obviously 
obtained, as mentioned above, from (3a) and (5a) by setting K=3,L^l or 
i^=l,T=3. Let us display a different case that obtains from (3a) with 
iC=2,L = 3 by setting r/^)=r 2 (^)=f-, and %=a 2 ^ 2 =«i 5 

2 = £?2 1 =a 2 ; it reads 



^=aiFj +^2^3 +c{^(ri^ +^3^)+f2(fi-f2 •f 3 )+ 2 r 3 (Fi -Fj)} , (12a) 

h=ia, +a^)p^ +c{^'(^ -F2+F2 -F3)+2F2(r2^)+F3(Fi -F2 +F 2 -Fj)} , (12b) 

{2^(^ -F 3 )+F 2 (Fj -F 2 +F 2 *F 3 )+F 3 (ri" +r 3 ^)} . (12c) 



Let us now indicate how the Newtonian S -vector equations of motion 
(2) are obtained from the integrable matrix evolution equation (1). To this 
end we consider U_ and M)-block-matrices, i. e. matrices whose 

elements are themselves (possibly rectangular) matrices, with the self- 
evident notation ^ , so that (1) yields 



^ Q2) 

2 ^=1 — — — _ _ _ 
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where the matrices are of coarse time-dependent, 

while the matrices are constant Of course if 
the matrices and are rectangular, their dimensions must be 

chosen appropriately, so that the matrix products in (13) make sense. In- 
deed we set (with S and L arbitrary positive integers): 

(i) if ruy and m 2 are both even then ^('”‘’'”^^=0 , where 0 is the null 

(square) (yxy)-matrix, and where 1 is the identity (square) 

(S X y)-matrix; 

(ii) if n\ and m 2 are both odd then , where 0 is the null 

(square) (LxL)-matrix, and where 1 is the identity (square) 

(IxL)-matrix; 

(iii) if is even and is odd then , where is 

a (rectangular) (5 xl)-matrix, and where 0 is the null (rectan- 

gular) {S X L)-matrix; 

(iv) if 7Wi is odd and is even then , where is a 

(rectangular) (Lxy)-matrix, and where 0 is the null (rectangu- 

lar) (Lxy)-matrix. 

Note that now the sparse block (Mx M)-matrices U and A sre in fact 
square MxM matrices, with M={{m +Pm- l)'^ + 2 . 



Exercise 5. 6. 5-8. Check this simple arithmetic! 



We now introduce a representation of matrices in terms of .y -vectors 
by identifying the S elements of the L rows of the matrices as the 

S components of L different .S -vectors, and, conversely, by identifying 
the S elements of the L columns of the matrices as the S compo- 
nents of L (different) 5 -vectors: 






(14) 



Note that we have thereby introduced the following 5^ -vectors (altogether, 
N={M^ -l^P^)LH of them -- check this arithmetic!) : 

) . (15) 

It is now a matter of elementary algebra to verify that the matrix evolu- 
tion equation (1), taking into account the above assignments, yields the 
Newtonian equations of motion (2). 
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Exercise 5. 6. 5-9. Do verify. Hint see the analogous treatment of (5.3- 
32), as given in Sect. 5.3, from (5.3-37) onward; as well as the following 
formulas, ( 16 ). 

To help visualization, we end this discussion by displaying the matri- 
ces H and A for the case M=2,S= 3,1= 2 : 



u4 



vK 



0 

( 2 , 1 ) 



f 


0 


0 


xfi.2)(i) 


,r(l,2)(l) ^ 
■^3 




0 


0 


(1,2)(2) „(1,2)(2) 

*^1 *^2 


-,-(1.2)(2) 

•^3 



^(2,1)(1) 

•^1 


X(2,l)(2) 


0 


0 


0 




5 


-,-(2,l)(l) 

^2 


x(2.1)(2) 


0 


0 


0 






-,.(2,1)(1) 

,3 


-,.(2,1)(2) 

^3 


0 


0 


0 


) 






( 1 . 1 ) 



0 



A 



( 2 , 2 ) 



‘^ 1,1 

0 

0 

0 

0 



0 

^1,1 

0 

0 

0 



0 

0 

* 2,2 

0 

0 



0 0 " 

0 0 
0 0 

^2,2 ® 



(16a) 



( 16 b) 



Note that more general choices for the constant matrix A are possible 
(with the nonvanishing matrices no more proportional to the identity 
matrix; see above), but they then yield non-rotation-invariant many-body 
systems. 

Exercise 5.6.5-10. Convince yourself of this, by constructing some 
such models. 



The results displayed thus far have been obtained by applying to the 
integrable matrix evolution equation (1) the technique of multiplication 
"with a ftirther twist", as described at the end of Sect. 5.3. But what if we 
apply to (1) this technique of multiplication in its simpler ("untwisted") 
form? That clearly amounts to focusing on (13), which we rewrite here 
for notational convenience as follows: 

i (17) 

^ J=l j,k=\ 

Here the matrices are of course again time-dependent, , 

while the matrices A„„ are constant; and we now like to treat them not 
as block matrices (as we instead did after (13)), but rather to parametrize 
them directly in terms of 3 -vectors (note that we now restrict attention to 
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.S' = 3 ). A convenient way is to assume that all these matrices have rank 2, 
and moreover that the matrices are just multiples of the unit matrix, 

Anm=annX = a„^ 5 (18a) 

where the are scalar {a priori arbitrary) constants, while the ma- 
trices take the standard form (see (5.5-1)) 



Unmil)=Pnmit)^irnn.{t)'^ • (18b) 

We have thereby introduced the scalars (or rather pseudoscalars, see 
below) = /7„„(0 as well as the 3-vectors r„^ = r„^(t ) , and we get for 
them from (17) the following system of scalar/vector Newtonian equa- 
tions of motion: 

[^njPjM+aj^p„^+bY, + [fc A ] 

^ y=i j\k=i 

-[ PnMk 'rJj+Pjk^„j-rJj+Pyn^„j-rj^) ] } , (19a) 

+ ^ E { \PjkPkm -fe •fi.l+fyi \PnjPkn. + fey \pjkPjk "fey '^yj] 

j,k=\ 

-[ PnJ^Jk ^rkJ)+Pjk^nJ AFto,)+Ptofey ] } • (19b) 

These equations of motion feature the arbitrary scalar constants 
Of course here and below the "wedge" respectively "dot" symbols sand- 
wiched among two 3 -vectors indicate the standard vector respectively 
scalar products for 3-vectors. 
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Exercise 5, 6.5-1 L Verify! 



Exercise 5.6.5-12. Write out the (more general, but not rotation-invariant) set of 
Newtonian equations of motion that obtain if the simplification (18a) is forsaken by 
setting instead (see (18b) and (5.5-1)) 

+ic„^-d . ( 20 ) 

Hint: these equations, more general than (19), may also be written in covariant form, 
but they lack rotation-invariance because they contain the constant 3-vectors c^ 

that introduce privileged directions. 

Remark 5.6.5-13. The equations of motion (19), which are obviously rotation- 
invariant, are also invariant under reflections if the 3-vectors behave as ordi- 

nary vectors and the scalars behave as pseudoscalars (or viceversa). 

A reduction obviously consistent with (19) is to the case when all the 3-vectors 
vanish (while the converse, when all the scalars vanish, is not consistent witii 
(19), except in some special cases, see below). No fiirther elaboration of this “one- 
dimensional” case is reported below. 



If the "coupling constants" depend symmetrically on their 2 
indices, 

SO that there are effectively only N{N+\)I2 of them, these evolution 
equations, (19), are consistent with the reductions 

Pnmit)='n Pmnitl (0 ^ (0 , ( 22 ) 

with Tj = 1 , respectively 7 =-!. Via these reductions the scalars and 
the three-vectors are effectively reduced to iV(iV+l)/2 scalars and 
to n{n-\)I2 three-vectors, respectively to v(v-l )/2 scalars and to 
iV(iV + l)/2 three-vectors. For instance for N=2 and 7 = 1 , by setting 

5 ^22 ~^2 j ^12 ~^ 2 i ’ Pn ~P\ 3 P 22 ~P 2 3 P \2 ~ Pn ~Pz ’ ^12 ~~^ 2 \ 3 We 

get 

A=«iA +AA +b[ + 2 pi/? 3 ^ + AA^ +(2a +aK ] 3 (23a) 

A + A A +^[ Pi + 2aP3^ + PxP^ + (2a + A , (23b) 
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+« 2 )a +|«3(a +P 2 )+^a[a" +Pi + a" + AP 2 +'•"] » (23c) 



*^(^1 "^^2 )+^[a^ + A^ + A^ +PiA K » (23d) 

while for N=2 and 77 =-!, by setting =aj, a 22 =A> «i 2 =Ai=A» 
A 2 =- Ai =Pr A ^ =? 2 , % =^21 . we get 

/j=i(ai H-a 2 )p-^{p' +(7j aF 2 )-F 3 +p\r,^ +f- -F^]} , (24a) 

r,=a,r, +a,F, -b[ 2 p{r^ Ar,)+r,(2p^ +r,^ +2r^^)+r^(p'^ -r^^)+2r, (F 3 -F^) ] , 

(24b) 

r^=a^r^+a^r^ -b [ 2 p{r, Ar,)+r^ i^p^ +2r^^)+r\p^ -r^)+2r^ (F 3 -f- ) ] , 

(24c) 

^3=|(«1 + a)F3 +|a(Fi +F 2 ) 

-b {p(^ aFJ+7- (F 2 -F 3 )+F 2 (F 3 -^)+F 3 [ +r,^ -(^ -^ 2 ) ] } . (24d) 

If a,=« 2 =a an additional reduction, consistent with (23), respectively 
with (24), obtains by setting a(0=a(^)=F<^) 5 respectively 



Fi( 0 =F 2 ( 0 =F (0 . Then (23) read 

p=ap + a^p^ +bp[ p^ + 3 p 3 ^ +3r^ ] , (25a) 

A=«A +AP+^ a[ + a^ ] 5 (25b) 

r=[a + b{ip^ + p^^ +r^)\r , (25c) 

respectively (24) read 

p=p[ a-b[p^ +3r^) ] , (26a) 

r=ar+a^r^ -b[ 2/?(Fa^) + F {3p^+r^+r^^}+ 2 F 3 (Fj • F) ] , (26b) 

r^=ar^ +ayr-b^r(f-r^) + rj +r^)} . (26c) 
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These evolution equations, (26), are clearly consistent with the addi- 
tional reduction p{t)=0. Then they read 



F=r [ a-h{r^ +^3^) ]+i^3 [ <^3 -r) ] , (27a) 

^ 3=^3 [ a-b{r^ +r^) ]+r [ -2b(f-r^) ] , (27b) 

which, up to obvious notational changes, coincide with (10), and are of 
course consistent with the additional reduction r^(t)=r(t), which then 
yields (7) (up to obvious notational changes). 

Let us now go back to (23) to point out that, if ^3=0 , another consis- 
tent reduction obtains by setting (0=0 . Then (23) read 



A=«iA +b[ Px +(2a + A)^" ] j 


(28a) 


Pi ~^iPi +^[ P2 ^Pi Pi)^ ] 5 


(28b) 


r=r ^(a +a^)+b{p^ +p/ + p^Pt +r^) • 


(28c) 



If a^=0 and moreover a^=a^=a, fiirther reductions are possible. By 
setting p(0=0 in (25) one gets 

A=a[ a + bipj" +r0 ] , r=[ a+b{p^^ +r^) ] r ; (29) 

by setting ^3(0=0 in (25) (or, equivalently, p^{t)= p^{t)= p{t) in (28)), one 
gets 

p=p\ a + b{p^ +3r^) ] , r=r [ a+b(3p^ +r^) ] ; (30) 

and by setting p(t)=pj(t)=0, one gets again (7) (up to trivial notational 
changes). 

Likewise, by setting F(/)=0 in (26) with ^3 = 0 , one gets 
p=p[ a-b{p^ +r^^) ] , r^={a-br^) , (31) 

while by setting ^(0=0 in (26) with a^=Q one gets 
/7=p[ a-b(p^ +3r^) ] , r-f[ a-b(3p^ +r^) ] . (32) 
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Both these evolution equations, (31) and (32), are compatible with the 
ftirther reduction p{t) = Q, and they thereby both yield, up to trivial 
notational changes, the same evolution equation, namely (7). 

Exercise 5.6.5-14. Check all these reductions and explore new ones. 

All the Newtonian equations written above, both in the contexts of 5" - 
dimensional and 3 -dimensional space, are Hamiltonian: this is not sur- 
prising, since they are all obtained as reductions (i. e., special cases) of 
the matrix evolution equation (1) which is itself Hamiltonian, see (5.44- 
7). In particular (2) respectively (19) obtain from the Hamiltonians (writ- 
ten in self-evident notation) 



■l M L , 
«![,»!, =I l-l 






ML 



-T 2 2 { 



l,X=l 



, ^ .^(Az.'”zXOj j j. 

(33a) 



respectively 

^i^jk-pH-PjkPk] 

h ^ / \ ! \ 

PijPki^jk •^un PijPi^jk-run PijPjAhi -ru) ]-PijPjkPuPii 

+ 2[ ^ij-hi)Pjk ]-fe Ar,)-(p/^., +p.,F5,.) }. 

(34a) 

In (33 a), the canonical coordinates are the S -vectors f , and the cor- 
responding canonical momenta are the 5 -vectors (and of course 

is defined by (2b)); note that this Hamiltonian, (33a), entails 



^(nii.OTzXO _ ^("'z.w'iXO 



Wj,W2 +^2 =odd, / = \,...L 



(33b) 
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as well as the other set of Hamiltonian equations (which we do not dis- 
play), from which the Newtonian equations (2) follow. Likewise in (34a) 
the canonical coordinates respectively momenta are the (pseudo) scalars 
and the 3-vectors respectively , n,m=l,...,N, and this 

Hamiltonian, (34a), entails 

Pnm=-^mn . ^nm=Pmn ^ n,m = l,...,N , (34b) 

as well as the other set of Hamiltonian equations (which we do not dis- 
play), from which the Newtonian equations (19) follow. 

Exercise 5.6.5-15. Verify! 

Exercise 5.6.5-16. Write the Hamiltonian ftmctions for all the many- 
and few-body problems, in S -dimensional and in 3 -dimensional space, 
displayed above. 

Exercise 5.6.5-17. Show that the following 2-body and 3-hody prob- 
lems are solvable, that they are Hamiltonian, and that these Newtonian 
equations of motions, (35) and (36), can be decoupled via a linear reshuf- 
fling of the dependent variables: 

't = «2 ir^ +r^) + 2c, (f- • ) , n = \,2 mod(2); (35) 






+ 2c,{ +2{r,-r^) ^2{r^-r^) ]+r„^,[rl +2{r,-r,) ] } 

+ 2^2! [ ^3 -^) ] + ^„+2 [ ■*■2(^2 ■ ^3) ^2 ■^ 2 (rj -Tj) ] } 

+ 2c 3{ }{ F„ [ +2(Fi -r^) ]+r„^i [ +2{r^ -r^) ]+F„^2[ +2(^ -r^) ] } , 



w = 1,2,3 mod(3). (36) 

Hint: note that appHcation of the first multiplication trick of Sect. 5.3. to 
the solvable equation of motion (7) yields 

N 

~ ^n-mi-nti-m^ (^mi ’ ^m2 ) * (^7) 

m=l mi,m2,m,=l,..,N mod(iV) 
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Exercise 5.6.5-18. Repeat all the developments given above (in Sect. 
5.6.5), but taking as starting point, instead of the integrable matrix evolu- 
tion ODE (1), the system of two coupled matrix ODEs (5.4.4-18), and 
formulate conjectures analogous to Conjecture 5.4. 4-16 (and perhaps also 
prove all these conjectureslV). 

As promised by the title of Sect. 5.6.5, devoted to Newtonian equa- 
tions of motion with velocity-independent forces, we complete it by pre- 
senting, via the following two Exercises 5.6.5-19 and 5.6.5-20, some re- 
markable results for nonintegrable systems of this kind. 

Exercise 5.6.5-19. Consider the system oi IN unharmonic (real) os- 
cillators characterized by the Newtonian equations of motion 



mi,m2,m3=l 



m m +V„ 'U„) | 

V nmpti'^ni"^ Wj nmpn'pn^ Wj z \ tn-^ rri'^ tn^ / / 



(38a) 



V —3)Clu — 2£l^v 



N 

^ j { ^rrti ) ) 

} , (38b) 

where N is of course an arbitrary positive integer, superimposed arrows 
denote S -vectors with S also an arbitrary positive integer, superimposed 
dots denote of course time-differentiations, dots sandwiched among vec- 
tors denote the standard scalar product, and the 2#'^+! constants 
slso arbitrary (real, Q?^0). Prove that there exist 
then, in the neighborhood of the equilibrium configuration 
=v„ =M„ = ^„ = 0, a ball of initial data w„(0),v„(0),if„(0),^„(0), of non- 
vanishing volume in the initial-data space of ANS dimensions, such that 
all the corresponding trajectories are completely periodic with period 
T = 2;t/|q| . Hint: start from the system 
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(39) 



^:= I 



C T (v 



^.3) ’ 



OT[,»!j,m3=l 



with = r„(r) and where the primes denote of course differentiations with 

respect to r ; then note that the solutions of these (complex) equations of 
motion, considered as functions of the complex variable r , are certainly 
holomorphic in a disk of the complex r -plane centered at r = 0 and of 
any given radius, say p , provided the initial data, f„(0),r„'(0) , are all suffi- 
ciently small (the degree of smallness required depends of course on the 
assigned radius p , and on the coupling constants ); then set 

(?) = exp(z Q. t) r„ (r) , t = [exp(r Q ?) - 1]/ {i Q) , (40a) 

which of course entails 

U0) = A(0), ?:(0)=ij.(0)-;nw,(0) (40b) 

(so that if all the quantities w„(0),w'(0) are small, the initial data 
F„(0),FJ(0) for (39) are also small); then note that if F„(r) is holomorphic in 
a disk of the complex r -plane centered at r = 0 and of radius p > 2 /|q|, 
the corresponding w„(?), see (40a), is periodic in t with period 
r = 2;r/|Q|; and finally set w„(?) = w„(?)+iv„(?), 
whereby (39) with (40a) becomes (38). 

The results given in the preceding Exercise 5.6.5-19 refer to Newto- 
nian multi-oscillator type equations written in covariant form in 
dimensional space and characterized by cubic nonlinearities, see (38). 
Neither of these two restrictions are however essential for the validity of 
this finding, as entailed by the following 

Exercise 5.6.5-20. Consider the system of N (complex, coupled) 
Newtonian equations of motion of oscillator type 

w^-i(2 + 2f p)Qw^-(l + p/2)Ql w„=F„(y^ , (41a) 

where the iV complex quantities =w„(?) are the dependent variables, 
a is a real nonvanishing constant, p is a positive integer, and the N 
functions F„(w) of the N dependent variables are arbitrary except for 
the requirements (i) that in the neighborhood of w^-0 they be analytic 
and (ii) that they satisfy the scaling property 
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(41b) 



Prove that there exist then, in the neighborhood of the equilibrium con- 
figuration w„ = w„ = 0, a ball of initial data w„(0),w„(0), of nonvanishing 
volume in the space (having 4N real dimensions) of initial data, such that 
all the corresponding solutions of (41) are completely periodic, with pe- 
riod r = 2;r/|Q| if p is even, with period f = 2r = 4;r/|Q| if p is odd. 

(Note that the results of the preceding Exercise 5.6.5-19 are a special case 
of those of this Exercise 5.6.5-20 with p = 2). Hint, see the hint for the 
preceding Exercise 5. 6. 5-19, but start from the system 

zl=F„(z), z„=z^(t) (42) 

(rather than from (39)), and set 

(0 = exp(r a t) (r) , r = [exp(j at)- 1]/ (i a) , (43) 

(instead of (40a)), with a = pQ.1 2. 

Note the analogy (but also the difference) of the treatment that yields 
the results given in the last two Exercises 5.6.5-19 and 5.6.5-20, to that 
given in Sect. 4.5 (see in particular the proof of Proposition 4.5-9). Of 
course these findings are also applicable if the nonlinear parts of these 
equations of motion are missing: indeed the general solution of the linear 
part of (41a) is clearly the linear superposition of two periodic solutions, 
one with period T = 2;t/|q| , the other with period = ITltl + p) (verify!), 

hence it is periodic with period r if p is even, with period IT if p is 
odd (verify!). But let us re-emphasize that in the nonlinear case these 
findings identify systems that are generally not integrable, but neverthe- 
less do behave in a very simple {completely periodicl) manner for a cer- 
tain set (of nonvanishing measure!) of initial data. 



5.7 Outlook 

The results presented in Chap. 5 have been obtained quite recently. 
Clearly the techniques introduced herein coxild be exploited much more 
systematically and extensively than it has been done up to now, and one 
could thereby obtain a much larger collection of exactly treatable many- 
body problems in 3 -dimensional (and also in S -dimensional) space than 
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have been exhibited herein: indeed a motivation to write this book was 
just the hope to stimulate such a development. The amusing task to study 
in detail the behavior of these systems remains moreover largely undone, 
and it offers an ample prospect of interesting investigations. 



5.N Notes to Chapter 5 

The results presented in Chap. 5 are mainly based on <BC2000a> (which 
we often followed verbatim, but correcting several misprints -- hopefiiUy 
without introducing new ones!); but see also the references quoted, and 
the credits given, there (let us in particular mention that a computational 
tool quite useful in this context is provided by <BR83>). There are how- 
ever also some new results, for instance the many-body problems (5.3-44) 
and (5.3-47). 

The main idea on which the developments of Sects. 5.2 and 5.4.1 are 
based is probably not new, see for instance <SS96>, <GS97>. 

For the treatment of the magnetic monopole problem (Sects. 5.2.1 and 
5.2.2) see also <P1896>, <SMTDC76> and <S2000>, and of course the 
references quoted in these papers. Our treatment follows closely 
<ABC2001>. 

The integrability (indeed, solvability) of the periodic non Abelian 
Toda lattice (Sects. 5.4.2 and 5.4.4) has been proven by I. Krichever 
<K81> (see also <BMRL80>, <BRL81>, <RLB83>). 

For the integrable matrix Nahm equations (5.4.3-21), see <N82> (I 
wish to thank Mark Ablowitz for bringing these integrable matrix ODEs 
to my attention and for providing this reference). 

For the treatment of unharmonic (“quartic”) oscillators, see 
<BC2000b,c> (which we often followed verbatim in Sect. 5.6.5). The 
fimdamental observation that the matrix evolution equation (5 .4.4-3) or, 
equivalently, (5.6.5-1), is integrable generalizes the previous finding by 
V. I. Inozemtsev <I90>, that (5.4.4-3) respectively (5.6.5-1) are inte- 
grable when the matrices A respectively C are multiples of the unit ma- 
trix. 

The approach of the Exercises 5.6.5-19 and 5.6.5-20 is fiilly discussed 
and exploited in <CF2001>. 
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Appendix A: Elliptic functions 



In this Appendix, for the convenience of the reader and also to define our 
notation (there exist variations in the standard literature) we collect 
(without any commentary) some formulas for the elliptic functions asso- 
ciated with the names of Jacobi and Weierstrass. 

Jacobian elliptic functions. 



s = sn(M, k), c = cn{u, k), d = dn(M, k)\ 


( 1 ) 


VI 

VI 

o 

1 

II 

VI 

VI 

o 


( 2 ) 


+c^ =1, +d^ =1, d^ -k^ =^k'^ =l-k^; 


( 3 ) 


s' = d\^n(u,k)\l du = cd, 


(4a) 


c' = d \cfi{u,k)\l du = -sd, 


(4b) 


d' = d^in.{u,k)\[ du =-k^ sc; 


(4c) 




(5a) 




(5b) 


{d'Y =(i-d^){d^ +i-e)- 


(5c) 


{c/s) =-d/s^. 


(6a) 


{d/s) =-c/s^. 


(6b) 


s" = -s (d^ +k^ c^) = -Q. + k^)s+2k^ s^ , 


(7a) 


c" = -c[d^-e s^)=-{\-ie)s-iec^ , 


(7b) 


d" = -e d[c^-s'^]={2-e)d-d^ ; 


(7c) 
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sn(-M, k) = -sn(«, k), cn(-M, k) = cn{u, k), dn(-w, k) = dn(M, k)\ (8) 

sn.{u,k) = u-(i-vk^)u^ /3!+(l + 14^^ + k^^) / 5!+..., (93^) 

caiu,k)=l-u^ /2 + 0- + 4e)uU4\-{l + Uk^ +I6k^)u^ /6\+.,., (9b) 

da(u,k) = l-k^u ^/2 + k\4 + e)uU4\-k^(l6 + 44e+k^y (9c) 
Addition formulas of Jacobian functions. 

Sj = sn(M^. , k), Cj = cn(«y , k), dj = dn(w j , k), j - 1, 2, (10a) 

sn(Mi +U2,k) = (^1 c^d^+Cyd^s f)! D, (10b) 

cn(«j + ^ 2 , A:) = (cj Cj^-s.^d^s ^^df)! D, (lOc) 

dn(Mj -\-U2,k) = {d^dj^-k^ s^c^s 2cf)l D, (lOd) 

D^l-e si sf (lOe) 

Degenerate cases of Jacobian function. 
k = 0, k' = 1; sh(m,0) = sin(M), cn(M,0) = cos(«), dn(M,0) = l, (11a) 

k = l, k' = 0; sn(M,l) = t3nli(w), cn(M,l) = dn(M,l)=[smh(w)] \ (11b) 

Doubly periodic Weierstrass junctions. 
p(z) = p(z \ a, (d) = z~^ + } (1^) 



Here and throughout Appendix A: w = = 2o)m + 2a)'n, ^ /(w) is the sum 

over aU (positive, vanishing and negative) integers m,n, excluding only the single 
term with both m and n vanishing, m = n = Q (likewise for the product 

p(-z) = p(z), (13) 

^(z + 2mco + 2no)')=p(z). (14) 
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(o,(d' \ “semiperiods”. ! (d)^Q (typically: co' imaginary, co real, so 
that p{z) be real). 



p'(z) = dp(z|<y,(a')/dz = -2z ^-2^ (z-w) 


(15) 


P'((d)=0, 


(16a) 


P'(g)')=0; 


(16b) 


^ g-2 > ^"3 ) = P 6?') = p (z); 


(17) 


G)j =G), a> 2 = -G}-Q}', COj = 0)', fi}j + fi>2 + ^3 = 0> 


(18) 


II 

II 

}o 

OJ 


(19) 


(Dj = J dx{Ax^ -g^x-gf)~^'^, j = 1,2,3, 


(20) 



—00 



ej are the 3 roots of the cubic equation -g^x-g^=0, hence 



^2 '*’^2 ^3 "^^3 ^l) ~ Si ’ ®2 ^3 ~ ^3’ 

P(z) = z-h|;c,z^<‘-'>, ( 22a) 

k=l 

c, =g,/20, c, =^3/28, c, =3[(2^+1)(A:-3)]“'2 CjC,_j,k>^. (22b) 

y=2 

Differential equations. 

[p' (z)] 4 [p (z)] ^ - ^2 P (z) - Si , (23a) 

[p'(z)Y =4[p(z)-eJ [p(z)-e2][p(z)-e3] ; (23b) 

^'^(z) = 6[p(z)]^-g2/2, (24) 

p'" (z) = 12 p' (z) p(z). (25) 



665 




The last two equations imply, by induction, that the z -derivative of order In ot 
p{z) is a polyno mial (with z -independent coefficients) of degree n+l in p(z), 
while the z -derivative of order 2n+l of p(z) equals p'{z) times a polynomial 
(with z -independent coefficients) in p(z) of degree n . 



Addition formulas. 

p(z,+Z2)=|i[p'(Zi)-p'(Z2)]/[p(Zi)-p(Z2)]| -piz,)-p(zA, (26) 

1 P(2l) 

1 p{z,) ^'(z,) =0, (27) 

1 M^i+z^) -p'Cz^+z^) 

p(Zi -h Z2 ) = p (Zi ) - ^ ^ { [p' (Zi ) - p'(^2 )] / [p (Zj ) - P (Z2 )] }, (28) 

2 ozj 

p(Zi +Z2) = p(Z2)-i^{[p'(Zi)-p'(Z2)]/[p(Zi)-p(Z2)]}, (29) 

2 dZ2 

P (Zi + Zi ) + ^ (Zl - Zz ) = 2 p(Zi ) - ^ {log [p (Zi)-p (^2 )] }• (30) 

5zj 

Other formulas. 

p{z + 03j) = ej +(ej -ej (bj -ef)l[ p{z)-ej ], (31) 

where j,k,l are any permutation of 1,2,3 ; 

”i 1^ 

p(2z) = -2#)(z)+ ip'(z)/^'(z) ; (32) 

p(z/2) = p(z)+ {[p(z)-ej[p(z)-e^^,]}^ • (33) 

/=1,2,3 mod(3) 

Rescalings. 

p(Xz\jl(a,X(D’) = r^ P( z\cd,(d'), Z^O, (34a) 
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(A z I A fi), A du') = A ^ p' (z \a, (o'), A ^0, (34b) 

g^,X^ g^) = A~^ ^(z;g^,gj), At^O, (35a) 

p' {Az; Ar^ g2 , AC^ g3 ) = p' (z; g2 , gj ), A^O. (35b) 

Hence p(z\o),a)') depends effectively on 2, rather than 3, parameters: for in- 
stance, it could be considered a function of zlco and zlco' (or (o' ! (o). Likewise, of 
course, for p(z;g 2 ,g 3 ). 

Degenerate cases. 

(o =co,(o' - iTulila), Cj = 62 = /3, = -2a^ /3, (36a) 

p(z) = a^/3 + a^[sinh(az)]“^ ; (36b) 

(O = ca,(o' = ico, = 63 = 0, (37a) 

p(z)=z'\ (37b) 

“Sigma” and “zeta” Weierstr ass functions. 
cr(z) = <j{z = ^I~I {(l-z/w)exp[(z/w) + (z/w)^/2]}, (38a) 

4'(z) = ^(zjo,fi}') = z~^ - 1 -^ [(z-w)“^ +w“* +zw“^] ; (38b) 

^(z) = ^{z\(o,(o') = o-'(z) / a{z ) ; (39) 

C = -p[z]^{a''{z)(j{z)-[a'{z)Y}l]^{z)Y ; (40) 

cr(-z) = -o-(z), ^ (-z) = -^(z) ; (41) 

T] = !^{(o), 7]' = Ctjo'y, T]j = Ci(Oj), j = 1,2,3, (42) 

rj(o'-j ]'(0 = i7r/2; (43) 

a(z+2m(0+2nco') = (-)'"'^"^'"" cr(z)Qxp[{z +2m(o + 2n(o'){2mTj +2nr]')], (44) 
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^{z+2mo) + 2n(o') = ^{z)+2mr]+2nT]'\ 



(45) 



o-(z)=Z a„(?2/2)" (2^3)” ( 46 a) 

m,n=0 

ago = 1, = Oif m< 0 or«< 0 , (46b) 

am.n =(3^ + l)^?..i.„-i + (16/3)(n + l)a,_2.„^i -(m + n-l/3)(4m + 6«-l)a,_i,„, 

(46c) 

o-(O) = 0, o-'(0) = 1, o-"(0) = o'"'(0) = (0) = 0 ; (46d) 

4(z) = z-^-|; c,z^^-^/(2k-l). (47) 

k=l 

Relations among Weierstrass and Jacobian functions: 

<Tj (z\(D,(D ') = exp (~T]j z) a (z + coj , fi) ') / O' (o)j \ co,(d'), j = 1,2,3, (48) 

M = (e^ - 63 )'/^ z, (49) 

k '^ = (62 - 63 ) / (gi - ^2) 5 ( 5 ^) 

sn(M, k) = (gj - <7 (z\co,o)') / ct 3 (z|<5), <»') , (51a) 

cn(u, k) = (Tj (z|^y, o)')! a (z|®, fy ') j (5 lb) 

dn(M, A:) = <t 2 (z|fi), (d')I <j^ {z\(D, 0 ') ; (51c) 

[sn(M, A:)f = (gj - 63 ) / [p (z|®, ® ') - g 3 ] , (52a) 

[cn(«, ^)f = [p {z\a,0') - ]/ [p (z\a, 0 ') -e^\ , (52b) 

[dn(w, k)f = Ip (z|fi), 0 ') - g 2 ]/ [p (z|y;, 6 y') - g 3 ], (52c) 

[cn(«, A:) / sn(M, A:)f = (gj - g 3 )"^ [p (z|o, 0 ') -gj, (53a) 

[dn(M, A:) / sn(M, A:)]^ = (g[ - 63 ) [p (zjfy, 0 ')- ] . (53b) 
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Degenerate cases of Weierstrass functions. 
0)=co, 6)' = i7rl{2a), e^=e2=a^l3, e^=-2a^/3, 
<t(z) = a ~^ smh(az) exp (-a^ 2 ^^ /6), 

(f(z) = -a^z/ 3 + a cotanh(az) , 
and see (36); 

0}=co, 0)' = zoo , 6^=62 =6^-0, 
cr(z)=z, <^(z) = l/z, 
and see (37). 

Duplication formulas of Weierstrass functions. 
cr(2z)=-p'(z) [<r{z)Y , 

C(2z) = 2((_z)+^p’(z)/p{z), 



and see (32). 

Additional relations satisfied by Weierstrass functions. 

1 ^(Zj) ^'(Zi) ^"(Zi). . . p^^“"^(Zi) 

1 pi^i) pX^i) pX^i)- ■ ■ p^^~’^\zi) 

1 p(z^) p'(z^) 



_/ N(iV-l)(AA-2)/2 



= (-) 



fl«’ 



C"(Z^m)]nk(2„)] 









(54a) 

(54b) 

(54c) 

(55a) 

(55b) 



(56a) 

(56b) 



(57) 



Here N is a. positive integer larger than 1, and the N numbers z„ are of 
course arbitrary (but different among themselves, and different from zero, 
both properties being of course valid mod(2zy,2zy'))- Note that the right 

iV 

hand side vanishes if J^z,, = 0 ; indeed, for AT = 3 and Z 3 = -(zj +Z 2 ) , this 

n=l 

formula, (57), coincides with (27). For N = 2 it yields 
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o-(zi +Z2) o-(Zi -Z2) = [ct(zJY [o-(z^)Y [p(^2)-p(^i)l J (58a) 

whose logari thmi c derivative (with respect to Zj) yields 
^(Zj +Z 2 )+ 4 '(Zi - Z2 ) - 2 4' (Zj ) = p' (Zi ) / [^ (Zi ) - ^ (Z2 )] . (58b) 

[a^i)+a^2)-a^i+^2)]'+r(^i)+a^2)+a^i+^2)=o. (59a) 

^Zj +Z2)[a^i)+a^2)] + a^l -^2)[a^l)-a^2)] 

=a^,)+^^(zj+a^2)+^'(^2) 

+Z2)+4'^(z, +Z 2) + a^^ -^z)+^^(z, -Z2)]/2 , (59b) 

a^,K(z,)=a^, -z 2 )[ 4 '(^ 2 )-a^i)] 

-z,)+c\^, -z ,)]/2 , (59c) 

^(Zi +Z2) - C(^1 ) - 4 ^(^ 2 ) = ^ [p ' (^1 ) - P '(^2 )] / [p (^1 ) - P (^2 )] J ( 60 ) 

p(Zj +Z2) + M^,)+P(Z2 )=[^(Zi +Z 2 )- 4 '(Zi)- 4 '(Z 2 )f ; ( 61 ) 

C(^l ) + C(^2 ) + ^(^3 ) - ^(^1 + ^2 + ^3 ) 

= Cr(Zi +Z2)o-(Z2 +Z3) 0-(Z3 +Zi)/[ct(Zj)(T(Z2)0-(Z3)0'(Zi +Z2 +Z3)] ; ( 62 ) 

0 -(Zo +Zi)o-(Zq -Zi)ct(z2 +Z3)o-(z2 -Z3) 

+ 0 -(Zo +Z2)(X(Zo -z^)a{z, +Zj)o-(Z3 -Zi) 

+ cr(zo +Z3)o-(Zo -Z3)o-(Zi +Z2 )<t(Zi -Z2) = 0 . ( 63 ) 



This last formula, (63), contains 4 arbitrary variables, hence many other relations 
can be obtained from it, for instance by assigning special values (such as zero) to one 
or more of these variables, perhaps after having performed some differentiations. 
Some such formulas are displayed in <BC90>. 
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det[(7(x„ -y^ +a)/a(x„ -yj] 



o-(xi -yj +a)/o-(xj -Jj) cr(xj -^2 -^ 2) ■" +«)/°'(^l “>'iv) 

o -(^2 “^1 +^)/ o '(^2 -^2 “^ 2 ) "■ °'(^2 - y ^ ~ yN ^ 



k^^iV “^1 ">'2 ~yi^ "■ “^AT +«)/o’(^AT “>'Ar)| 



= o-[a + 5] (x^. -:j;^.)] k(«)f"' n - J'J]/ n • 

y=l n,m=l\n>m n,m=l 

(64) 

Here (and below) a(z) = a(z\(a,0') , a is an arbitrary constant and the 2N 
variables x„, y„ are also arbitrary (but different: x„ and y„ for 
n /n , and x„¥^y^ \ otherwise appropriate limits must be taken). The dili- 
gent reader will check that, for jy = 2, this formula reproduces (63) {hint: 
set « = Zi+Z 2 ,Xi =Zo,X 2 =Z 3 ,Vi =z^,y^ =z^). 

Z Z yi-H ^y)l[n n ^(yn-yi)]} 

n=\ l=\,l^n J=\ m=\ t=\,i*n 

=o-[z • (65^) 

y=l n=l 

Here the 2A^+1 variables z,x„,y„ are all arbitrary, except for the usual re- 
quirement that they be different, and it is moreover required that 

N 

Z ()^y “^/)^®’ mod(2(y,2fi)') . (65b) 

y=i 

If instead this condition does not hold, (65a) is replaced by the following 
N identities: 

Z [^i^-ym)-<fi.^n-ym)\[Y[ -^/)]/ [ R 

m=l j=\ 



= n k(^~^m)/^(^-J'm)L n = l,...,N , (66a) 

m=l 

Z (yj niod(2fi),2a)') . (66b) 

y=i 



671 




In the left-hand side of (66a) ^(x) = ^(x|®, 0 ') is the Weierstrass zeta func- 
tion, as defined above. Note that the right-hand side of (66a) does not de- 
pend on the index n , while the left-hand side does; this of course entails a 
number of additional identities. 

n=l 



y cr(z + xj (t{z + s-xJ \ X 
cr(z) a(xj a(z + s) 



(t(x,) 







cT(x„+yj) 

o-(jy) 



(67a) 



^ = Z (x„+yn) . (67b) 

n=i 

Here iv is an arbitrary positive integer, and z,x^,y„ are 2^+1 arbitrary 

(complex) numbers. For iV = l, up to trivial notational changes, this for- 
mula coincides with (62). 

N 

cotanh(z) + ^ [ cotanh(x„)-i-cotaiih(>’^)]-cotanh(z+5') 

n=l 



sinh(z + x^) sinh(z + .y-x^) 
^ smh(z) sinh(x^ ) sinh(z + s) 



n 






smh(x^) 

smh(x,-x„) 



n 



smh(x^+j;^.) 

sinhiyj) 



n=l 



( 68 ) 



y (x + xj {z + s-xj [ ^ x^ 

«=i ^x„ (z + i') [(x, -x^) 



(x„+yf) 



yi 



(69) 



These formulas, (68) and (69), are degenerate cases of (67), see (54) and 
(55); here of course 5 is given by (67b), and z,x„, y^ are 2iV+l arbitrary 
(complex) numbers. 






atxj)-Naxj+ £ c(xn-x,) 

_/=l 
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m=\,m*n l=\,l*n,l^m 



/=1 



o-(Z^/) o-(x„ -xj 



y=i 



t = lA....iV-2 . 



(70a) 



Here is an arbitrary integer larger than 2, N>1, the N numbers x„ 
are arbitrary (except for the requirement that their sum not vanish, 

N 

^x„?^0 ), of course ^(x) = ^(x\o!,cD'),a(x) = a(x\a),Q}'),t^(x) = i^(x\a},a}') are 



the usual Weierstrass functions, and we use the notation 

p^^\x)^d^p(x)fdx^ . 



(70b) 







( N \ 


^ N 


(i: + 2)(*.)-<“' = 






- Z 






l/=l ) 


l=\,lm 



M 



-a+2) 



N 


N 


f N 


-1 


+ Z 












J 





k = l,2,--,N-2 



(71) 



This last formula is the completely degenerate case of (70), see (37b) and 
(55b). 



A.N Notes to Appendix A 

Most of the formulas reported in Appendix A are standard, and can be 
found in any compilation of mathematical formulas, see for instance 
<E53> (which we mainly followed), <MT56> or <GRJ94> (but see also 
<WW27> and <BC90>). We could not find the very useful identities (A- 
59b,c) in the literature, and therefore we have provided a proof of them in 
Sect. 2.3.6.2 (see the last part of the proof of Proposition 23.6.2-7). The 
determinantal identity (A-57), as well as the sum rule (A-65) can be 
found in the classic textbook by E. T. Whittaker and G. N. Watson 
<WW27> (see pp. 458 and 451). The determinantal identity (A-64) is due 
to G. Frobenius <F1892>, and (A-66) is taken from a recent paper by F. 
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W. Nijhoff and G.D. Pang <NP96>; I am grateful to Frank Nijhoff for 
providing these references. We show in Sect. 3. 1.2.1 (see Exercise 
3.1. 2.1-9) how to prove the sum rule (A-67); we are not aware of its 
having being displayed elsewhere (not even in the degenerate trigonomet- 
ric/hyperbolic, or rational, cases, see (A-68) and (A-69)). Likewise, the 
procedure to prove (A-70) is indicated in the hint which goes with Exer- 
cise 3.1.2.1-10. For several other identities involving the Weierstrass 
sigma and zeta elliptic functions see the last part of AppendiK D. 
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Appendix B: Functional equations 



In Appendix B we review the results on functional equations obtained 
elsewhere in this book, and we also report and introduce some new find- 
ings and conjectures. 



Let us emphasize that, throughout, we focus on analytic solutions of the func- 
tional equations we consider. Nonanalytic solutions may also have an important role 
to play, see for instance Sect. 2.1.16, but they are not discussed in this Appendix B. 



The first fiinctional equation appears in Sect. 2.1.1, see (2.1.1-16); we 
write it here as follows: 

a{x + y){p(x) - p{y)] = a{x) a' iy) - a(y)a’(x) . (1) 

The unknown fimctions are a(z) and j3{z) ; as for the latter, in Sect. 2.1.1 
attention is restricted to even functions, j3{-z) = ^(z) . The general solu- 
tion (with this restriction) of this functional equation is provided and dis- 
cussed in Sect. 2.1.4; it involves elliptic fimctions (and their degenerate 
versions: trigonometric, hyperbolic, rational). 

The fiinctional equation 

[a{x + y)~ a(x) a(y)] [rj{x) - T]{y)\ = a{x) a'{y) - a{y) a'{x) , (2a) 

appears in Sect. 2.1.8, see (2.1.8-19); its general solution is provided and 
discussed in Sect. 2.1.11; it also involves elliptic functions (as well as 
their degenerate versions: trigonometric, hyperbolic, rational). 



As entailed by the contexts in which these two fimctional equations, (1) and (2), 
have been introduced, as well as from their structure, (1) can be considered a limiting 
case of (2) (in the same sense as nonrelativistic equations are the limit, as the speed of 
light goes to infinity, of relativistic equations of motion), although, in tiie functional 
equation context, the limiting procedure is not entirely trivial (it corresponds to differ- 
ent singular behaviors of the solutions at the origin, see Exercise B-2). 
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Note that (2a) can also be rewritten in the form 



a(x + y) [t]{x) - rj{y)\ = a(x) ju(y) - a(y) ju(x) , (2b) 

M{z) = a’(z) - a(z) 7](z ) . (2c) 

Moreover, in the process of solving (2), another equivalent functional 
equation has been introduced: 

a(x + y) = a(x) a(y) + <p(x) <p(y) y/{x + y) (3a) 

(see (2.1.11-23)). In contrast to (1) and (2), this ftinctional equation, (3a), 
features 3 a priori unknown functions rather than only 2 and, more im- 
portantly, it does not feature any derivative; it is indeed, obtained by inte- 
grating the functional equation (2). The general solution of this functional 
equation, (3a), is also provided in Sect. 2.1.11; of course it involves ellip- 
tic fiinctions, and their degenerate versions {trigonometric, hyperbolic, 
rational). 

Likewise, the following nondifferential fimctional equation can be 
obtained by integrating (1): 

a{x + v) = a{x) 6{y) + a(y) 0{x) + a(x) a(y) z(x + y) ; (4a) 

its general solution is, of course, also known {elliptic functions, and their 
degenerate versions). 

Many other avatars of these functional equations, (3a) respectively 
(4a), can be obtained by appropriate redefinitions of the dependent vari- 
ables. For instance the following functional equations are equivalent to 



(3a): 

a{x + y) / [a{x) a{y)] - iy(x + y) / [a){x) co{y)] = 1 , (3b) 

W{x) W{y) / 'P(x + y)~ 0(x) ^{y) / Q(x + y) = 1 , (3c) 

log[a(x + y) - a{x) a{y)] = f{x) + f{y) + g{x + y) , (3d) 

log[l - a(x) a{y) / a{x + y)J = /(x) + f{y) + h{x + y) ; (3e) 



b(x + y)- b(x) b(y) = lo^x) + p(y) + z <.>: + :!')] , 



(4c) 



exp{ a(x + y)/ [a(i) a(y )\ } = G(x) G(y) H(x+y). 



(4d) 



The keys to these transformations read as follows: for (3b), co(z) = a{z)!(p{z ) ; 
for (3c), T(z) = l/a(z), 0(z) = ^»(z)/a(z), Q(z) = ^(z); for (3d) and (3e) 
/(z) = log[^(z)], g(z) = log[^(z)], h{z)=\o^{z)la{z)\, for (4b) and (4c), 
p{z) = 6{z) / a(z) , b{z) = log[a(z)] ; for (4d) G{z) = exp[i0(z) / a(z)] , 

H{z) = exp[x(z)]. 



A functional equation that seems more general than (1) and (2a), since 
it features 3 dependent variables (functions of a single argument) rather 
than 2 , reads 

a(x + y) \pix) - /3{y)] = a{x) /(y) - a(y) y(x) ; (5a) 

but, in fact, this functional equation, (5a), is hardly more general than (1) 
and (2), since it essentially reduces to one or the other of these two func- 
tional equations (see Exercise B-2 below). 

Via appropriate changes of (dependent) variables, this fimctional 
equation, (5a), can assume other avatars, for instance 

m(x + y) / [m(x) u(y)] = [^(x) - ^(y)]/ [v(x) - v(y)] (5b) 

(via u(z) =1/ a(z) , v(z) = -y(z) / a(z ) ), or 

u{x + y) [u{x) w(y) - u(y) w(x)] = \/^(x) u^(y)- y/{y) u ^ (x) (5c) 

(via u{z) = l/cir(z) , w(z) = y{z)la'^{z ) , y/{z) = /3{z)l a‘^(z)). Hereafter we refer 
for definiteness to the version (5a). 



T his fimctional equation, (5a), admits the following trivial solutions: «(z) = 0 
with P{z) = -y{z) arbitrary; a{z) = A, P{z) = -y{z) , with A an arbitrary constant 
and y{z) an arbitrary fimction; P{z) = B and a(z) = y(z) with B an arbitrary con- 
stant and y(z) an arbitrary fimction. Hereafter we ignore this kind of trivial solutions, 
as well as those obtained from these by transformations such as those discussed im- 
mediately below. This kind of neglect of trivial solutions extends to all the fimctional 
equations discussed in this Appendix B, even though we do not bother to emphasize it 
in every case. 
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This ftinctional equation, (5a), is clearly invariant under tiie foEowing transfor- 
ination; 

a(z) = A a(a z) exp(b z ) , (6a) 

fi{z) = BJ3{az)+C, (6b) 

y(z) = B y{a z) exp(b z)-hD a(z ) , (6c) 

where the 6 constants A, B , C , D , a, b arbitrary. 

Exercise B-1. Verify that, if a(z), P{z), y{z) satisfy (5), so do a{z), p{z), 
y{z ) , as given by (6). 

Exercise B-2. Show that, as z -> 0 , the only possible behaviors of the analytic 



solutions of (5a) are (of course up to tiie transformations (6)) 
a(z) = z'‘ +0(1), yS(z) = z“^ + 0(z"‘), f(z) = -z"^+0(z’‘), (7a) 

a(z) = l + 0(z), ;ff(z) = -z-‘ + 0(l), Kz) = z“'+0(1), (7b) 

and that, in the first case, (7a), 

y{z) = a'{z) (8a) 

(so that (5a) becomes (1)), whEe in the second, (7b), 

y{z) = a\z)-a{z)P{z) (8b) 



(so that (5a) becomes (2), up to trivial notational changes). Hint firstly set 
y = -x+S, J->0,in (5a), to estabhsh (7); then set y = ^ -> 0 , in (5a), with (7a) 
respectively (7b), and thereby obtain (8a) respectively (8b) by equating the terms of 
order 8~^ with p = 1,1 respectively =1,0. 

Remark B-3. The condition that /?(z) be even, ;5(-z) = /3(z ) , selects automati- 
caEy the behavior (7a), hence the functional equation (5a) with this condition corre- 
sponds to (1). 



The third fimctional equation we report was introduced in Sect. 
2.3. 6.1, and its general solution is provided in Sect. 2.3. 6.2; it involves 
elliptic fiinctions, including of course their degenerate versions {trigono- 
metric, hyperbolic, rational). We write it here in the form (2.3.6.2-le): 

fix - y) b(x) - g-(y)] = {[g-(x) - g^O)] ^ + g'ix) + g'(y) }+ Kx - y) . (9) 
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The 3 dependent variables are of course /(z), g(z) and h(z); the treat- 
ment of Sect 2.3. 6.2 is restricted to ftinctions /(z) that are odd, 
/(-z) = -/(z), and to ftinctions h(z) that are even, h(-z)==h{z); note that 
either one of these two assumptions entails, via (9), the other one. 

The fourth ftmctional equation we review here was introduced in 
Sect 2.1.16.1; it reads as follows (see (2.1.16.1-3)): 

a'(x) a{x + y + z) - a\x + y + z) a{x) + a'(y) a{z) + a'{z) a{y) 

= a(y + z) \p^{x) + p^{y) + p^{z)-/3^{x+y + z)]. (11) 



Note that this ftmctional equation features 3 independent variables and 5 
dependent variables (ftmctions of a single argument). However, its known 
analytic solutions are rather trivial: 



a{u) = A cos(aM) ; 


Psid) = bs^ +^3-64=0, 


(lla) 


a{u) = A sm.(au ) ; 


Psid) = b^, b^+b^+bj-b^=^2. 


(11b) 



with A, a and arbitrary constants (5 altogether, since the sum of the 4 
constants is fixed). 



Exercise B-4. Verify! 

Remark B-5. Any nontrivial solution of the ftmctional equation (10), with the ad- 
ditional restriction 



Ps (-«) = -Ps id), s = 1, 2, 3, 4 , (12) 

would be of great interest, since to it there corresponds an integrable dynamical sys- 
tem, see Proposition 2.1.16.1-1. (The solution (11a) with = 0, ^ = 1,2, 3, 4, is of 

this type, and the corresponding integrable, indeed solvable, dynamical system is 
given by the Hamiltonian (2.1.15-16); the nonanalytic solution (2.1.16-1) with 
(2.1.16.1-5) is also of this type, and the corresponding integrable dynamical system is 
given by the Hamiltonian (2.1.16-12)). 



Exercise B-6. Prove that, if a{u) is even, a{-u) = a(u) , and the ftmctions P^{u) 
are all odd, see (12), then for every analytic solution of the ftmctional equation (10) (if 
any exists!) the 4 ftmctions P^d) are a// equal. 
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jt=1,2,3,4 . 



(13) 



Hint: firstly set y = -x, and then z = -x , in (10). 



The fifth fimctional equation we review here was introduced in Sect. 
2.1.14. It reads 

la'{x + y) \f{x)-f{y)]-a{x + y) \f'{x)-f'{y)] 

= cc{x) r{y) - oc{y) r(x) (14) 

(see (2.1.14-8)). This fimctional equation features 2 independent vari- 
ables and 3 dependent variables. 

Clearly if a(z) , f(z), y{z) satisfy this fimctional equation (14), so do 



a(z) = Aa{az) , 




(15a) 


f(z)=Bf(az) +C, 




(15b) 


y(z) =By(az)+D a(z) , 
with A, B, C, D, arbitrary constants. 
Exercise B-7. Verify! 




(15c) 


Two analytic solutions of (14) are known: 




a(z) = sm(z + c) , f(z) = cos(2 z+c), 


riz)=o, 


(16a) 


a(z) = sin(z + c) , f(z)= sin(2 z + c), 

with c an arbitrary constant. 

Exercise B-8. Verify! 


y(z) = 4 cos(z + 4 c) , 


(16b) 



Exercise B. 9. Show that a{x) = fi+x, f(x) = x{v+x), y(x) = 2 (v - //) 
with , V arbitrary constants, is, up to the transformation (15), the most 
general polynomial solution of (14) and verify that it can be obtained 
from (16) via (15) and an appropriate limiting process. 
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Conjecture B-10. Up to the transformation (15) (including its limiting 
cases), (16) provide all the analytic solutions of (14). 

Remark B-11. There exist, however, also nonanalytic solutions of 
(14), see (2.1.16-1,2,3,4). 

An interesting ftinctional equation that generalizes (14) reads as fol- 
lows 

2 a'{x + y) \f{x)-f{y)\-a{x^-y) \f\x)-f'{y)\ = a{x) r(y)-a(y) r(.x) . (17) 

It features, in addition to the 3 (dependent) functions a(z), f(z), /(z), 
the “eigenvalue” X . 

It is easily seen that this fiinctional equation, (17), is invariant (as well 
as (14)) under the transformation (15). 

Exercise B-12. Verify! 

Remark B-1 3. For 2 = 2, the functional equation (17) reduces to (14), 
and it therefore possesses the solutions (16); for 2 = 0, (17) reduces to 
(5a) (up to the notational change f(z) = ~p{z) ), and it therefore possesses 
the solutions of (1) and of (2a), see Exercise B-2 (this solutions involve 
generally elliptic fijnctions; they are displayed in Sects. 2.1.4 and 2.1.11). 

This functional equation, (17), possesses, for arbitrary 2, the solution 

a(z)=sin(z + Z7), /(z) = [sin(z)]^, y(z) =2 [sin(z)]^"\ (18) 

Exercise B-1 4. Verify! 

Conjecture B-15. For 2 t^ 0 and 2?^ 2, (18) is (up to the transforma- 
tion (15)), the general solution of the functional equation (17). 

Remark B-1 6. The additional requirement that all the functions, a{z ) , 
/(z), y{z), see (18), that satisfy the functional equation (17) be entire 
entails that the "eigenvalues" 2 are positive integers, 

2„=n, « = 1,2,3,... ; (19a) 
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the requirements that these solutions, (18), of the functional equation 
(17), all be meromorphic functions entails that the "eigenvalues" I are 
integers^ 

X^=n, n = 0, ±1, ±2, ±3,... . (19b) 



The notion of “eigenvalue” introduced here in the context of functional equations 
refers of course to the existence, when X is an eigenvalue, of nontrivial solutions of 
the functional equation, satisfying the additional specific requirement that character- 
izes the specific eigenvalue problem; in this instances, that (all the 3 fimctions that 
constitute) the solutions of the fimctional equation be entire respectively meromor- 
phic. 



Finally, let us consider a functional equation that clearly generalizes 

(17): 

+ y) [g(x) - g(y)] +a(x + y) [h{x) - h{y)] = a{x) r(y) - a(y) y(x) . (20a) 

This functional equation features 2 independent, and 4 dependent, vari- 
ables (fimctions of a single argument). Many other avatars of this fiinc- 
tional equation are obtained by changes of (dependent) variables, for in- 
stance 

a'(x+y) y>(x) rj(y)-(p(y) rj{x)]^a{x+y) \y/{x) Tj{y)-yx{y) t]{x)] 

= a{x) T]{x) - a(y) Tj{y) , (20b) 



(via (p{z) = g{z)ly{z ) , y/{z) = h{z) / y{z ) , 7]{z) = \!y{z) ), and 
a'(x + y) \p{x) p{y) - p{y) yo(x )] + a (x+y) [v(x) p(y) - v{y) p{x)\ 

= a{x) a(y) [p(x) - p{y)] , (20b) 

(via p{z)=a(z) g{z)/y{z), v{z)^a{z)h{z)l y{z) , p{z)=a{z)l y{z)). 



Exercise B-17. Verify that, if a(z), g(z), h{z), y(z), satisfy the functional 
equation (20a), so do 



a(z) = Aa(az) exp(6z) , 



(21a) 





g{z)=Bg{az) +C, 



(21b) 



h{z)=B [ah(a z)-b g(a z)]+D 

/(z) = aB /(a z) exp(6 z)+E a(z) , (21c) 

where A, B, C,D,E, a, b axel arbitrary coBStmts. 

It is plain that this ftinctional equation, (20a), possesses the following solutions: 
a(z) = 0 , no restriction on g(z ) , h(z ) , y{z) ; a'(z) = 0 , h(z) = -y(z) , no restriction 
on g(z) , y{z ) ; g'{z) = h'{z) = 0 , a{z) = y{z) , no restriction on y{z) ; as well as the 
solutions that obtain from these via (21). These trivial solutions are hereafter ignored. 
It is also plain that, if 

^'(^) = 0, (22) 

the ftinctional equation (20a) coincides, up to trivial notational changes, with (5a), 
whose nontrivial solutions, as we saw above, are the union of the solutions of (1) and 
(2), see Exercise B-2. Let us recall that these solutions involve elliptic fiinctions, see 
Sect. 2.1.4 and 2.1.11, and of course as well their degenerate versions: trigonometric, 
hyperbolic, rational functions. In the following we also exclude from consideration 
these solutions of (20a) with (22), as well as all those obtained from these via the 
transformation (21) (which preserves (22), see (21b)). 

Conjecture B-18. Up to the transformation (21), and excluding the trivial solu- 
tions detailed above as well as those associated with the condition (22), all analytic 
solutions of the functional equation (20a) read as follows: 

a{z) - sin(z + c) , g{z) = sin(z) y{z) , h{z) = -cos(z) y{z) , (23a) 

with y{z) an arbitrary (analytic) function; 

a(z) = sin(z+c), g(z) = cos(2z + c), ^(z) = sin(2z + c), y(z) = 0; (23b) 

a(z) =sin(z+c), g(z) =sin(2z+c), A(z) = -cos(2z+c), y(z) = 2cos(z -he) . (23c) 
In all these expressions, (23), c is an arbitrary constant. 

Exercise B-19. Verify that (23) satisfy (20a). 

Remark B-20. The additional solutions (23b) and (23c) are not special cases of 
(23a). 

Remark B-2L For the solutions (23b,c) the functional equations (14) and (20a) 
coincide, as demonstrated by the substitution 

r(4=»2y(z), (24) 
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which, also entail that (16a,b) correspond to (23b, c). 

Exercise B-22. Reobtain the solution (18) of (17) as a special case of the solution 
(23a) of (20a). Hint use the relation among g(z) and h{z) , which reduces (20a) to 
(17). 



B.N Notes to Appendix B 

The functional equation (B-1) is the first one to have appeared <C75> in 
the context of (the Lax matrix approach to) classical (i.e., non quantal) 
integrable systems; its general solution was exhibited in the same paper 
<C75>, and discussed in <C76a>, and also, more or less simultaneously, 
by A. M. Perelomov (see Appendix A of <OP76b>) and by S. I. 
Pydkuyko and A. M. Stepin <PS76>. 

The functional equation (B-2) was introduced and solved in <BC87>; 
a more detailed discussion of the general solution of this functional 
equation, and as well of (B-3) and (B-4), is given in <BC90>. 

The functional equation (B-5) is a special case of the more general 
(but in fact rather closely related) functional equation 



^i(x + y) 



(p^{x) (p^{y) ^ 
(Pj(x) (p^{y) 



(pS^) (pAiy) 

(p^{x) (p^{y) ’ 



( 1 ) 



(set (p^{z) = (p^{z) = a{z), (p^{z)^y{z), (p^{z) = p{z), (p^{z) = l). This func- 
tional equation, (1), is fully treated in the monograph <BB97b>, where 
the interested reader will find additional references on functional equa- 
tions of this type, such as <BP96>, <BK96>, BB97a>. 

The functional equation (B-9) is, to the best of my knowledge, new. 

The functional equations (B-10) and (B-14) were introduced in 
<CF96>. 

The remaining material in Appendix B is, to the best of my knowl- 
edge, new (including the introduction of the functional equation (B-17) 
with integer "eigenvalues", see Remark B -16). 
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Appendix C: 

Hermite polynomials: 

zeros, determinantal representations 



In Appendix C we collect a number of formulas for Hermite polynomials; 
this is only a representative sample, many other analogous results are 
available in the literature, not only for Hermite polynomials, but as well 



for all the classical polynomials, see Sect C.N. 

Hermite polynomials. 

[[«/2]l 

HXx) = nl'Z (-l)"h(«-2m)!]-'(2xr^", (la) 

m—Q 

Hq(x) = 1, ilj(x) = 2x, H2(x) = 4x^-2, i/jlx) = 8 x^ -12x; (lb) 

ff,(-x) = (-irff,(x); (Ic) 

fl-:(x) = 2«H,_,(x) = 2x/l,(x)-il„,(x), (Id) 

H:(x) = 2xH:(x) + 2nff,(x); (le) 

2 lf,(x)z"/H!=exp(2xz-z^), (If) 

n=0 

2 (z/2)"H.(x)H,(y)/«! 

n=0 

= exp{[ 2xyz-(x^ +y^)z^ ]l{l-z^)]. (Ig) 

Sum rules for the N zeros of Hermite polynomials: 

= ( 2 ) 

i; (3a) 

m=l^m^n 
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(3b) 



<7f =2(iV-l)/3-z,V3, (3c) 

<7™ -Z./2, (3d) 

(Tf =[ 2(JV+2)-z,^ ][ 2(N-\)-zl ]/45, (3e) 

erf =z,(2AT + l-z.^)/18; (3f) 

f^zl=N(N-\)l2- (4) 

n=\ 

I; (z.-z,y^=N(N-\)n . (5) 

m,n=\\m^n 

Remarkable matrices defined in terms of the N zeros z„ of the Her- 
mite polynomial (z) , see (2): the ( A^x )-matrices 

+0-~ ^nm)^n (6) 

Am = S„m Yu ~ “(I" ^nm)i^n ~ 2 (7a) 

1=1, l^n 

A„ =<J,J 2(iV-l)/3-z.V3 ]-(l-5„)(z,-z,r\ (7b) 

both have the first N nonnegative integers 0,1,...,A^ -1 as eigenvalues; the 
(ATxA/^)-matrix B_, 

B,.=6S„f^(z,-z,r-(X-S„)6(z,-zJ-*, (8a) 

l=\,l^n 



B„=S.,(2nS)[2{N + 2)-zl ][2(iV-l)-z; 6 (z. -zj-, (8b) 

is related to the matrix A, see (7), as follows: 



B = A(A + 2), (9) 

hence it has the eigenvalues (p^ -1), p=l,2,...,Ar; the (Hermitian) 

(A^"xA^)-matrix 



686 







^nmOP) = ^nm ^ ^ Sill^3 , (10) 

has the N zeros z„ , see (2), as its eigenvalues (for all values of the “an- 
gle” (p ; this result is of course trivial for = 0 ). 

It had been conjectured that, if one defined an (NxN)-ma.t[ix A in 
terms of N a priori arbitrary numbers z„ via (7a) and then required that 
this matrix A have the first N nonnegative integers as its eigenvalues, 
then the N numbers z„ would be determined and would coincide, up to a 
common shift, with the N zeros of the Hermite polynomial of degree N . 
But this conjecture has been disproved <C82b>. It has been likewise dis- 
proved <C82b> that the requirement that the (iV'xiV')-matrix defined 
by (6) in terms of N a priori arbitrary numbers z„, have the first N 
nonnegative integers as its N eigenvalues, determines uniquely the N 
numbers z„ (which would then coincide with the N zeros of the Hermite 
polynomial of degree N ; since if the N numbers z„ are so defined, then 
the (iVxiV^)-matrix N does indeed have the first N nonnegative integers 
as its N eigenvalues). 

Determinantal representation of Hermite polynomials, in terms of N 
arbitrary numbers : 

H^x) = det[ M^^\x I ^ ] , (11a) 



where the (i7xiV)-matrix | ^ ( a function of the variable x , and of 
the iV -vector x whose N components are the N arbitrary numbers x„, 
x = (xi,x 2 ,...,x^)) reads as follows: 

M™(*|^ = 2(X-fl) + (x-a(fl-2£a+2Ar(A:-^, (11b) 

X = diag[x. ] , X, , (11c) 

=<5. i (X, -x,)-‘ + (l-<y,.)(x, -x,)-‘. (lid) 

Other determinantal representations of Hermite polynomials - indeed, 
of all classical polynomials, and even more generally, of any polynomial 
characterized as the solution either of a linear differential equation or of a 
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linear recursion relation - can be easily manufactured, see Sect. 2.4.5. 5 
(for explicit examples see the literature quoted in Sect. C.N). 

Let us end this Appendix C by re-emphasizing that, although here we 
only reported results for Hermite polynomials, analogous, and also more 
general, results are as well available for all the classical polynomials, see 
Sect. C.N. 



C.N Notes to Appendix C 

The results reported (only for Hermite polynomials) in Appendix C are a 
representative, but incomplete, sample of diose that can be found in the 
literature (for all the classical polynomials: Jacobi, Laguerre, Gegen- 
bauer, Lagrange, besides Hermite); see firstly the standard compilations 
covering classical polynomials, for instance <S39>, <H65>, Vol. II of 
<E53>, and <GRJ94>, for the standard formulas (definitions of the clas- 
sical polynomials, differential and recursion relations, generating func- 
tions); then see (in addition, again, to <S39> for some key properties of 
the zeros) the following papers which introduced the main new ideas 
<C78a> and which provide overviews on the “new” results (zeros, re- 
markable matrices, determinantal representations): <C78b>, 

<ABCOP79>, <C80a>, <C81a>, <C81c>, <C82c>, <C84b>; and finally, 
if need be, see the following original papers: <C77a>, <C77b>, <C77d>, 
<ABC78>, <BC79>, <C80b>, <C82a>, <C82b>, <C85a>, <C85d>. 

For certain relations among classical polynomials in the limit in 
which certain of their parameters diverge see <C78d>, <C78e>. 

For certain results related with the limit in which the degrees of the 
polynomials diverge, so that their zeros fill a continuum distribution, and 
(the analogs of) the “remarkable matrices” become integral operators, 
see: <CP78b>, <CP78c>, <C79a>, <C79b>. 

For some results analogous to (some of) those presented in Appendix 
C for the zeros of Hermite polynomials, but featuring instead the zeros of 
combinations of Hermite polynomials, see <ABC78>. 

Finally, for some analogous results featuring the zeros of Bessel 
functions (of which there are an infinite number, in contrast to the poly- 
nomial case), see <C77c>, <C77e>, <AC78a>, <AC78b>, <AC78c>. 
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Appendix D: 

Remarkable matrices and related identities 



By remarkable matrices we mean matrices, generally defined by rather 
neat expressions containing many arbitrary parameters, which feature 
simple properties, typically an explicitly known spectrum given by a very 
neat rule, and often as well explicitly known eigenvectors also given by 
neat expressions. There generily follows the validity of identities, ob- 
tained for instance by writing in long-hand the eigenvalue equation satis- 
fied by the remarkable matrix, or by evaluating the traces of its powers, 
or its determinant, in terms of its eigenvalues. In Appendix D we report, 
with minimal commentary, a representative sample of such formulas. The 
developments that led to these formulas have been described in various 
places throughout this book, mainly in the parts treating Lagrangian in- 
terpolation, see Sect. 2.4 and its subsections (in particular, of course. 
Sect. 2.4.5 and its subsections), as well as Sect. 3.1 and its subsections. 

Hereafter, unless otherwise specified, indices run as usual from 1 to 
N , and numbers denoted as 6^ , and so on are arbitrary (possibly even 
complex) but distinct if n^m; 9m n^m; and so on; most 

formulas remain valid even if this condition is dropped, but in such cases 
suitable limits may be required). 

Proposition D-1. Define the (TVxiV)-matrix C{0) in terms of the N 
arbitrary “angles” 0^ by the neat rule 



= i 2 cotan(^„ - , ]fn = m, (la) 

1=1, l^n 

(0 = i - Om )]~^ 5 it n^m. (lb) 

Then the N eigenvalues c„ and the N (right) eigenvectors of this 

(NxN )-matrix C(0 , 

= , (Ic) 
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are given by the simple rule 



c^=2n-N-l, n = l,2,...,N , 



(Id) 



« L”’ ® = exp[ i (iV + 1 - 2 h) ] 



n 






1-1 






(le) 



Proposition D-2. Define the (iyxiy)-matrix d(&) in terms of the N 
arbitrary “angles” 0„ by the neat rale 



Cnm(B =C„Ji) = i S cotan(^„ -0i), ]ln = m, (2a) 

Z=I,Mn 

(0 = i cotan(^„ - 0^) , (2b) 

Then the A^-i (hence, all but, at most, one) eigenvalues c„ of this 
(ATxi\r)-matrix C(0 , and the corresponding right eigenvectors , 

= , n = l,2,...,N-\, (2c) 

are given by the simple rale 

c„=2n-N , n = l,2,...,N-l, (2d) 



= exp[i(AT-2n)^^] 



f[ sm(0^-0,) 



« = l,2,...,iy-l; 



(2e) 



and these N-l eigenvectors are also eigenvectors, all of them 

with zero eigenvalue, of the matrix J defined by the simple rule that all 
its elements are unity: 

•/_=!, (2f) 

=ZS;L'’(® = 0, n = l,2,-,N-l, (2g) 

which also entails the (obvious) matrix identity (see(2a,b) ) 



JC(i) = Q 



(2h) 
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Moreover the (iVxiV)-matrix C(^ possesses obviously the eigenvalue 0, 
with the left eigenvector u characterized by the simple rule to have all its 
components equal to unity: 





(2i) 


u C(d} - 0 ; 


(21) 



while of course u is also an eigenvector of J_ (of course both right and 
left, since J_ is symmetrical), with eigenvalue N : 






(2m) 



Hence if iV is odd, the matrix C(^ possesses the N distinct eigenvalues 
-{N -2),-{N -A,N ~2 , and it is therefore diagonaliz- 
able; while if iy is even, it possesses the N-\ eigenvalues 
-{N-2),-{N -A),...,-2,Q,2,...,N -A,N -2, and, iff it is diagonalizable, the 
eigenvalue 0 has multiplicity 2 (but, for N even, C(^ need not be di- 
agonalizable; for instance for = 2 



C(0 = i cotan(^j -6f) 



(I 

.-1 



n 

-1 



(2n) 



and the only case when this (2x2)-matrix is diagonalizable is when it 
vanishes identically, namely if 6^ -0^ =kI2 mod(;r)); while the matrix 



A{^a,p,y)=al + Pf-vyCfff) , 


(2r) 


has, in addition to the N-l eigenvalues 




a„=a + y(2n-N), n=l,2,...,N -1, 


(2p) 


the eigenvalue 




a„ =a + j3N; 


(2q) 



and if these N eigenvalues are distinct, it is of course diagonalizable. 



Remark D-3. The similarities and differences among the results of 
Propositions D-1 and D-2 should be emphasized; note in particular that. 
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for any given N , their eigenvalues and eigenvectors are different, for in- 
stance for odd N the N eigenvalues c„ of C(0 are even integers, see 

(Id), while the A'^-l nonvanishing eigenvalues of Off) are odd integers, 
see (2d); and this in spite of the fact that their diagonal elements coincide, 
see (la) and (lb), hence their traces also coincide; indeed both their traces 
vanish, 

trace[ C(ff) ] = trace[ C(ff) ] = 0 , (3a) 

consistently with the symmetrical location of their (real!) eigenvalues to 
the left and the right of zero, and also consistently with the trivial identity 

^ cotan(<9„ - ) = 0 . (3b) 

Proposition D-4. Define the (iVxiy)-matrix M(ff) in terms of the N 



arbitrary “angles” 6^ by the neat rule 

= “ Z! ) sin(^/ ) < H H = TH , (4a) 

MJff) = -cos(^„)sin(^J/ sin(0„ -0J, Mn^m. (4b) 

Then the N eigenvalues //„ and the N eigenvectors of this 

(NxN )-matriK Miff) , 

Miff) iff) = iff) , (4c) 

are given by the simple rule 

p^=n-\ , , (4d) 

v«(0 = [cos^j- r n • k) 



Remark D-5. Note the possibility to generalize/reformulate these re- 
sults, see (4), by shifting the arbitrary “angles” (which are all obvi- 
ously defined mod(2;r)) by an arbitrary (common!) amount 0, 0„ -^0„ +0 
(and then perhaps setting 0=n:ll to get a neater result). Also note the 
isospectral character of all these three (iVxAr)-matrices, C(0, Off) and 
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M{6^, as manifested by the independence of their spectra, see (Id), (2d) 
and (4d), from the N parameters 6 „ . 

Proposition D-6. In addition to the trigonometric identities implied by 
(Ic) with (la,b,d,e), by (2c) with (2a,b,d,e) and by (4c) with (4a,b,d,e), 
there also hold the following sum rules: 

f cotan(O,-0Jcotan(0,-6i,) = ~N^(N-l)(N-2)/3 , (5a) 

N 

£ cos" 0, sine, sine, [sin(e, -e.) Sin(e, -e,)]-‘ = JV(JV-l)(JV-2)/3 , 

n, m,l=l; n^m, m^l, l*n 

(5b) 

f 5in(2ejsin(e. +e,)[sin(e. -e.) sin(e, -e,)]-‘ ^-2N(n-\w-i)I3, 

n,m,l=l; n^^m, m^l, l^n 

(5c) 

S +^,)[sin(e, -e,)sin(e, -e,)]-* ^if{N-i)(N-2)n, 

n, m, /=1; m^ly l^n 

(5d) 

Z +®i)[sm(f. -e,)sin(e. -e,)]“' = 0 . (5e) 

n, mj=l; n^m, mH, l^n 

Remark D-7. Other identities can be obtained from these by shifting 
{all the) arbitrary quantities 6^, namely by replacing 6„ with 6^+9 (pos- 
sibly with 6 = kI1 or 6-nlA or 6 = tuI^, to get neater results); in this 
manner one can, for instance, replace the sines with cosines and the co- 
sines with sines in the numerator in the left hand side of (5b,c,d,e). And 
of course other identities may be obtained by combining those displayed 
above with one another as well as with those obtained by such shifts. 

Proposition D -8. Define the (iVxiV)-matrix and Bp9,a), and 

the N iV -vectors w^”^(0, in terms of the 2N+1 “angles” 9„, (p^, a, by 
the neat rules 

n thl(^ 2 ^«-^/)/sin(^«-^/)] , (6a) 

1=1, l^m 
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ma) = m + cc,S), = H +a)lsHS. (6b) 

l=l,l^m 

i£^W = exj,[i(2n-N-l)0j; (6c) 

there hold then the following identities: 

Kfj^) /? =1,2,3,... , (6f) 

[msY-Km-, (6g) 

{(p) = Rjjp, 0 ; (6h) 

5(^0) =1; (6i) 

M,J3) = B(0,/3) m>a)=^M,a +fi), (61) 

n =1,2,3,... , (6m) 

j=i i=i 

\m^~' =^M.-cc)\ 

= /?„(«) (6o) 

= exp[i (2«-iV-l) or] ; (6p) 

trace[5(^,a)] = sin(A''a)/sin(a), (6q) 

trace Y[ =sin(iVj] aj/sin(2) aj; (6r) 

_ ^=1 _ j=i j=i 

det[h(^a)] = l . (6s) 



Remark D-9. The N eigenvalues p^{a) of the (NxN)-m 2 itnx B(^a) 
are independent of the N parameters 0^ , and its N eigenvectors (0 
are independent of the parameter a (see (6o), (6p), (6c) ); hence any 
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change of the parameters 0^ entails for M^a) an isospectral deforma- 
tion, as displayed by the formula 

, (6t) 

5 (£, a) = R{^, 0) B(0, a) R(0, £) . (6u) 

Remark D-10. The following trigonometric identities are merely ex- 
plicit versions of some of the formulas written above (specifically: (6q), 
(6r), (6o,p), (6g), and (6f) an (6e)): 

Z n [sin(^„-^;;,+a)/sin(^„-^;„)] = sin(Ara)/sm(a), (7a) 

n=l m=l,m^n 

n |e n -^n., +(^s)/sm(0„^ -^, )]| 

■A ^ 

= sin(i72, aJ/sm(J^ a J , n,=n^, p = 1,2,3,... ; (7b) 

^=1 j=i 



Z 



cos[m(^„ -01+ a )] n 

k=\Ml 



0,^+a)IM0i-0k)] = ^, 



m = iV-l,iV-3,i7-5,...,l or 0; 



n = \,l,...,N : 



N 

Z sin[w(^„-^;+a)] 



/=i 



n 

k=\Ml 



^^+a)/sin(^;-^^)] = 0. 



(7c) 



m=N-l,N-3>,N-5, 



,lor0; « = l,2,...,i7; 



(7d) 



z 

M 



z 

l=\ 






N 

1 

k=i,k^m 



n [sm(^«-^y)/sin(^/-^/)]i] IT 



^nm’ 

(7e) 



n [sin(^„-7;)/siii(77;-77^.)]i] H [sm(7z -^fc)/sin(^3„ -^i)] 



= 1 . 



[M’M 



[k=l,k*m 



(7f) 



Several other trigonometric identities are implied by the other formulas 
written above. 
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Proposition D-IL The (atx Ar)-matrix Q(0,r), defined in terms of the 
iV'+l arbitrary “angles” y by the neat rule 



Qmr) = cos(0„-0^-hy), 


(8a) 


has the 2 eigenvalues 




q^-'^{0,r) = {NI2){ cosy±[-sinV + r2(0p } » 


(8b) 


q^-'^{0,y) = {NI2){ cosr±[-cosV-2ri(^F'" } , 


(8c) 


cos[2(^„-^j] = l-2ri(0, 

n,m=\ 


(8d) 




(8e) 



n,m=\ 



and all its other eigenvalues (if any, namely if N>1) vanish; the 4 
[(2A0x(2A0]-matrices Q{6,y\ct,t) with o- = +l,-l and r = 0,l, defined in 
terms of the matrix QiO^y) , see (8a), by the neat “block-matrix” rule 



Q{0jr,(T,T) 



mr) 



o-Q(^,r + 7r/2f 

mr) 



cr = +l,-l, r = 0,l, 

(9a) 



have the 2 eigenvalues exp(±fy), and all their other 2N-2 eigenvalues 
vanish] and they satisfy the neat relations 



Q{G^a]<7,T) Q{9,P]a,t) = Q{6^a + P](T,T). 



Remark D -12. The 2 nonvanishing eigenvalues of the (i\TxiV)-matrix 
Q{0,r), see (8a), depend on the N parameters 0„ only via the single 
quantity (or yi(0), see (8b,d) (or (8c,e)); the 2 nonvanishing ei- 
genvalues of the 4 [ (2 AO X (2 ]-matrices g(^y;<r,r), see (9a) with (8a), 

are independent of the N parameters 6 ^ , hence their variation when these 
parameters change is isospectral. 

Proposition D-13. There holds the following trigonometric identities: 



696 



(10a) 



trace) |g(ar)]' }= Z fl +r) 



hn]\ 

r=0 






{cos,yY ^'’[-sinV + fad)]'^ 




(10b) 

(10c) 



where is an arbitrary positive integer, =1,2,3,... , [[p/2]] is the inte- 
ger part of pH (namely [[p/2]] = p/2 if p is even, [[p/2]] = (p-l)/2 if 
P is odd), and the quantities , yi(i0 are defined by (8d,e) in terms of 
the N arbitrary “angles” . 



Proposition D-14. Let the (iVxiy)-matrix 
be defined as follows: 






{q-,q),_, icq-"' - 1 ) {cq~^^\q\_, (q-,q)^, 



p+l^r+2 



( ^ ^ ^n—m 

cq ,cq , 



(\ , a^. 



\cq ,cq ,Oj,02,...,o^, 






(lla) 



where 



ia\q)i=\\(^-aq') = (i-a)Q.-aq)(^-aq^)--(X-aq^^), {a\q)^=Y (Hb) 



and is the basic hyper geometric function, 



O, 






^1 ’ ^2 5 ”'5 ^ p ’> 



q,z 



= Z 

y=o 



{ay,q)j{ai',q)j"-{ap\q)j 

{by,q).{bp,q).-{b/,q).{q\q)j 



(lie) 



The N eigenvalues //„ = fi^{a^,a^,...,ap\b^,b^,...,by,c-,q\z) of this matrix, ^d 
the corresponding eigenvectors yl’'\q), 






(lid) 



are then given by the following neat rules: 



LI =C"'" O 

“w V i 



A A A 



(lie) 
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m ^ 



(Ilf) 



Here p and r are two arbitrary nonnegative integers, and 
a^,a^,...,a^;b^,b^,...,b/,c;q;z are p+r+3 arbitrary complex numbers (up to 
the obvious restrictions required by the definitions given above). 

Remark D-15. For iV = 2, by equating the trace respectively the de- 
terminant of M, see (11a), to the sum respectively the product of its 2 
eigenvalues, see (lie), one gets the following (rather trivial) linear re- 
spectively (perhaps less trivial) quadratic identities relating “contiguous” 
basic hyper geometric functions (see (11c) ): 






c, a; 



\ 

q,z 

J 



+ (l-cq) 



^cq^,q;, 

^cq,t, 



q,z 



= 0--q) 



(J) 



a; 

k. 



q,z 






k 



q,zq 



(12a) 



respectively 



(c-q)il-cq) 



c, ^ 

-I . 



,k 



/7+l*^r+I 



^cq^,g;, 

^cq,k 



q,z 



+q(f-cf 



p+\ ®r+l 



cq, a; 

V c,k 



q,z' 






( ^ 


1 


O 

1 ^ 


a; 


\ 




z 




q,zq 








^k 


J 



(12b) 



Here of course a denotes the arbitrary p -vector of components , and 
likewise b denotes the arbitrary r -vector of components b^ (with p and 
r arbitrary nonnegative integers). 

Proposition D-16. Let the (A^xiV)-matrix 
be defined as follows: 






(N-iy.(n-m-r)(r~If+l)^i(m-l)l''*^ ~V+n-Afy+n-m+l,A.A PA ) 

(13a) 



where 
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(13b) 



(a); =1^ {a+s)=a{a + \){a + 2)'“{a-¥l-\) , (a)o=l. 

^=0 

and is the stxnAsiAhypergeometric function, 






t'c£„tX2,‘",Ctp, ^ (^l)y (^l)y 

p/)h (A),(A);-(A),l! 



(13c) 



Then all the N eigenvalues of this (nondiagonalizable) (JVxiV)-matrix 



^1 J ^2 ’ 



, see (13c). 



coincide with the hypergeometric function I 

Here p and r are two arbitrary nonnegative integers, and 
a^,a^,...,ap\/3^,p^,,..,l3/,Y\z are p+r+2 complex numbers (up 

to the obvious restrictions required by the definitions given above). 

Remark D -17. For N = 2, by equating the trace respectively the de- 
terminant of M, see (13a), to the sum respectively the product of its 2 
(equal) eigenvalues, see (13c), one gets the following (relatively trivial) 
linear respectively (perhaps less trivial) quadratic identities relating 
“contiguous” hypergeometric functions (see (13c)): 



(1-r) 



( r,a; ) 


+ (l + y) 


V + 2,«; ^ 

z 


= 2 F 


z 


1— H 

1 


V / / /7+-1 r+1 


[r+li, j 


P r 


J 



(14a) 






^ r,s 




V+2,^ ^ 


0 


■ 


y+\cc, '' 


2 


~ 


V.s '| 


[y-kBl 


w 

p+l*^ r+1 




n 


W 

p+r r+l 


rS i 




P^r 





(14b) 



Here of course a denotes the arbitrary p -vector of components , and 
likewise ^ denotes the arbitrary r -vector of components (with p and 
r arbitrary nonnegative integers). 

Proposition D-18. Let the (FxF)-matrix = W^^^( 0 ; 0 q;cd^,g) 2 ;co) 
be defined as follows: 



W„^f^^(-iyexp\-2(p/N)rj 



0^+po) + ^ (0„-0j) 

/=! 



• H^n - A + ^0 + 2 (p / F) (d]I a(0o )} • 
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(15a) 



■ n [a{e,-e,+2{piN)m\i<T{e,-e,)}, 

where a{z) = a(z [ is the Weierstrass sigma function, see Appendk 
A, CO coincides with one of the two semiperiods, co^, of these sigma 
functions, ?/ is the corresponding complementary quantity, see (A-42), 
the A^+1 numbers 6^, 0^ are arbitrary and p is 2 l positive integer defined 
mod(iV) . Then )-matrix satisfies the matrix formulas char- 



acteristic of a shift operator, 

(15b) 

^(pi)^(pz) ^^(pi+pz)^ (15c) 

trace[ J = , p = 0,±l,±2,...mod(JV) , (15d) 

det[r^'’^ (15e) 

and its N eigenvalues are given by the simple expression 

euptliTT pn! N) , n = \,2,...,N . (15f) 



Remark D-19. The relations (15d) and (15c) yield via (15a) the fol- 
lowing identities: 

2] eXp(-2/777^J Y[ 

n=\ m=l, m^n 



= do,Nexp[ 2{plN)p{6^ +p(o-Y,0j) ] , (16a) 

M 

2 exp[ 2 p/ 7 (^„ -9i)][cT{9n ~9i +9^ +2o)ql N)lcTi0„ -9^ +2a)ip+q)/ N)]- 

i=i 

’[a(0i -9^ +9 q +2(bpIN)[g{9i - 9„ +2wp/N)l 
Yl {<y{9„-9i^+2o)q I N)<j(0i -01^+20) p/N)- 

k=l,M 

■[ oie^ -e, +2ffl(p+?)/A0 <T(0, -e.) ]-■ } 
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= QY:^{-Ari(Dpql N)\ ct{9q)I ( 7{lcopl N)\ . 



(16b) 



Here is an arbitrary positive integer, N>2; p and q are two arbitrary 
integers, defined mod(iV); the N+\ quantities 6^, 0^ are arbitrary (possi- 
bly complex) numbers, up to the restrictions required to make proper 
sense of these formulas; g{z) = g{z [ is the Weierstrass sigma func- 
tion, see Appendix A, with semiperiods , co^, while a coincides with 
one of these two semiperiods and 77 is the complementary quantity to a, 
see (A-42). The indices n, m m (16b) can take N integer values from 1 
to N ; and since this is as well true for p and q , the formula (16b) entails 
in fact identities. 



Remark D-20. For N = 2 , the formula (15e) with (15a) and p=l (and 
0 = 6^-6^) yields the identity 

g(0 + 0q +0)) g{9-8q -a>) G^ (q}) - g{ 0 + co) g(0-g)) g^{0q +0)) 

= g‘^{0) g^ (0^ ) exp[2 T] (0^ + Q})] . (17) 

Proposition D-2i. There hold the N identities 

sun ]/[ (a^-xbj n ] } 

OT=1 l=l,[^n 

= [ n ]/[n 5 n = l,2,...,N . ( 18 ) 

k=l 

Here a^,b^,c„,d^,x are 4N+1 arbitrary numbers (up to the obvious re- 
strictions required to make good sense of (18)). 

Remark D-22. The identities (18), whose left hand side corresponds 
merely to the "partial fractions" decomposition of the product in the right 
hand side, provides a convenient tool to identify "sums which can be 
transformed into products". 
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D.N Notes to Appendix D 



The original idea to identify “remarkable matrices”, in the specific sense 
used herein, should be perhaps traced to <C78a>; see also <C77a>, 
<CP79>, <ABCOP79>, <C80b>, <C80c>, <C81b>, <BC81>. A more 
complete fruition of these ideas came via the connection with the stan- 
dard theory of Lagrangian interpolation; for an overview see <C84b>, for 
explicit applications (also involving basic hypergeometric functions) see 
<C86b> and <C88>; for a more elementary treatment (aimed at computer 
applications), see <C97a>, <C99a> and <C95d>. A final boost to this ap- 
proach came from the connection with the generalized theory of Lagran- 
gian interpolation <C93a>, see <C98b> and some of the findings in this 
book (mainly in Sect. 3. 1.2.1; see also some of the identities reported in 
the latter part of Appendix A). 

The remarkable matrices, and related trigonometric identities involv- 
ing angles that are rational fractions of n, obtained in <CP79>, are re- 
ported in Sect. 15.823 of <GRJ94> (where two different notations, 2® 
and , and likewise and , are used for the same quantities); some 
of these findings are special cases of results reported in Appendix D, in 
particular the matrix A defined in Sect. 15.823 of <GRJ94> coincides 
with A{^a,/3,y), see (D-2o), in the special case ^tuuIN, a = -1, p = l, 
r = l, thanks to the (obvious) identities 

N 

^ cotan[;r(« - m)/N] = 0 . (1) 

m=i,m^n 



Not all the formulas obtained in the papers quoted above are reported 
in Appendix D; but we trust the selection reported there, which comes es- 
sentially, and in this order, from <C97a>, <C84b>, <C99a>, <C95d> 
(whose results are reformulations and simple generalizations of those 
given in <C85c>, <C86b>, <C98b>), is sufficiently representative to pro- 
vide a fair idea of the formulas that may be found (with their proofs!) in 
the papers quoted above, and, perhaps more importantly, of the kind of 
identities that the alert reader may uncover by using the techniques de- 
scribed in those papers and in the relevant sections of this book. And, of 
course, the materM contained in the preceding Appendix C, and in the 
references quoted in Sect. C.N, provides additional examples of remark- 
able matrices and of related identities. 
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Appendix E: 

Lagrangian approximation for eigenvalue problems 
in one and more dimensions 



In the last part of Chap. 2, and in the first part of Chap. 3, a finite- 
dimensional representation of the operator of differentiation is introduced 
and its relation with the technique of Lagrangian interpolation is eluci- 
dated. In Appendix E we tersely outline the possibility to exploit such a 
representation in the context of numerical aniysis, in particular to evalu- 
ate the eigenvalues of differential operators. Our purpose here is merely 
to introduce the main idea in the simplest context; the readers who are 
interested in pursuing this approach are referred to the literature (see Sect. 
E.N), although it should be made immediately clear that much more can 
probably be done than has been done up to now. This is likely to be espe- 
cially true for applications in the multidimensional context, based on the 
results reported in the first part of Chap. 3; while our presentation here is, 
for simplicity’s sake, mainly focussed on the one-dimensional case 
(Sturm-Liouville eigenvalue problems). Let us also mention that the tech- 
niques of Chap. 3, including in particular the consideration of time- 
dependent nodes and of their time evolution, might have other interesting 
applications in nxunerical analysis, for instance in the context of fluid me- 
chanics; but we are then talking of (possible) developments. 

Consider the Sturm-Liouville eigenvalue problem 

^2 (^) wit (^) + Cl (x) y/l (x) + Co (x) (x) = (x) , (la) 

in the finite interval a <x<b, with boundary conditions 

¥M = y^„,{b) = o. (lb) 

Assume that all the eigenvalues are real and that they are bounded 
below, so that they can be ordered as an increasing sequence, 

r m=l,2,... . (2) 

Generally this ordering corresponds to the property of the eigenfunction 
y/^(x) to posses m-1 zeros inside the interval (a,b). 
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We now set 



¥m W = {x-a){x- b) (p^ (x) , (3) 

transforming thereby the eigenvalue problem (1) into the equivalent 
problem 



(4a) 

(p^(x) regular at x = a and x^b, (4b) 

where A is the differential operator (singular at x = a and x = b) defined 
as follows: 

A = a 2 (x) (d / dxf' + (x) (d / dx) + «o W (5a) 

where 



a^(x) = C2(x), (5b) 

(x) = Cy (x) + 2 [(x - a)"* + (x - by^ ] C 2 (x) , (5c) 

ao(x) = Co(x) + [(x-a)"^ + (x - 6) ] q (x) + 2 [ (x - a) (x - 6) ] (x) . (5d) 

Exercise E-1. Verify! 

Let us moreover assume that the functions c^ix), qCx) and C(,(x), see 
(la), are entire and that c^ix) has no zeros (even for complex x). This 
implies that any solution ^^^(x) of (la), hence as well the eigenfunctions 
¥mi^) of the eigenvalue problem (1), are entire functions of x. This is, of 
course, not the case for the generic solution g){x) of (4a) with (5), that 
generally has simple poles at x = a and at x = b, see (3). But the eigen- 
functions <p^(x) of (4) with (5) are entire; indeed they, and the corre- 
sponding eigenvalues are determined by the requirement that the sin- 
gular Sturm-Liouville equation (4a) with (5) possess an entire solution 
(see (4b), itself implied by (3) with (lb)). 

Let us now associate to the differential operator A, see (5), an 
(NxN )-matrix A , via the replacement x X , d! dx^D, 

+a,(X) D + a^{X}, ( 6 ) 
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with X respectively D defined by (2.4. 1-1) respectively (2.4. 1-2), 



X = diag(x„;H = l,2,...,iV), 


(7a) 


i=i 


(7b) 


in terms of N distinct, but otherwise arbitrary, numbers x„ . 
N eigenvalues of this {N^N )-matrix A : 


, Let fl„ be the 


n = \,l,...,N. 


(8) 


These eigenvalues, , need not be (all) real, since the matrix A need not 
be Hermitian (see, however, below). Indicate by those eigenvalues 
which are real. 


5 ^^al. 


( 9 ) 


and order them in increasing order. 




— ^m+1 ’ 


( 10 ) 


(see (2) ). 





It is now plausible to conjecture that, for sufficiently large N , and 
small m , the m -th real eigenvalue of the matrix A provides an ap- 
proximation to the m-th (real) eigenvalue of the Sturm-Liouville 
problem (1), 

“small”, N “large”). (11) 



Indeed, if the eigenfunction <p^ (x) is a polynomial of degree less than N , 

coincides with (or at least it coincides with an eigenvalue of (1); and the ordering 
conventions (2) and (10) support then the conjecture (11) ). 

Exercise E-2. Review the results that imply the validity of this statement. Hint. 
see Corollary 2. 4. 1-4. 

But the requirement that identifies the eigenfunction of (4a) is the condi- 

tion that this function be entire. An entire function is generally well approximated by 
a polynomial, the more so the higher the degree of the polynomial is (note that, pre- 
sumably, the accuracy of the approximation in question refers to a comparison limited 
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to the real interval a<x<h,oi perhaps to its neighborhood in the complex x -plane). 
Hence it is reasonable to expect that, if (p^{x) is generally (for large enough iV) well 

approximated by a polynomial (of degree less than N ), since would exactly coin- 
cide with if (p^{x) were exactly a polynomial (of degree less than N), than, for 
large enough N , will generally approximate well. 



The conjecture (1 1) is reinforced and made quantitative by the (non- 
rigorous but plausible <C83b> <C83c>) estimate 

1 4 -KW\i\K \ “ ( 12 ) 

Note that the convergence at large N of X^{N) to X^ entailed by this 
formula is quite fast. 



For a justification of this formula, (12), the interested reader is referred to the lit- 
erature <C83b>, <C83c>, <C84b>. 

Note that, in (12), we wrote X^{N) in place of to underline the dependence 
of this number on N . This quantity, X ^ , depends moreover on the choice of the iV , a 
priori arbitrary, numbers x„ that enter in the definition of the two matrices X and 
see (7) (indeed to obtain the estimate (12) the assumption is made that the nodes 
are equispaced in the interval {a,b) ). The dependence on the values of these pa- 
rameters x„ is however expected to be weak: indeed when g}^{x) is a polynomial (of 
degree less than N ), the exact result for the eigenvalue is obtained for an arbitrary 
choice of the N numbers x„ . But in any case the freedom in the choice of the N 
nodes x„ can sometimes be taken advantage of, as it were a priori: for instance 
sometimes an appropriate choice of these N parameters x„ can guarantee that the 
(iVxX)-matrix A be Hermitian, hence that all its eigenvalues a„ be real, clearly a 
desirable feature. 



The advantage of this method to evaluate numerically the (first few) 
eigenvalues of a Sturm-Liouville type problem reside in its simplicity and 
efficiency. The simplicity is evidenced by the fact that the problem to 
compute the eigenvalues of a differential operator gets transformed into 
the task to compute the eigenvalues of an (XxiV)-matrix, without the 
need to perform any integration (as is instead the case in most other 
methods, for instance in variational ones). The efficiency is suggested by 
the estimate (12), and it is indeed confirmed by numerical tests <D83>, 
<CF85>. 
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The general philosophy of this approach is based on the ideas of col- 
location and discretization', one evaluates the continuum problem under 
consideration at a number of discrete points, the N nodes, and uses the 
information from all these points to approximate the values of the deriva- 
tives of the unknown function at these points. The fact that one is effec- 
tively using the values of the function at all the nodes, to evaluate the de- 
rivative of the unknown function at each node, is a main cause of the fast 
convergence at large N evidenced by (12). On the other hand one has in 
this approach to cope with/h// (iVxA^)-matrices, rather than only three- 
diagonal ones (or few-diagonal ones), as it is instead the case in ap- 
proaches, based on discretization, where the derivatives of the unknown 
function at one point are expressed via the values of that function in the 
immediate, or close, neighborhood of that point. 

Finally let us reiterate that, so far, the additional potentialities of the 
generalized approach described in the first part of Chap. 3 have been 
hardly used, to the best of my (most imperfect) knowledge, in numerical 
analysis, at least from the point of view emphasized in that Chap. 3: finite 
dimensional representations of the differential operator, with large flexi- 
bility in the choice of the nodes, especially important in the multidimen- 
sional context; including the possibility to let them evolve in time, in the 
context of problems which study the time-evolution of (discrete, or con- 
tinuous) systems. There seems therefore to be much scope for further 
work in these directions. 



E.N Notes to Appendix E 

The idea on which the approach outlined in Appendix E is based was in- 
troduced in <C83b>, and pursued in <C83c>, <C84a>, <C85c>; see also 
<D83>, <D85>, <Ca86> and, for numerical applications, <CF85> and 
<BCP90>. The presentation of Appendix E follows rather closely Sect. 6 
of<C84b>. 

While some of the numerical examples discussed in <CF85> are 
multidimensional, they do not employ the more advanced technique, see 
the first part of Chap. 3, that extends the Lagrangian interpolation ap- 
proach to a multidimensional environment. The main advantage of such a 
technique is the great flexibility it entails in the choice of nodes. The pos- 
sibility of applications in numerical analysis are mentioned (but without 
subsequent follow up, so far) in (section VT of) the paper <C93a> where 
this multidimensional extension of the Lagrangian interpolation approach 
was first introduced. 
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Appendix F: 

Some theorems of elementary geometry 
in multidimensions 



In Appendix F we report several theorems of elementary (Euclidean) ge- 
ometry, whose common origin is in some basic properties of determi- 
nants. The justification for including such a topic in this book is because 
a first result of this kind emerged naturally in the context of the treatment 
of the generalized Lagrangian approximation technique, see Exercise 
3.1.2.2-4. We discuss below this nice result <CK96> firstly, and we then 
proffer several other theorems, mainly using the format of proposing ex- 
ercises (equipped with appropriate hints). It will be clear to the alert 
reader who studies these findings, how lots of other, analogous, results 
could be manufactured (or should one say discovered!). 

Define the following (NxN )-determinant: 



A© = 


1 xf' 
1 xP 


X® .. 

xf .. 


.. xf 


r'(x®) 


(la) 




1 x{^) 


^2 








of course with 










N=S+2 , 








(lb) 


and with 












s 

I*?. 








(Ic) 



M 



Here S is an arbitrary positive integer, the determinant (la) has N = S +2 
lines and of course as many columns, see (lb), r stands for the set of 
N y -vectors n = l,2,...,N, and xf, j = 1,2,..., S are the S coordinates 

of the S -vector in some Cartesian coordinate system. 

If one translates or rotates the Cartesian reference frame, the coordi- 
nates of course change accordingly; but the value of the determinant 
(1) does not change. 
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Exercise F-1. Prove this fact. Hint: remember that a determinant does 
not change if to a column one adds any other column times an arbitrary 
constant (the addition to be of course made element by element), and that 
if every element of a column gets multiplied by an arbitrary constant, c , 
the value of the determinant gets multiplied by the same constant, c (note 
that it is quite easy, using the first of the two properties of determinants, 
to prove invariance under translations; the proof of invariance under ro- 
tations is more cumbersome; it is actually implied by the following de- 
velopments, SGQ Remark F-3 below). 

These invariance properties of A(f) , see (1), suggest that this quantity 
have an intrinsic, geometrical, significance, namely that it can be defined 
in terms of the N points in S -space (as it were, independently of the 
specific values of their coordinates in some specific Cartesian reference 
frame). Indeed, we find below that it can be defined geometrically in sev- 
eral different ways, and the equalities among these different definitions 
entail nontrivial theorems of elementary geometry. 

A first approach goes as follows. Select one of the N vectors r , say 
and define the simplex in A' -space having as its S+l=N-l ver- 
tices the N-l points F^"^, n = , as well as the 

(unique!) hypersphere in 5-space that goes through these N-l points. 
Now translate the Cartesian system so that its origin coincide with the 
center of the hypersphere . In this new system of coordinates the de- 
terminant (1) (whose value has not changed, since we only performed a 
translation), reads 




where is now the hyperradius of the hypersphere (see (Ic) ), and 

is the Euclidean distance in S -space (see (Ic) ) of the point F^^^ from the 
center of coordinates, or, equivalently, from the center of the hypersphere 
(equivalently, r^ is the hyperradius of the, uniquely defined, hyper- 
sphere Sp , concentric to , on which F^^^ lies). 
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Now subtract the first column of the determinant (2a), multiplied by . 
r^, from the last. This does not change the value of the determinant, 

which now reads 





1 




X® ... 


4 ’ 


0 




1 


^(2) 


xf ... 




0 




1 




X?® ... 


x(/’-i) 


0 


II 

0 

< 


1 


y(p) 


y.(P) 


y(P) 

■^s 


r^-Rl 

p p 




1 






■^s 


0 




1 


^1 






0 



Hence 

(4) 

where is the (iV-l)x(i\r-l) determinant that obtains from A©, see 
(2) or (3), by eliminating the p -th line and the last column. 





1 




X® ... 


4 " 




1 


^(2) 

Xj 


xf ... 




W,= 


1 


pp-l) 

Xj 


X (/'-!) 


’^s 




1 


Xi 


x(i’+i) 


-.(P+1) 

’^S 




1 


PN) 

Xi 


Xz 





But it is well known that this determinant, , comcides (up to a sign, 
and the numerical factor (A^-1)!) with the volume of the simplex 
. Hence we arrive at the following 

Proposition F-2. Up to its sign, and the factor (AT-l)!/;r, the determi- 
nant A(f) , see (1), is the product of the volume V of the simplex , in 
5* -dimensional space, having as vertices A/^-l=iS+l of the points 
times the area A of the plane (2-dimensional) annulus whose two radii 
are given by the following prescription: one of them is the hyperradius R 
of the hypersphere in which the simplex is inscribed (namely, 
the hypersphere which goes through the N—1 = S+1 vertices of the sim- 
plex the other one is the hyperradius r of the concentric hyper- 
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sphere s on which lies the extra point (that one of the N points 
which is not used to define the symplex ). 



It is clear that this Proposition F-2 is imphed by the above treatment and that it 
provides the desired geometrical interpretation of the determinant (1). 

Remark F-3. To prove Proposition F-2 the invariance of (1) under translations of 
the Cartesian coordinate system was utilized, but its invariance under rotations (of the 
Cartesian coordinate system) was not invoked; this property is now imphed by Propo- 
sition F-2, which provides a purely geometrical definition of the value of A(F), 
clearly independent of the choice of the Cartesian system. 



The validity of Proposition F -2 provides N different geometrical in- 
terpretations for the determinant (1), corresponding to the arbitrary choice 
that must be made of one point, say F , which is singled out and treated 
differently from all others, with n = \,l,...,p-\,p^\,...,N ; the identity 
of these N geometrical interpretations gives rise to a (purely geometrical) 
theorem. While we leave the formulation of this result in the context of a 
space with an arbitrary number S of dimensions (A > 3 ) as an exercise 
(unnumbered!) for the diligent reader (solution: see <CK 96 >), we now 
report the formulations <CK 96 > of this finding for A = 1 , 2,3 (consistently 
with the title of this book!). 

Theorem F- 4 . Let and x^^^ indicate 3 points on a straight 

line. Choose any one of them, say x^^^ and let =(x® +x'^^^)/2 be the 
center of the segment [x^^\x^^^], of length 2i?3 =|x® -x^^^|; also let 
^3 =|x^^^ be the distance of the point x^^^ from X^^^ . Let C3 respec- 
tively C3 be the two coplanar concentric circles centered at X® , having 
respectively radii i?3 (so that x^^^and x^^^ lie on C3) and ^3 (so that x^^^ 
lies on C3). Let 4 = 7 u{r^ -Rl) be the area of the plane annulus comprised 
between C3 and C3 . Let P-i=R^- 4 be the volume of the annular cylinder 
characterized by the height 4 and the radii r^ and 4 . Let Pj respectively 
P2 be the analogous quantities, corresponding to the choice of x^^^ re- 
spectively x^^^ in place of x^^^ . Then 

P,^P^=P,. ( 6 ) 
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This Theorem F-4 could of course be interpreted as an elementary result in 3 - 
dimensional geometry (since the annular cylinders of volume Pj are 3 -dimensional 

objects), or in 1 -dimensional geometry (since the starting point of the treatment are 3 
points on a straight line). It is of course implied by Proposition F-2 with 5" = 1 . The 
diligent reader wiU draw appropriate diagrams to display graphically the geometrical 
significance of this elementary finding. 



Theorem F -5, Let n = l,2,3,4, indicate 4 points in the plane. Se- 

lect any one of them, say r^^'^ . Let be the area of the triangle with ver- 
tices F , F^^^ , F^^^ ; C4 be the circle on which these 3 points lie; and be 
the concentric circle on which F^^^ lies (draw the diagram!). Let be the 
area of the annulus comprised between the two circles, and P^=T^-A^. 
Let P^, n = 1,2,3 be analogously defined, by replacing the role of F^'^^ with 
F^"\ « = 1,2, 3. Then 

P,=P^=P,=P,. (7) 

Theorem F-6. Let r^"\ « = 1,2, 3, 4, 5, indicate 5 points in 3- 
dimensional space. Select any one of them, say F^^^ . Let be the area of 
the tetrahedron with vertices F^^\ F^^\ F® , C5 be the sphere on 
which these 4 points lie; and Cj be the concentric sphere, of radius r^ , on 
which F^^ lies. Let A^ be the area of the plane annulus comprised among 
the two concentric circles of radii r^ and . Let P^=T^-A^. Let , 
n = l,2,3,4 be analogously defined, by replacing the role of F^^ with F^"\ 
« = 1,2, 3, 4. Then 

P,=P,=P,=P,=P,. (8) 



These two Theorems, F-5 respectively F-6, are clearly immediate consequences 
of Proposition F-2 with S =2 respectively iS =3. 

In the formulation of aH these results we have always tacitly understood that the 
points under consideration are generic. All results remain of course valid as well for 
nongeneric configurations (for instance, in the case of Theorem F-5, if 3 of the 4 
points in the plane are aligned, so that they form a triangle of vanishing area), but in 
such cases one must assign an appropriate (limiting) value to indeterminate products 
(of type 0 • CO ), 
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Exercise F- 7 . Generalize all the above results by replacing hyper- 
spheres with quadrics (in y -dimensional space). Hint: replace the defini- 
tion (Ic) with 

r'(x)= 2 ] . ( 9 ) 



Solution: see <CK 96 >. 

Many more theorems of elementary geometry can be obtained by 
analogous techniques; the examples given below, mainly in the guise of 
exercises, are restricted to spaces of one and two dimensions. 

Exercise F- 8 . Consider 4 points on a straight line (embedded in a 
plane), and indicate by « = 1 , 2 , 3 , 4 , their coordinates (on the line). 
Select any (unordered) pair of them, say , x^^^ (there are of course 6 
possible choices). Construct the circle, that has the segment 
[ ] as its diameter, and the two concentric circles (in the same 

plane), C12 3 respectively on which x^^^ respectively x^'^^ lie. Let ^2,3 
respectively 42,4 be the areas of the two annuli comprised between Cj2 
and Ci2,3 respectively let be the area of the rectangle (in the 
plane) of sides |x^^^-x^^^| and |x^^^ ; and define the product 
P12 =^2 ‘ 42,3 'Aia' Let be the quantity analogous to but with the 
pair x^'^ , x^^^ replaced by x^"^ , x^"*^ . Prove that the 6 quantities are all 
equal, 

^12=Pi3=Pi4=P23=A4=44 * (10) 

Hint: show that =^^|P4(^)|, where is the (Vandermonde) deter- 
minant 



1 


Xj 




Xi 


1 


X2 




x; 


1 


X3 


X3 


x: 


1 


X4 


4 


x; 



( 11 ) 



(and to evaluate this determinant, rather than using the standard Vander- 
monde formula, exploit its translation invariance, setting the origin of co- 
ordinates in the middle of two points, say at the center of the pair x^^^ , 
x^^^ ; then subtract the first column, multiplied by a suitable factor, from 
the third, and likewise the second from the fourth, ...). 
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Exercise F-9. Consider 5 points on a straight line (embedded in a 
plane), and partition them into a pair and a trio (both unordered; this can 
be done in 10 different ways). Now draw (in the plane) the circle C that 
has as diameter the segment joining the selected pair of points, and the 3 
concentric circles, q, c^, Cj, on which the other 3 points lie. Let A be 
the area of the circle C, and 4, 4 respectively 4 be the 3 areas of the 
3 circular annuli (in the plane) comprised between C and Cj , respec- 
tively C3 . Next select one point from the trio (this can be done of course 

in 3 ways), and draw (in the plane) the circle C that has as diameter the 
segment joining the other two points, as well as the concentric circle c 
on which the chosen point lies, and let A be the area of the circle C, and 
A' the area of the annulus comprised between these two circles, C and c 
(draw diagram!). Finally let 

P = {AAf^ A,A,A^A' . (12) 

Given 5 generic points on a straight line, there are 30 different construc- 
tions that lead to as many, a priori different, evaluations of P . Prove that 
all these values of P are equal, and that they indeed coincide with 
^^K(^|/4, where is the (5x5) Vandermonde determinant corre- 
sponding to the 5 points. 



V(^ = 



1 


Xj 


xf 


-1 


4 


1 


X2 


x\ 


x\ 


X2 


1 


X3 


x] 


xl 


X3 


1 


X4 


xl 


A 


A 


1 


^5 


x] 


X5 


A 



(13) 



Hint, to evaluate V^i^, exploit its translation invariance by setting the 
origin of coordinates in the middle of a pair of particles; then subtract 
from the third, fourth respectively fifth columns the first, second respec- 
tively third columns multiplied by an appropriate factor; then proceed as 
in the proof of Proposition F-2 (with 5' = 1, N = 3). 

Exercise F-10. Let be 4 generic points in the plane. Select any 
(unordered) pair of them, say r and ; this can be done in 6 different 
ways. Let be a circle that goes through these two points; there are of 
course an infinity of such circles, characterized by their radii R, with 
|r® -r^^)|<2i?<oo. Let Q2 3 respectively the two circles, both 

concentric to on which the other points, F^^^ respectively F^‘^\ He; 
once C12 has been chosen, these two circles are uniquely defined (draw 
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diagram!). Let 42.3 respectively 42,4 the areas of the circular annuli 
comprised among Q2 and respectively ^12,3 respectively 

Tj 2 4 be the areas of the two triangles with vertices , F^^^ and F^^^ re- 
spectively F^'^^ . Then set 

^ ~ 1^12,3 ^12,4 ^ A2,4 ^12,3 1 5 

with the sign s determined as follows: s = (rcr' , where cr = + if the circle 
Cj2 falls between ^12.4 ^ ~ otherwise, and ^7' = + if the 

points F^^^ , F^'^^ lie on the same side of the straight line going through F^^^ 
and F^^^ , cr' = - otherwise (note that, in the borderline cases, the value of 
the sign s becomes irrelevant, since one of the addenda in the right hand 
side of (14) vanishes). Prove that the value of P is then independent, not 
only of the initial selection of the first pair of points (out of 6 possibili- 
ties), but as well of the value of the parameter R (which can vary con- 
tinuously within its allowed range), and that in fact 

P = (;r/2)|A©|, (15) 

with A0 defined by (1) (with 5=2, N = 4). Hint: to evaluate A(F) take 
again advantage of its translation invariance, but now in a different man- 
ner than that used to prove Proposition F-2: choose the origin of coordi- 
nates at a point at the (same!) distance R from the two points of the se- 
lected pair; then subtract the first column, multiplied by R^, from the last 



Exercise F-11. Let F^”^, n = 1,2,3 , be 3 (distinct) aligned points in the 
plane, that lie on a common straight line, and F^"^^ be a fourth, nonaligned, 
point in the plane, that does not lie on that straight line. Let, say, F^^^ be 
the (uniquely defined) middle one of the 3 aligned points, and set 
a = |f^^^ - F^^^ I / |f® - F^^^ I , hence 1 - a = |f^^^ - F^^^ | / |f^^^ - F^^^ | with 0 < a < 1 . 
(Check!). Now let p = l,2 or 3 and indicate with the area of the an- 
nulus comprised among the circle that goes through the 3 points F^'^^ 
and F^”^ with n taking the two values, in the set (1,2,3), different from p, 
and the concentric circle on which F^^^ lies (draw diagram!). Prove 
that 



(l-«)4 =4 =or4 



( 16 ) 
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Hint: see the previous Exercise F-10, for the special configuration con- 
sidered here. 

Exercise F-12. Let r be 5 generic points in the plane (the require- 
ment of genericity entails that no 3 points are aligned). Select any one of 
them, say (there are of course 5 possible choices). Now translate and 
rotate the Cartesian reference frame so that in the new coordinate system, 
call it if 5, the hyperbola characterized by the equation xy = H^, with an 
appropriately chosen value of the parameter , go through the 4 points 
F^‘^ , r ^^^ , r ^^^ , F^^^ . (i) Prove that these requirements determine uniquely 
the translation, the rotation (up to a minor ambiguity, see below), the 
modulus of the quantity and the corresponding hyperbola, as well as 
the new reference frame (up, as regard , to the trivial symmetries 
corresponding to a rotation by ±7uH and a change of sign of FTj , or a ro- 
tation by ±K without change of hereafter we stick to one specific 
choice, , among these, essentially equivalent, Cartesian frames of ref- 
erence). Set then y^^\ where x^^\ y^^'’ are the Cartesian coordi- 

nates of F^^^ in the new (translated and rotated) reference frame K^; hence 
the hyperbola defined, in the new reference frame if 5, by the formula 
xy = h^ goes through the point F^^ . Next, select one of the 4 points F^^^ , 
F(2) ^ p(3) ^ -(4) ^ g^y p(4) (there are of course 4 possibilities). Then translate 
(without any rotation) the reference frame so that, in the new reference 
frame (call it if 54), the hyperbola defined by the equation x^ =i^54, 
with an appropriate choice of the parameter go through the 3 points 
F(i) ^ y(2) ^ y(3) (ffj Prove that there is a unique translation that does this, 
with a corresponding unique value of (note that only the translation 
can be adjusted in this case, not the rotation, in contrast to the previous 
case; indeed, in this case the hyperbola is required to go through 3 points, 
above it was required to go through 4 points). Set now 
^54 = , where x^^\ y^'^^ are the new coordinates of hence 

the hyperbola defined, in the new coordinate system, by the formula 
x^-y^=^ 54, goes through the point F^'^L Finally evaluate the product 
P54 =\H^-h^\ 1^54 - ^54 1 Tj 23 where is the area of the triangle whose 3 
vertices are the 3 points F^^^ , F*^^^ , F^^^ ; and let be the quantity analo- 
gously defined, with 5 replaced by n and 4 replaced by m . There clearly 
are 20 a priori different determmations of P^, corresponding to 5 
choices for n and 4 for m of course). Prove that they all have the 

same value. 
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(17) 



P ,, =| a ?> 0|/2 , 



with the (5x5)-determinant defined, in terms of the Cartesian co- 
ordinates , 3 ;^"^ of the 5 points F in the plane, by the formula 






1 X® 

1 x^^) 






(18) 



Hint: prove first of all that this determinant, (18), is invariant under 
translations (fW _>p'W and rotations 

(x^"^ ->x^"^ ==x^"^ cos^-y^"^ sin^ , ->y^"^ =x^”^ sin^ + y^"^ cos^); then take 

advantage of this fact to show that, in an appropriately rotated and trans- 
lated reference frame (as suggested by the formulation above) 

A®=-(A,-ff 5 )AP) , (19a) 



with 



A? 



1 X® 

1 x^^) 






(19b) 



then note that this determinant, (19b), is invariant under translations (not 
rotations), and take advantage of this fact to show that, in an appropri- 
ately translated reference frame (as suggested by the formulation above) 

I A4 ^ I = 2 1 ^54 - -ff 54 1 2^23 • (19^) 

Exercise F-13. Drop, in the preceding Exercise F-12, the condition 
that the 5 points F be generic, can you obtain thereby some new geo- 
metrical theoremsl Hint: see Exercise F-11. 

Finally let F^”\ n = 1 ,..., 6 , be 6 generic points in the plane, and let us 
focus on the following ( 6 x 6 )-determinant defined in terms of their Carte- 
sian coordinates x^"^ , y^”^ : 
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(20a) 



1 X® [x®]' [x®f+[j^®f 

Af(r)= III I I I 

Exercise F-14. Prove that this determinant, (20a), is invariant under 
translations (^(«) ^^(«) 4 _^(o)) and rotations 

(x^"^ -> x^"^ = x*-"^ cos^ - sin^ , ->■ - x*-"^ sin^+j^^”^ cos<9). Hint: use 

the basic properties of determinants (see hint in Exercise F-T). 

Exercise F-15. Show that there are several equivalent definitions of 
the determinant (20a), for instance 

1 x« [x®]^ x®j;« 

Af(r) = 4l III I I , (20b) 

1 x^^) 
and 

1 Q.+a)[x^f +Q.-a)\y^^f +yx^ +5y^ +n 

(20c) 

where a, p , y , S , rj die, 5 arbitrary coefficients. Hint: use the basic 
properties of determinants. 

Exercise F-16. Show that, given 5 generic points in the plane, 
there is a unique quadric (defined, in a given Cartesian frame, by the 
equation 

(l + ar)x^ + Pxy+(l-a)y^ +yx + 5 y + q-0 , (21) 

with the 5 parameters a, p, y, S, q determined in terms of the Carte- 
sian coordinates of these points) which goes through these 5 points. Hint. 
obtain 5 linear nonhomogeneous algebraic equations for the 5 parameters 
a, p, y, S, T] by setting x = x^”\ y = y^"^ , n = l,...,5 in (21). 

Exercise F-1 7. Show that 

Af =Af (22) 
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with Af defined by (2), Af defined by (18) and defined as 

follows: 



= (l+a,)[x<«f +Ax'‘V'‘> + (l-aJ[y‘>f +r,x<«+^,7<‘)+% , (23) 

where the 5 parameters «j, S^, are (uniquely) defined by the 

requirement that the quadric uniquely characterized (see Exercise F-16) 
by the equation 

= (24) 

(see (21) and (23) ) goes through the 5 points , « = 1 ,..., 5 . Hint: set 
« = P = ^ = ^65 ^ (20c), and use (23) and (24) (this 

latter formula entails of course = 0 , for « = 1,...,5). 

Let us md Appendix F by formulating the following 

Theorem F-18. Let r^"\ « = 6, be 6 generic points in the plane, 

and their Cartesian coordinates (in some reference frame). Select 

any one of them, say , 1 < ;? < 6 (this can of course be done in 6 differ- 
ent ways). Then define the following two quantities: the (5x5)- 
determinant 

A?)(F®,...,F^^-^r 

1 X® F® 

_ 1 
~ 1 

1 x^^> F^'^ 

and the quantity 

D“(D = (l + a,)[x“f +(l-«p)[y'’f +r,x<'” +n, , 

(26) 



r(;7+i) v(6)\ _ 






[x«f-[F^^>f x®F® 



|-^(P+1)J2 _j-^(P+l)]2 ^(p+l) ^(p+l) 






(25) 
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where are of course the Cartesian components of and the 5 

coefficients a^, p^, y^, 5^, in (26) are uniquely defined by the re- 
quirement that the quadric defined by the formula 

{l + a^)x" +p^xy+{\-a^)y^ ^y^x + S^y + T]^ =0, (27) 

go through the 5 points These two quantities, 

and see (25) and (26), are defined in terms of the Cartesian 

components of the 6 2 -vectors F^"^ , but their values are independent of 
any rigid motion (translation or rotation) of the coordinate system, hence 
they should be both considered as geometrical objects having an intrinsic 
significance, independent of the coordinate system used to evaluate them: 
for A® , this has already been shown above, see Exercise F-12; as for the 
value of it clearly provides an intrinsic measure of the failure of the 
point F^^^ to lie on the (unique!) quartic that goes through the 5 points 
,...,r^^\ since (26) and (27) entail that vanishes if the 
point F^^^ also lies on this quadric. Generally, given 6 generic points, to 
every one of the 6 possible different selections of F^^^ from the set {F^”^ , 
n = l,...,6} , there correspond different values of Af and see (25) 
and (26); but the product of these two quantities is always the same, for 
these 6 choices of p , indeed 

r™)-D''© = A«© , ( 28 ) 

with A<f© defined by (20). 



Proof. The uniqueness of the quadric (27) is proven in Exercise F-16\ the intrin- 
sic (coordinate-independent) nature of is proven in Exercise F-12’, the intrinsic 
nature of is entailed by (28) and by the intrinsic nature of A® (see above) as 
well as (see Exercise F-14); the result (28) is proven in Exercise F-17 (with 6 

replaced by p). 



Remark F-19. The value of the determinant , see (20), is an in- 
trinsic measure of the failure of the 6 points r^"\ n = l,...,6 , to lie on one 
and the same quadric (of course, if they do, Af vanishes, see (28), (26) 
and (27) ). 

Exercise F-20. In the formulation of Theorem F-18 the adjective ge- 
neric was used to qualify the 6 points F^"^ in the plane; but this Theorem 
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F-18 is of course valid for any configuration of the 6 points al- 
though for some special configuration it may entail assigning appropri- 
ately a value to an indeterminate product of type O-oo. Is it possible to 
obtain interesting theorems by focusing on special configurations of the 6 
oints (in analogy to what is done above m Exercise 
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Fig. G. - 1. The “upper curve” is bolded (see text for explanantion). 



Appendix G: 

Asymptotic behavior of the zeros of a polynomial 
whose coefficients diverge exponentially 



Let z„(0, « = be the N zeros of a (monic) polynomial of degree 

N in z whose N coefficients depend exponentially on the real parameter 

t: 



k(0]"+i; c.(r)[z.( 0 ]*-" = 0 , « = 1 , 2 ,..., AT, ( 1 ) 

m=l 

Cm (0 = exp[(/7^ m = l,2,...,N . (2) 



The constants are N arbitrary (nonvanishing) complex numbers, and 
the constants p^,y^ are IN arbitrary real numbers (iy is an arbitrary 
positive integer, N>2). 

We now formulate, and then prove. Proposition G-1, that details the 
behavior of the zeros z„(t) of (1) with (2) as ^ ^±oo . Since the formula- 
tion of this Proposition G-1 is fairly involved, the reader is warned that it 
might be easier to appreciate its significance fully, by proceeding, imme- 
diately after a first cursory reading of it, to understand the strategy of its 
proof, as detailed below. 

Proposition G-1. As the real parameter t tend to (positive) infinity, 

t-^CO , 

(0 = (0 {l + o[exp(-p^ t )] } , (3a) 






(3b) 



^„(0 = ^„exp(zr„0 



(3c) 



Here the superscript “plus” attached to serves to distinguish this 

quantity from z^(t) (clearly z^^\t) is the “dominant part” of as 
and also as a reminder that we are investigating the behavior as t 
tends to positive infinity ( an analogous superscript should be attached to 
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z„ (t) and to ; it is omitted to simplify the notation). The N complex 
constants z„, and the 3N real numbers p„>0, q„ and are given by the 
following prescriptions. 

Identify on a Cartesian plane the N points with integer abscissas 
m = and ordinates p^, and in addition the origin (abscissa m = 0, 

ordinate /?o =0)- Draw the (clearly unique and continuous, if generally 
segmented) curve, which is the upper envelope of the N(N+l)/2 seg- 
ments that connect pairwise these N+l points (see the example with 
iV = 7 in Figure G-1); hereafter we refer to this segmented curve as the 
upper curve. Associate to each segment of the upper curve the following 
numbers (the labels identifies subsequent segments of this curve, from 
left to right): and are the values of m that correspond to the be- 

ginning and to the end of the s -th segment (so that 
=0, =N, where S is the number of segments that 

make up the upper curve); 



(hence is the number of points that lie below the ^-th segment, in- 
creased by one, see Figure G-1 ; of course the add up to 

ff, S n.=N)-, 

s~l 



z«=[ S = l S 

(with the convention c,, =1); 



(5) 

( 6 ) 
(V) 



i>“ = 



mmn 






Note that the last formula implies that is positive, p^"'^ >0, since the 
straight line defined, as a function of the variable m , by the expression 

f{m) = { [m - m « ] - m]p^,_, }/ ] (9) 
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is, by construction, above all other points (m,pj with and 

m ^ . (See Figure G-1, and note that we assume here to be in the ge- 

neric case, thereby excluding that three or more of the iV -t-1 points identi- 
fied above lie on the same straight line; the exceptional cases when this 
instead happens are discussed below). 

Then, to each segment s , are associated asymptotic values {t ) , 
see (3a), with the following identification of the parameters in (3): 

=z^"^exp(2;ri7/«J , / , (10a) 

Pn = . (In = • (10b) 



For instance, in the case of Figure G-1, n^=2,n2=3,n^ = 2, 

?'">=(ft-p,)/3, ?“=(/>, r“=r,/2, =(r, -r2)/3, 

=(^7 -Y 5 )/ 2 ; and 



p^^^ = min \mpJ2-pA , 


(11a) 




(11b) 


,{[('” -^Pi+(1-m)p,]n-p„ } . 


(11c) 


Hence 





z„ =exp(2;r/«/2) p„ = q„ r„ =r^'\ n = l,2, (12a) 

z„=exp[2;r/(n-2)/3](-C5/c2y'', p„=p^^\ « = 3,4,5, 

(12b) 

J„ =exp[2;ri(«-5)/2](-C7/c5y^\ p„ =p®, q^ =q^^\ r„ =r^^\ «=6,7.(12c) 



To sum up: as t-^co, the dominant terms z^^^ (r) , giving the asymp- 
totic behaviors of the N zeros z„ (t) (see (3a)) are divided into S families, 
where S is the number of segments that compose the upper curve. Each 
family includes values (see (4)) which, in the complex plane, lie equi- 
spaced on a circle centered at the origin (see (3) and (10)), whose radius 
evolves proportionally to exp[^^'^ ? ] (see (3), (10) and (6)), and which ro- 
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tate with constant velocity as entailed by the factor exp[zr^^^f] (see (3c) 
and (10b)). The radius of the ^-th circle diverges to in f i n ity or converges 
to zero (in either case, exponentially), depending on whether the j'-th 
segment has positive or negative slope (see (3b), (10b) and (6)); it is con- 
stant if the s -th segment is horizontal (so that vanishes, see (6)). In 
the case of positive slope > 0) , namely when the radius of the circle 
diverges exponentially as ^ oo , hence the corresponding zeros spiral 
to infinity, they may, or may not, approach their dominant parts (0, 
see (3); this depends on the behavior of the difference (0 , which 

is 0(exp{ ^ (see (3) and (10)), hence vanishes or diverges de- 
pending on the sign of the difference The zero z„ (0 approaches 

of course its dominant part z^^^ (t) if this does not diverge, namely when 
q^<Q (see (3b), (6) and (10b)). 

As mentioned above, this outcome describes the situation in the ge- 
neric case in which no segment of the upper curve contains one additional 
point besides the two extremal ones. In the special cases when a segment 
of the upper curve contains one, or more, additional points (as it might for 
instance be the case in the example of Figure G-1 if were a bit larger, 

so that the point (3,p^) lie on the segment joining and (5,Ps)), then 

the formula (3) remains valid with the same definitions of q„ and also 
(essentially; but see below) of p„ (see (3a,b) and (10b)), while the defini- 
tion (3c) of z„ (0 is instead replaced by a new one, as we now explain. 

But firstly let us note that the quantities z„ (t) defined by (3c), 
(10a) and (5) are the finite (i.e., nonvanishing and nondivergent) roots 
of the following algebraic equation in z ; 



exp[/ r (-) ^ + c exp[z ? ] z ^ = 0 



(13a) 



or equivalently 



exp[r 7 t ] z exp[z ^ ] z = 0 



(13b) 



(see (4), (3c), (7) and (10)). This is the equation whose roots determine 
the quantities z„ {t) in the generic case considered above. To also cover 
the exceptional cases with additional points on some segments of the up- 
per curve, the following supplementary rule applies: if the ^-th segment 
of the upper curve contains S^>2 points o-=l,...,E^, of 

course with 
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(14) 



m[ ^ < mr"'' = m 






then the dominant values {t ) , see (3), belonging to the family asso- 
ciated with the 5 -th segment, have parameters and still defined by 

(10b) with (6) and (8) (except that the minimum in the right hand side of 
(8) must now be taken over all values of m different from all the values 
<T = 1,...,2 but the quantities z„ (t) , see (3b), instead of being given 
by (10a) and (5), or equivalently as the roots of (13), are now the 
roots of the following algebraic equation in z , 








= 0 



(15) 



The fact that this equation has indeed roots is implied by (14) and (4). 

This completes the formulation of Proposition G-1. Since clearly the 
shape of the upper curve is largely determined by the value of the 
largest p^, 



Proposition G-1 entails the following 

Corollary G-2, The behavior as of the zeros z„ (t ) , see (1) and 
(2), is largely determined by the parameter p^, see (16), and, if p^ is not 
negative, >0, also by the value (or the values see below) at 
which p^ attains its maximal value p^ . 

Indeed, if p^ is negative. 



, (17a) 

then as r ^ 00 all iV zeros z„ (0 converge exponentially fast to zero. 



(0 0 

<->00 



(17b) 



If instead vanishes 

P.=0 , (18a) 

then as ^ 00 only some (if any) of the zeros z„ {t) converge to zero, 

while the remaining ones neither converge to zero nor escape to infinity. 
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specifically, if =0 for m = and p^<0 for with (j = l,...,S 

and < mf = m^, then, as r ^ oo , iV-m^ of the zeros z„ (0 converge 
(exponentially fast) to zero, and of them approach (exponentially fast) 
the roots of the following algebraic equation in z : 



2"”* + S exp[z t = 0 . 

(T=I 

Note that, if 1 = 1, entailing mf =m^, these 
formula 



(18b) 

roots are given by the 



Zj(t) =exp(2;rz7/mj ex^Qr^ tlm^), j 



(18c) 



Finally, if is positive, 

> 0 , (19a) 

as ^ ^ 00 some of the N zeros z„ (t) escape to infinity, while the others 
converge to zero. Specifically, if p„=p+>0 for m = m^ and p^ < p^ for 
(namely, if the maximal, positive, value p^ is attained only at the 
single value of the index m = then, as r-»oo, of the N ze- 

ros z^{t) escape (exponentially fast) to infinity and N-m^ converge (ex- 
ponentially fast) to zero. If instead > 0 for m = , and < p^ 

for with cr = l,..,E and < ... w® = then, as 

f 00 , ^ of the N zeros z„ (t) escape (exponentially fast) to infinity, 

converge (exponentially fast) to zero, and approach 

(exponentially fast) the roots of the following algebraic equa- 

tion in z : 







= 0 . 



(19b) 



This case differs from the previous one iff S>2; if 1 = 2 (so that 
=m["\ =mf^) the roots of this equation are given by 

the explicit formula 



Zj{t) =exp[2;?rr j 



!c 1 



-exp[/(r^„ 7 ] • 



(19c) 
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Proofs. The proof of Corollary G-2 requires no elaboration: it is an immediate 
consequence of Proposition G-1, combined with the topology of the upper curve un- 
der the various instances considered (except for the specific formulas (18b) and (19b), 
which are entailed by the proof of Proposition G-1, see below). 

The basic idea to prove Proposition G-1 is that, to fin d the zeros (f) of (1) 
with (2), one should focus on two of the + 1 terms of the polynomial equation 

Z ^-»W[z(0r”=0 , (20) 

m=0 



identifying the behavior of z = z{f) as ? oo so that these two terms are of the same 
order and dominate over all other terms. Note that, for notational convenience, we 
have replaced here (1) with (20); these two equations, (1) and (20), of course coincide 
since we also set 

Co(0 = l , (21a) 



which is consistent with the validity of (2) also for m = 0 , with 

Co=l, A=ro=0- (21b) 

Hence our proof proceeds through the identification of such pairs, the demonstra- 
tion that they indeed dominate, and the derivation, via the requirement that they can- 
cel against each other, of the results detailed in the above formulation of Proposition 
G-1. 

Let us then assume that the two terms with, say, m = m^ and m-m^^ (with 
m 2 >mf) are of the same order and dominate over all others as ? oo , so that by set- 
ting 

z = zexp(g0 (22) 

with 

Pm,+i^-mx)(l = Prm+iN-^i)(l . (23) 

we can conveniently rewrite (20) as follows: 
exp(//^^ t)z^-"'^ exp(z>^^ t)z^-’^^ 

= - Z exp(z>^ t) Qxp{-p^ t)z^-’^ , 

with 

Prn=Pn,+(lim-mx)-Pm • (25) 
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From (23), which corresponds to the requirement that the two selected terms be of the 
same order as ^ oo , we get 



q = iPm, -m,) , (26) 

hence, via (25), 

Pm +{m^ -m,) }- p^ . (27) 

It is now clear that the expression in the left hand side of (24) dominates, as 
over every term in the right hand side, provided the quantities p^, see (27), 

are positive, 

p^>0 , (28) 



for all values of Since the term inside the curly bracket in the right hand 

side of (27) represents, as a function of m , the straight line that goes, in the Cartesian 
(m,p„) plane, through the two points (m,p^^) and (m 2 ,p„J, it is clear that this 
condition is satisfied, in the generic case (as defined in the formulation of Proposition 
G-1, see above), iff /Wj = and m 2 — m^f^ . With such a choice we clearly get (6) 
from (26), as well as, from (24), 



exp[zr (-, t] 



z +c 



exp[z r (.) ? ] ’ = 0[exp(-j?^"^ O] 



(29) 



with (8). Clearly this last formula, via (4), entails, in the asymptotic r 00 limit, (13) 
hence (3c) with (7), (10) and (5). 

Proposition G-1 is thereby proven in the generic case. Extending this proof to the 
general case, see above, is, we trust, sufficiently straightforward, to justify leaving 
this as a task for the diligent reader. 



Remark G-3. In the formulation of Proposition G-1 and of its Corol- 
lary G-2, we have assumed that none of the coefficients c^(0 in (1) van- 
ish identically (see the first sentence after (2)). It is easy to extend Propo- 
sition G-1 and Corollary G-2 so that they also hold if one or more of the 
coefficients c^(t) (namely, one or more of the constants c„, see (2)) van- 
ishes. Then the corresponding points (m, p) must simply be ignored in 
the construction leading to the definition of the upper curve, as well as in 
the definition of p^, see (16), hence of m ^ , and so on. 

Remark G-4. Another easy extension of Proposition G-1 and Corol- 
lary G-2 deals with the other limit, r^-oo. Then the role of the upper 
curve is taken over by the, analogously defined (but with all inequalities 
reversed), lower curve and all formulas apply without changes (other than 
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the obvious ones). In this case the quantities (defined by (8) with min 
replaced by Max) are negative (rather than positive), and the zeros asso- 
ciated with segments of the lower curve having negative slope go as- 
ymptotically to (or rather, in the remote past, come from) infinity, while 
those associated with segments of the lower curve having positive slope 
converge to (or rather come from) zero. As for the results of Corollary G- 
2, the key role to determine the behavior of the N zeros z^i) as ? -oo is 
played by the quantity 






(30) 



and the formulation of the modified version of Corollary G-2 detailing 
the behavior of the zeros as coincides essentially with that given 

above for the r -> +oo case, with replaced by p_ and a reversal of some 
of the inequalities, as obviously appropriate. 



As an example, let us look at the instance illustrated by Figure G-1. In this (ge- 
neric) case, as r->+oo the 7 zeros z^(t) get separated into 3 famihes, one 

(j' = 1, =0, =2) containing 2 members and spiraling to infini ty, a second 

one (s = 2, =2, - 5) containing 3 members and also spiraling to infini ty 

(albeit less fast), and a third one = 3, =5, =7) containing 2 members 

which spiral to the origin; while only 2 families emerge in the t-^ -qo limit, one 
containing 4 members (-?=!, =0, =4) which spiral out to (or rather in 

from) infinity in the remote past, the other containing 3 members 
{s = 2, = 4, = 7) which in the remote past spiral to (or rather from) the ori- 

gin. 



In conclusion we emphasize that, while these results provide an easy 
technique to predict the asymptotic behavior, as ?^±oo, of the zeros 
z^{t) of the polynomial (1) with (2), there is instead no easy way to iden- 
tify which zero behaves how, and in particular no easy way to connect the 
behavior of a particular zero as r -oo to its behavior as i ^ +oo . 



G.N Notes to Appendix G 

The treatment in this Appendix G follows closely Appendix A of 
<C96b>; in particular Figure G-1 coincides with the Figure 1 given there. 
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Appendix H: 

Some formulas for Pauli matrices and three-vectors 



In this Appendix we display some standard formulas for the o; -matrices, 
and a useful 3-vector identity. 




[p + f(F-a)r=[p-z(r-0]/(p'+r^) , (2) 

(F ® • ^ = (F • F A F^^^ ) • £ , (3) 

[(F^^^ • = -2/(F^'^ A F^^^ ) • ^ , (4) 

+[F(»(F(^) .F(3))_^(2)(^(1) ^ (5) 

= 2[F®(F^^^ -F(^^)-F(^)(F(^^ .F^^^)+F(^>(F« -F(^))]-o , (6) 

(F^‘^ -a)(F^^^ -a)=[2F^^^(F^^^ -F^^^)]-o , (7) 

(p + ir • = p + rF • ^, p = [(p + +(p~ 2 , 

r = -i f[(p + -(p- ]/(2r) , (8a) 

(zF-^y^^ =(r/2)^^^(l + zr“V-a) , (8b) 

exp(zF • ^ = cos(r) + z'(F • sin(r) , (9) 

/(F • ^ = {/W + /(-^) + I/W- /(-^)]F • r}/ 2 . (10) 
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The 3-vector formula 



ar +r Ab +(f ■ d)c = f 



(lla) 



entails 

r =(a^ af + b Af +/b Ac-hayc+a~\f ■b+yc-b)b ], (Hb) 
r = -[ a^f-d + a(fAd)-b+{f-b){d-b) ]• 

•[ a(a^ +b^) + a^ c -d + a(c Ad)-b +(c •b)(d -b) (Hc) 

The subcases b = 0 , c = 0 (or ^=0), a=0, while easily obtainable from 
the above formulas, deserve separate display. 

Case b = 0: 



r=a 



-1 



f-{f-d)(a + c-dYc . 



(lid) 



Case c = 0 (or J=0): 

r={a^ + b^y\af + bAf + a~\f -b)^. (He) 

Case fl = 0 (note that it requires & • c ^ 0 as well as b-d^O): 

f = b-^{ b Af-{b-c)-\b-f)b AC 



■^{b •cy\b -dy[b\b -f)-{b -c){b Af)-d + {b -fXb AC)^d ]b }. (Ilf) 
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